This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  library  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 
to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 
to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 
are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  marginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 
publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  this  resource,  we  have  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 

We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  from  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attribution  The  Google  "watermark"  you  see  on  each  file  is  essential  for  informing  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liability  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.  Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 


at|http  :  //books  .  google  .  com/ 


pER,or'^A,  rMPLVES 


J^arDarti  College  Hibraru 


BOUGHT  WITH  THE  INCOME 


FROM    THE   BEqjUEST 
IN    MEMORY    OF 

JOHN     FARRAR 

Mollis  Professor  of  Mathematics,  Astronomy,  and 
Natural  Philosophy 

MADE    BY    MIS   WIDOW 

ELIZA     FARRAR 


'Books  in  the  Department  of  Mathematics, 
Astronomy,  and  Natural  Philosophy  " 


SCIENCE  CENTER  LIBRARY 


"""^    -"^^ 


Digitized  by ' 


,' 


Digitized  by 


Google 


Digitized  by 


Google 


Digitized  by 


Google 


Digitized  by 


Google 


BULLETIN   OF   THE 

AMERICAN 

MATHEMATICAL   SOCIETY 


A  Historical  and  Critical  Review 
OF  Mathematical  Science 


JEDITJED  BY 

P.  N.  COLE  VIRGIL  SNYDER  J.  W.  YOUNG 

ALEXANDER  ZIWET  D.  E.  SMITH 

T.  LEVI-CIVITA  R.  C.  ARCHIBALD 

VOL.  XXII 
October  1915  to  July  1916 


PUBLISHED  BY  THE  SOCIETY 

LANCASTER,  PA.,  AND  NEW  YORK 
1916 


Digitized  by 


Google 


y 


\ 


9461  vi  03a 


PRESS  OP 

Thi  Nbw  era  PRINTINO  COHPANT 
LANCASTER.  PA 


Digitized  by 


Google 


^i3-^<.i-54^: 


BULLETIN 


OP  THE 


AMERICAN 
MATHEMATICAL  SOCIETY 


A  Historical  and  Critical  Review 
OF  Mathematical  Science 


ALEXANDER  ZIWET 

D.  E.  SMITH 

T.  LEVI-CIVITA 

R.  C.  ARCHIBALD 

Volume  XXII, 

Number  1 

October, 

1915 

PUBLISHED  BY  THE  SOCIETY 

LANCASTER,  PA.,  AND  NEW  YORK 

1915 

Bntered  at  the  Post  Office  at  Lancaster,  Pa.,  as  second  class  matter 
Published  Monthly,  except  Augdst  and  September 
Whole  No.  24.1  $5.00  a  y€ 


Digitized  by 


Google 


M&^Ti 


A  Course  in 
Mathematical  Analysis 


By  EDOUARD  GOURSAT,  Profeflsorof  Mathematics  in  the  Univer- 
sitj  of  Paris.  Aathorized  tranalation  by  £.  R.  HEDRICK,  ProfesBor  of 
Mathematics,  and  OTTO  DUNKEL,  Instruotor  in  Mathematics,  Univer- 
sity of  Missouri. 

VOLUME  I     548  pages,  with  diagrams,  $4.00. 
VOLUME  II    Part  1.     Theorj  of  Functions  of  a  Complex 

Variablo.  In  press. 

Part  2.     Theory  of  Differential  Equations. 

ht  press. 

Volume  I  treats  the  subjects  studied  in  a  second  course  in  calculus 
la  American  colleges  and  universities  and  prepares  the  way  for  the  study 
of  the  higher  branches  of  analysis — notably  differential  eqaatiocs  and 
the  theory  of  functions.  Volume  IE,  issued  in  two  separately  bound 
parts  (each  of  which  corresponds  to  an  American  college  course),  covers 
the  theory  of  functions  of  a  complex  variable  and  the  theory  of  difteren- 
tial  equations. 


GINN  AND  COMPANY 


New  York 
DallM 


Chkagio 

Columbus 


London 

San  Francisco 


Digitized  by 


Google 


•J. 


BULLETIN  OF  THE 


AMERICAN  MATHEMATICAL  SOCIETY. 


THE    TWENTY-SECOND    SUMMER    MEETING    OF 
THE  AMERICAN  MATHEMATICAL  SOCIETY. 

The  twenty-second  summer  meeting  of  the  Society  was 
held  at  the  University  of  California  on  Tuesday,  and  at  Stan- 
ford University  on  Wednesday,  August  3-4,  1915,  in  connec- 
tion with  the  Panama-Pacific  International  Exposition.  The 
following  thirty-four  members  of  the  Society  were  in  attend- 
ance upon  the  two  sessions: 

Professor  R.  E.  Allardice,  Dr.  Nathan  Altshiller,  Dr. 
Charlotte  C.  Barnum,  Dr.  A.  A.  Bennett,  Dr.  B.  A.  Bernstein, 
Professor  H.  F.  Blichfeldt,  Professor  C.  E.  Brooks,  Dr. 
Thomas  Buck,  Professor  E.  F.  A.  Carey,  Professor  E.  E.  De 
Cou,  Dr.  H.  B.  Curtis,  Professor  G.  C.  Edwards,  Dr.  Elizabeth 

B.  Grennan,  Professor  F.  L.  GriflSn,  Professor  F.  W.  Hana- 
walt.  Professor  Charles  Haseman,  Professor  M.  W.  Haskell, 
Professor  E.  R.  Hedrick,  Professor  L.  M.  Hoskins,  Dr.  Frank 
Irwin,  Professor  C.  J.  Keyser,  Professor  D.  N.  Lehmer,  Profes- 
sor J.  H.  McDonald,  Professor  W.  A.  Manning,  Professor  H. 

C.  Moreno,  Professor  R.  E.  Moritz,  Professor  L.  I.  Neikirk, 
Professor  C.  A.  Noble,  Professor  E.  W.  Ponzer,  Mr.  F.  D. 
Posey,  Professor  T.  M.  Putnam,  Professor  H.  W.  Stager,  Pro- 
fessor H.  W.  Tyler,  Professor  S.  E.  Urner. 

Professor  M.  W.  Haskell,  chairman  of  the  San  Francisco 
Section,  presided  at  the  session  on  Tuesday  afternoon,  and 
Professor  R.  E.  Allardice  at  that  on  Wednesday  afternoon. 

Tuesday  morning  was  devoted  to  a  joint  session  with  the 
American  Astronomical  Society  and  Section  A  of  the  American 
Association  for  the  Advancement  of  Science.  Addresses  were 
delivered  by  Professors  C.  J.  Keyser  on  "The  human  signi- 
ficance of  mathematics,"  and  G.  E.  Hale  on  "The  work  of  a 
modern  observatory."  The  astronomers,  mathematicians, 
and  physicists  lunched  at  the  Faculty  Club  as  guests  of  Pro- 
fessors Leuschner,  Haskell,  and  E.  P.  Lewis. 
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The  social  programme  included  a  dinner  with  the  American 
Astronomical  Society  at  the  Hotel  Oakland  on  Wednesday 
evening,  an  excursion  to  the  Lick  Observatory  on  Friday,  and 
a  luncheon  given  by  Mrs.  Phoebe  Hearst  at  the  Hacienda  del 
Pozo  de  Verona  on  Saturday. 

The  following  papers  were  presented  at  this  meeting: 

(1)  Professor  L.  E.  Dickson:  "Invariantive  classification 
of  pairs  of  conies  modulo  2." 

(2)  Professor  C.  J.  de  la  Vall^e  Poussin:  "Sur  TintSgrale 
de  Lebesgue." 

(3)  Mr.  A.  R.  ScHWEirzER:  "On  the  solution  of  a  class  of 
functional  equations." 

(4)  Dr.  Nathan  Altshiller:  "On  the  circles  of  Apol- 
lonius." 

(5)  Dr.  Dunham  Jackson:  "Proof  of  a  theorem  of  Has- 
kins." 

(6)  Dr.  W.  W.  Kustermann:  "Fourier  constants  of  func- 
tions of  two  variables." 

(7)  Dr.  B.  A.  Bernstein:  "A  set  of  four  independent 
postulates  for  Boolean  algebras." 

(8)  Professor  G.  A.  Miller:  "Limits  of  the  degree  of 
transitivity  of  substitution  groups." 

(9)  Professor  R.  D.  Carmichael:  "On  the  representation 
of  numbers  in  the  form  a:*  +  ^  +  2*  —  Szyz" 

(10)  Professor  H.  S.  White:  "Seven  points  on  a  gauche 
cubic  curve." 

(11)  Professor  M.  W.  Haskell:  "The  del  Pezzo  quintic 
curve." 

(12)  Professor  L.  J.  Richardson:  "A  phase  of  Roman 
mathematics." 

(13)  Dr.  C.  A.  Fischer:  "Functions  of  surfaces  with 
exceptional  points  or  curves." 

(14)  Mr.  A.  R.  WiLUAMs:  "On  a  birational  transforma- 
tion connected  with  a  pencil  of  cubics." 

(15)  Professor  F.  N.  Cole:  "Note  on  the  triad  systems  in 
15  letters." 

(16)  Professor  A.  B.  Coble:  "The  determination  of  the 
lines  on  a  cubic  surface." 

(17)  Mr.  H.  S.  Vandiver:  "An  aspect  of  the  linear  con- 
gruence, with  applications  to  the  theory  of  Fermat's  quotient." 

(18)  Dr.  C.  H.  Forsyth:  "An  interpolation  formula  based 
upon  central  and  multiple  differences." 
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(19)  Dr.  G.  M.  Green:  "On  isothermally  conjugate  nets 
of  space  curves." 

(20)  Professor  L.  P.  Eisenhart:  "Surfaces  of  rolling  and 
transformations  of  Ribaucour." 

(21)  Mr.  A.  R.  Schweitzer:  "Generalized  quasi-transitive 
functional  relations." 

(22)  Professor  L.  M.  Hoskins:  "'Quantity  of  matter'  in 
dynamics." 

(23)  Dr.  A.  A.  Bennett:  "Theiterationof  functions  of  one 
variable." 

Professor  Richardson  was  introduced  by  Professor  Haskell 
and  Mr.  Williams  by  Professor  Lehmer.  Professor  de  la 
Vall6e  Poussin's  paper  was  communicated  to  the  Society 
through  Professor  Birkhoff.  Professor  White's  paper  was 
read  by  Professor  Haskell.  The  papers  by  Professor  Dick- 
son, Professor  de  la  Valine  Poussin,  Mr.  Schweitzer,  Dr. 
Jackson,  Dr.  Kiistermann,  Professor  Miller,  Professor  Car- 
michael,  Dr.  Fischer,  Professor  Cole,  Professor  Coble,  Mr. 
Vandiver,  Dr.  Forsyth,  Dr.  Green,  and  Professor  Eisenhart 
were  read  by  title. 

Abstracts  of  the  papers,  including  Professor  Keyser's  address, 
follow  below.  The  abstracts  are  numbered  to  correspond  to 
the  papers  in  the  list  above. 

In  Professor  Keyser's  address  the  treatment,  conducted  in 
the  spirit  appropriate  to  an  international  exposition,  aims  at 
being  interesting  and  intelligible  to  the  general  educated 
public.  A  sketch  of  the  manner  in  which  a  historian  of 
mathematics  might  hope  to  vindicate  the  science  is  followed 
by  a  more  elaborate  exposition  of  the  task  of  attaining  the 
same  end  through  an  account  of  the  present  state  of  the 
science.  The  claims  of  mathematics  to  human  regard  as 
based  on  its  applications  in  a  wide  range  of  other  sciences 
and  arts  are  next  dealt  with.  This  matter  is  followed  by  a 
characterization  of  the  modern  critical  movement  of  the 
science  and  of  the  resulting  conception  of  the  distinctive 
character  of  mathematics,  especially  in  its  relation  to  modern 
developments  in  logic.  The  chief  emphasis  of  the  address 
falls  on  the  bearings  of  the  science  as  distinguished  from  its 
applications — ^upon  the  significance  of  mathematics  for  man 
regarded  as  finding  his  supreme  interest  in  seeking  permanent 
values  in  an  inpermanent  world. 
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1.  With  a  conic  F  modulo  2  is  associated  covariantively  a 
point  A,  called  its  apex,  and  a  unique  line  L,  and  conversely 
A  and  L  uniquely  determine  F  (Madison  Colloquium  Lec- 
tures, 1914,  page  69).  Hence  the  projective  classification 
of  pairs  of  conies  F  and  F'  is  equivalent  to  that  of  the  systems 
A,  Ly  A' y  L'  of  two  points  and  two  lines  and  the  degenerate 
systems  in  which  one  or  more  of  the  four  elements  are  absent. 
A  simple  geometrical  discussion  of  such  systems  leads  Pro- 
fessor Dickson  to  the  theorem:  Two  pairs  of  conies  modulo  2 
are  projectively  equivalent  if  and  only  if  they  have  the  same 
properties  as  regards  existence  of  apices  and  covariant  lines, 
distinctness  of  apices  and  lines,  and  incidence  of  apices  and 
lines.  These  properties  are  expressed  analytically  by  very 
simple  modular  invariants,  which  therefore  form  a  funda- 
mental system  of  modular  invariants  of  two  conies. 

2.  Professor  de  la  Valine  Poussin's  paper,  which  reproduces 
a  part  of  his  recent  course  of  lectures  at  Harvard  University, 
wUl  appear  in  the  Transactions. 

3.  The  object  of  Mr.  Schweitzer's  paper  is  to  discuss  the 
solution  of  the  equations 

fi^ifihf  <2,    •  •  -I  tny  Xi),  \2f(tl,  fe,    '"ftn,  X2),    '", 

Xii+l/(^l»  ^2>    "'>^y  Xn+l)}    =  frf[Xi^y  Xi^y    •  •  •,  Xi^^]y 

where  w  =  1,  2,  3,  etc.;  the  subscripts  ii,  t2,  •••,  tn+i  are 
distinct  and  range  respectively  over  the  values  1,  2,  •••, 
71  +  1 ;  X»  and  IX  denote  functions  of  a  single  variable.  The 
(w  +  1)  I  functional  equations  thus  defined  may  be  put  into 
(1,  1)  relation  with  the  substitutions  on  n  +  1  symbols  and 
therefore  conveniently  denoted  by  the  notation 

For  n  =  1  the  equations  have  been  completely  discussed  by 
the  author  in  previous  articles.  For  n  >  1  the  special  instance 
of  identity  of  some  or  all  of  the  functions  \i{x),  ix{x)  is  con- 
sidered. In  the  simplest  case,  namely,  when  n  =  2  and  the 
functions  Xt(a:),  m(^)  are  all  identical  and  equal  to  ar,  the 
following  theorems  on  the  equations 
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^|/123.-.(«+l)\l 

are  valid: 

1.  E[(l)  (2)  (3)}  implies  the  exbtence  of  ^(x)  such  that 
fixi,  xt.  xz)  =  ^-^mx,)  -  ^(xs)]  +  eW'ixt)  -  ^(xi)]},  where 
0(x)  is  arbitrary. 

2.  £{(1)  (23)}  implies  /(an,  xt,  x,)  =  ^"M-  2^(a:i)  +  ^(arj) 
+  1^(3:3)}. 

3.  E{{2)  (13))  imvMesf(xi.xt,x,)  =  ^-H4^(xi)-24^(x2)+Hx,)}. 

4.  i;{(3)  (12))  implies  /(xi,  Xa,  Xs)  =  ^MIlAC^a)  -  lAC**)] 
+  e[lA(a:2)  -  l^(xi)]},  0(x)  =  X  +  e(-  x). 

5.  £{(123)}  implies/(xi,X2,x,)  =  rMlA(ari)+c^(a;2)+cV(x8)}, 
wlicrc  1  "^  c  "^  c^  ^^  0 

6.  £{(132)}  implies /(a;i',a:2,Xs)  =  rMqA(a:i)+^(ar2)+cV(iC8)}, 
where  1  +  c  +  c^  =  0. 

Solutions  2-4  are  special  eases  of  the  Solution  1. 

4.  In  his  contribution  to  the  modern  geometry  of  the  tri- 
angle Dr.  Altshiller,  starting  with  the  usual  definition  of  the 
circles  of  ApoUonius  connected  with  a  triangle,  derives,  in  a 
purely  synthetic  way,  a  series  of  properties,  partly  known, 
involving  the  Lemoine  point,  the  symmedian  lines,  the  Brocard 
diameter,  etc.,  and  leads  up  to  the  theorem:  The  center  of 
any  one  Apollonian  circle  is  a  center  of  similitude  of  the  two 
other  circles  of  Apollonius,  the  second  center  of  similitude 
being  the  pole  of  the  Brocard  diameter  with  respect  to  the 
first  circle.  This  pap^r  will  appear  in  the  American  Mathe^ 
matical  Monthly. 

5.  It  is  a  tiieorem  due  to  Haskins  that  if  /  and  <p  are  two 
bounded  functions  such  that  the  definite  integral  of  /"  over 
an  interval  is  equal  to  that  of  (p^  for  all  positive  integral  values 
of  n,  the  set  of  points  where  a  ^  /  ^  /3  and  the  set  where 
a  ^  <p  ^  P  have  the  same  measure,  for  any  pair  of  numbers 
a,  j8.  Dr.  Jackson  gives  a  short  proof  of  this  theorem,  based 
on  a  polynomial  approximation  and  Lebesgue's  theorem  on  the 
integration  of  a  umformly  bounded  sequence.  The  result  is 
of  particular  interest  in  the  case  where  the  functions  are  mono- 
tone. 

6.  In  volume  57  of  the  Mathematische  Annalen  A.  Hiu^tz 
has  shown  how  to  express  the  product  of  two  ordinary  Fourier 
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series  in  form  of  another  Fourier  series,  or,  stated  differently, 
how  to  compute  the  Fourier  constants  of  the  product  of  two 
functions  from  those  of  the  functions  themselves.  Dr. 
Kiistermann  solves  the  analogous  problem  for  double  Fourier 
series.  The  solution  depends  vitally  upon  the  proof  of  the 
relation 


^J_  J     \f(x,y)Ydxdy==    1^^-^^^;;^^ 


)]  +  i?fl/(v+l)J  9 

where  (a,  6,  c,  d)^„  are  the  Fourier  constants  of  f{x,  y)  pre- 
sumed to  be  bounded  and  integrable  in  the  Riemann  sense. 
The  analogue  of  this  relation  for  functions  of  a  single  variable 
is  due  to  Parseval  and  was  proved  by  him  under  certain  re- 
strictions on  the  nature  of  convergence  of  the  Fourier  series 
involved.  In  1893  de  la  Valine  Poussin  gave  a  proof  requiring 
merely  that  the  function  and  its  square  be  integrable.  Hur- 
witz,  in  1903,  again  called  attention  to  the  wide  scope  of  the 
theorem,  gave  a  new  proof,  and  applied  it  to  the  problem 
mentioned.  More  recently  the  formula  has  gained  in  general 
interest  through  the  researches  of  Riesz  and  Fischer  (Riesz- 
Fischer  theorem).  In  the  present  paper  the  proof  is  estab- 
lished by  means  of  Poisson's  double  integial. 

7.  The  most  economical  s,et  of  postulates  for  the  logic  of 
classes  is  that  presented  by  H.  M.  Sheffer  in  the  Transactions 
of  October,  1913.  Using  as  basis  the  operation  of  "rejection," 
which  Dr.  Sheffer  used,  Dr.  Bernstein  obtains  a  set  of  four 
postulates  from  which  the  former's  set  of  five  can  be  deduced. 
The  paper  will  appear  in  the  Transactions. 

8.  The  main  theorem  established  by  Professor  Miller  in  the 
present  paper  is  as  follows:  A  substitution  group  of  degree 
n=  hp-^r  ry  where  2?  is  a  prime  number  and  r  and  k  are  posi- 
tive integers  such  that  p  >  k  and  r  >  k,  cannot  be  more 
than  r  times  transitive  unless  either  this  group  includes  the 
alternating  group  of  degree  nor  k  =  1  and  r  =  2.  By  means 
of  this  theorem  it  can  easily  be  proved  that  a  group  which 
does  not  include  the  alternating  group  of  its  degree  cannot 
be  as  much  as  15-fold  transitive  unless  its  degree  exceeds 
1,000.  It  is  also  proved  that  whenever  n  >  12  the  theorem 
will  always  give  a  smaller  upper  limit  for  the  degree  of  transi- 
tivity of  a  substitution  group  which  does  not  include  the 
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alternating  group  of  its  degree  than  the  limit  obtained  by 
using  the  well-known  formula  Jn  +  1.  The  present  paper 
is  an  extension  of  results  obtained  by  the  same  writer  in  an 
article  published  in  the  Bulletin,  volume  4  (1898),  page 
140,  and  it  aims  to  replace  the  fonnida  ^n  +  1  for  the  upper 
limit  of  the  degree  of  transitivity  of  the  groups  in  question 
by  a  theorem  which  gives  at  least  as  low  limits  when  n  >  7, 
and  gives  always  a  lower  limit  when  n  >  12. 

9.  Among  the  theorems  presented  by  Professor  Carmichael 
in  this  note  are  the  following:  Every  prime  number  other 
than  3  can  be  represented  in  one  way  and  in  only  one  way  in 
the  form  a?  +  ]^  +  t?  —  Szyz,  where  x,  y,  z  are  non-negative 
integers;  primes  of  the  form  6n+  1  have  one  additional 
representation  in  which  at  least  one  of  the  integers  x,  y,  z 
is  negative. 

10.  In  previous  theories  seven  points  on  a  twisted  cubic 
curve  have  been  studied  only  in  combinations  that  were 
symmetric;  and  the  only  theorem  known,  beyond  what  may 
be  considered  as  definition  of  the  curve,  states  that  the  35 
points  where  the  seven  osculating  planes  meet  must  lie  on  a 
surface  of  order  five.  Professor  White  examines  sets  of  seven 
derived  points  corresponding  to  a  triad  system  on  seven 
elements,  and  finds  them  to  lie  upon  a  second  cubic  curve, 
one  of  thirty  determined  by  the  first  seven  points.  Analytic 
proofs  are  given. 

11.  Professor  Haskell's  paper  contains  the  following  items: 
Reduction  of  the  Hessian  of  the  plane  quintic  with  five 
cusps,  showing  that  the  five  cusps  and  five  inflexions  lie  on  a 
cubic,  and  that  the  inflexions  are  rational  in  terms  of  the  cusps. 
Determination  of  a  conic  with  regard  to  which  the  quintic  is 
self-dual,  of  a  Cremona  transformation  of  the  quintic  into 
itself,  and  of  sets  of  conies  and  cubics  connected  with  the  cusps 
and  inflexions. 

12.  Professor  Richardson's  paper  gives  a  practical  illustra- 
tion of  manual  multiplication  as  practised  by  the  Romans, 
together  with  a  brief  historical  survey  of  this  system  of 
reckoning. 

13.  In  a  paper  published  in  the  July,  1914,  number  of  the 
American  Journal  of  Mathematics,  Dr.  Fischer  has  given  a 


Digitized  by 


Google 


8  THE  SUMMER  MEETING  OF  THE  SOCIETY.  [Oct., 

definition  of  the  derivative  of  a  function  of  a  surface  analogous 
to  Volterra's  definition  of  the  derivative  of  a  function  of  a 
line,  and  has  proved  that  if  the  derivative  is  continuous  and 
approached  uniformly,  the  first  variation  of  the  function  is 
equal  to  the  double  integral  of  the  derivative  multiplied  by 
the  first  variation  of  the  dependent  variable.  In  the  present 
paper  this  theory  is  extended  to  the  case  where  there  are 
points  or  curves  where  the  derivative  does  not  exist.  The 
theory  of  exceptional  points  is  used  in  finding  the  second 
variation  of  a  function  of  a  double  integral,  and  the  theory 
of  exceptional  curves  is  applied  to  the  variable  boundary 
problem  in  the  calculus  of  variations. 

14.  The  theorem  that  all  the  cubics  through  eight  points 
pass  through  a  ninth,  suggests  the  following  transformation 
which  is  evidently  birational:  Fix  seven  of  the  eight  points, 
and  make  correspond  to  a  variable  eighth  the  ninth  point 
through  which  all  the  cubics  pass. 

Dr.  Hart  (see  Cambridge  and  Dublin  Mathematical  Journal 
volume  6,  page  181)  has  given  a  synthetic  construction  for 
the  ninth  point  determined  by  eight  given  points.  By  an 
analytic  treatment  of  this  construction  Mr.  Williams  has 
found  the  following  relation  between  the  coordinates,  x',  y\  z', 
of  9  and  the  coordinates  of  8:  x'  =  ClC^Kl\  y'  =  C^CzK^-, 
%'  =  CzCiKz,  where  the  C's  are  cubic  functions  and  the  K's 
are  quadratic.  These  equations  define  a  Cremona  transforma- 
tion. 

In  the  above  transformation  there  are  infinitely  many 
invariant  points,  all  of  which  lie  on  a  sextic  curve  of  deficiency 
three,  having  double  points  at  each  of  the  seven  fixed  points. 
At  each  of  these  double  points  the  tangents  to  the  sextic 
coincide  with  the  tangents  to  the  nodal  cubic  having  the 
same  double  point  and  passing  through  the  other  six  fixed 
points.  The  sextic  also  meets  the  line  determined  by  any 
two  of  these  seven  points  in  the  points  where  this  line  meets 
the  conic  determined  by  the  other  five.  From  this  follows 
the  remarkable  theorem  concerning  seven  arbitrary  points  in 
the  plane:  if  the  line  joining  any  two  of  them  be  cut  by  the 
conic  determined  by  the  other  five,  the  forty-two  points  thus 
obtained  lie  on  a  sextic.  This  sextic  satisfies  seventy-seven 
conditions,  almost  three  times  the  number  necessary  to 
determine  it. 
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By  introducing  relations  among  the  seven  given  points 
there  result  other  types  of  Cremona  transformations  with 
their  corresponding  invariant  curves.  Thus  if  three  of  the 
seven  points  are  on  a  line,  we  have  a  transformation  of  the 
seventh  degree  with  an  invariant  quintic  curve.  And  this 
quintic  satisfies  fifty-three  conditions.  Similarly,  if  six  of 
the  seven  points  lie  on  a  conic,  there  results  a  quartic  trans- 
formation with  an  invariant  quartic  curve  fulfilling  forty- 
seven  conditions.  If  six  points  are  on  a  conic  and  at  the  same 
time  three  are  on  a  line,  a  cubic  transformation  results  with 
an  invariant  cubic  curve  fulfilling  twenty-nine  conditions. 
If  six  points  are  on  a  conic  and  if  at  the  same  time  three  are 
on  one  straight  line  and  three  on  another,  the  transformation 
is  quadratic,  and  the  invariant  curve  is  a  conic  which  fulfills 
sixteen  conditions.  This  quadratic  transformation  is  of  a 
type  of  which  inversion  with  respect  to  the  unit  circle  is  a 
special  case. 

15.  Professor  Cole  has  found,  by  detailed  examination 
of  the  various  cases,  that  every  triad  system  in  15  letters, 
with  a  single  exception,  presents  an  interlacing,  {xab){xcd), 
(yac)(ybd),  the  exceptional  case  being  one  of  Heffter's  systems. 
It  is  also  found  that  every  triad  system  in  15  letters  presents 
either  a  hexad,  (xab)(xcd){zef),  {y(ic)iyde){ybf),  or  triple 
tetrads,     {xah)  (xcd)  (xef)  (xgh)  (xij)  {xkt) ,     (yac)  (ybd)  (yeg)  (j^h) 

(yi*)(K;0. 

16.  In  earlier  reports  Professor  Coble  has  discussed  the 
Cremona  group  0^,2  in  2)4  of  order  51840  determined  by  a 
Pe^  (six  points  in  a  plane).  It  is  the  purpose  of  this  paper  to 
show  that  0^6,2  furnishes  the  direct  algebraic  connection 
between  the  cubic  surface  C®,  mapped  on  the  plane  by  cubic 
curves  on  Pe^,  and  the  coUineation  groups  which  arise  in  the 
trisection  of  the  theta  functions  of  genus  2.  This  connection 
is  made  by  the  use  of  irrational  invariants  of  C®  which  are 
associated  with  the  separation  of  the  lines  of  the  surface. 
The  discriminant  of  C®  consists  of  36  irrational  factors  corre- 
sponding to  the  36  double  sixes  of  C®.  By  forming  products 
of  9  such  factors  properly  selected,  a  set  of  40  irrational 
"complex  invariants"  is  obtained.  These  determine  in  S4 
a  set  of  40  quintic  spreads  conjugate  under  0^,2.  The  spreads 
however  lie  in  a  linear  system  of  dimension  9  and  one  can 
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choose  a  linearly  independent  set,  Xq,  •  •  •,  X^;  Uo,  •  •  •,  Ua, 
with  the  striking  property  developed  below. 

On  the  other  hand  Klein  had  discovered  and  Burkhardt 
had  developed  a  coUineation  group  in  Sa  with  variables  F©, 
•  •  • ,  F4  of  order  25920.  If  to  this  group  there  be  added  the 
correlations  which  transform  it  into  itself  there  is  obtained  a 
mixed  group  gn^o  in  the  contragredient  variables  Fo,  •••, 
F4;  Fo,  •  •  •,  F4,  which  is  isomorphic  with  (t6,2  and  which  has 
the  following  property:  The  variables  F,  V  are  transformed 
under  ^6i84o  precisely  as  the  irrational  invariants  X,  U 
above  are  transformed  under  Os,2. 

This  property  leads  to  the  rational  determination  of  the 
lines  of  a  cubic  surface  (after  the  adjunction  of  the  square 
root  of  its  discriminant)  in  terms  of  the  solution  of  the  form 
problem  of  Burkhardt's  group  without  passing  beyond  the 
domain  of'  the  irrational  invariants  of  the  given  surface. 
The  methods  hitherto  suggested  for  this  purpose  required 
the  introduction  of  an  equation  of  degree  27  (or  a  resolvent  of 
some  other  degree),  i.  e.,  the  introduction  of  a  binary  field 
necessarily  extraneous  to  the  surface  itself. 

17.  In  1903,  Professor  G.  D.  Birkhoflf  communicated  to 
Mr.  Vandiver  the  following  theorem: 

If  p  is  a  prime  integer  and  a  is  a  positive  integer  prime  to  p, 
then  there  is  at  least  one  and  not  more  than  two  sets  (x,  y) 
such  that 

a  =  zL  x/y  (mod.  p), 

where  x  and  y  are  integers  prime  to  each  other  and  0  <  x 
<  Vp,    0<  y  <  ^fp. 

In  the  present  paper  a  proof  of  this  theorem  is  given, 
involving  a  continued  fraction  algorithm  for  the  direct  deter- 
mination of  each  set.  It  is  also  shown  that  the  fact  that  there 
exists  at  least  one  set  {x,  y)  follows  from  a  theorem  due  to 
Minkowski.    The  least  positive  residues  of  the  integers 

\^\    2^\  ...,     (p-1)^^ 

modulo  p^  are  termed  proper  residues  modulo  p^.    By  an 
extension  of  the  result  mentioned  above  the  following  theorem 
is  derived: 
There  are  not  more  than 


p  -  1(1  +  V2F^) 
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and  not  less  than  [Vp]  incongnient  proper  residues  modulo 
p*,  if  p  is  a  prime  >  2.  * 

Applications  to  problems  in  connection  with  Fermat's  last 
theorem  are  then  discussed. 

18.  The  accuracy  of  an  interpolation  based  upon  finite 
differences  is  increased  as  the  values  of  the  independent  vari- 
able occurring  in  the  differences  approach  the  value  of  the 
independent  variable  of  the  ordinate  which  is  interpolated. 
Dr.  Forsyth  has  derived  an  interpolation  formula  wherein 
these  values  are  identical. 

Furthermore,  instead  of  the  usual  averaging  of  differences 
(i.  e.,  use  of  first  differences)  to  supply  differences  which  are 
missing  (as  always  happens  in  central  differences),  differences 
are  used  whose  orders  are  in  keeping  with  the  order  of  the 
interpolation  formula  itself. 

19.  In  Dr.  Green's  note  is  given  a  new  geometric  interpreta- 
tion of  Bianchi's  condition  for  isothermally  conjugate  nets 
of  curves  on  a  surface.  It  will  appear  in  the  Proceedings  of 
the  National  Academy  of  Sciences, 

20.  In  a  note  published  in  volume  23  of  the  Rendiconti  dei 
lAncei  Bianchi  has  defined  as  a  surface  of  rolling  the  surface 
described  by  a  point  invariably  fixed  with  respect  to  a  surface 
So  as  the  latter  rolls  over  an  applicable  surface  S,  which  Bianchi 
calls  the  surface  of  support.  He  shows  that,  given  any  surface 
2,  the  problem  of  finding  pairs  of  applicable  surfaces  Sq 
and  S  such  that  2  is  a  surface  of  rolling  as  So  rolls  over  S 
reduces  to  the  integration  of  a  partial  differential  equation 
of  the  second  order  and  of  a  Riccati  equation.  Two  surfaces 
are  said  to  be  in  the  relation  of  a  transformation  of  Ribaucour 
when  they  constitute  the  envelope  of  a  two-parameter  family 
of  spheres  such  that  the  lines  of  curvature  correspond  on  the 
two  surfaces,  corresponding  points  being  on  the  same  sphere. 
Professor  Eisenhart  has  shown  that  the  necessary  and  suflScient 
condition  that  either  surface  of  two  so  related  be  a  surface  of 
rolling  with  the  locus  of  the  centers  of  the  spheres  for  surface 
of  support  is  that  the  two  surfaces  be  isothermic  and  in  the 
relation  of  a  so-called  transformation  Dm,  discovered  by 
Darboux. 

21.  As  a  quasi-transitive  functional  relation  in  the  most 
general  sense,  Mr.  Schweitzer  defines 
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4>{fl(fu  U,    "',tn,  Xi)y  ft(tu  Uy    "',tn,  X2),    '", 

where  n  =  1,  2,  3,  etc.  From  this  class  of  equations  other 
classes  are  deduced,  first,  by  the  homologous  transposition 
of  the  re's  in  the  left  hand  member  and,  second,  by  substituting 
x's  for  some  or  all  of  the  fs  in  the  set  of  equations  thus  ob- 
tained (including  the  original  class).  For  example,  one 
obtains  by  homologous  transposition  of  the  x's  when  n  =  2 

0{/i(aJi,  tu  t2)yf2{x2,  tu  h)yfz{xz,  h,  fe) }  =  \p{xi,  X2,  Xi) 
4>{fi(fu  xi,  fe),/2(<i,  2:2,  t2)yfz{tiy  X8,  h)]  =  ^(ari,  aJj,  Xz). 

Interesting  problems  are  presented  by  systems  of  equations 
belonging  to  the  same  or  (fifferent  classes. 

22.  The  proposition  that  the  accelerations  of  different 
bodies  under  the  action  of  equal  forces  are  inversely  propor- 
tional to  their  masses  is  often  asserted  to  be  merely  a  definition 
of  mass.  The  object  of  the  paper  by  Professor  Hoskins  is  to 
show  that,  in  applying  this  proposition,  our  interpretation  of 
it  involves  the  notion  of  mass  as  a  quantitative  measure  of  the 
matter  of  which  the  bodies  are  composed. 

23.  Dr.  Bennett  considers  several  topics  connected  with 
the  iteration  of  functions  of  one  variable.  Matrices  with  an 
infinite  number  of  elements  are  used  to  obtain  a  classification 
of  the  types  of  series  which  are  to  be  distinguished  with 
respect  to  the  nature  of  their  iteration.  The  different  types 
are  considered,  with  particular  reference  to  questions  of 
convergence.  The  iteration  of  functions  of  a  real  variable  is 
also  considered.  The  paper  will  appear  in  the  Annals  of 
Mathematics.  Thomas  Buck, 

Acting  Secretary. 


GROUPLESS   TRIAD   SYSTEMS   ON   FIFTEEN 
ELEMENTS. 

BY  DR.   LOUISE  D.   CTTMMINGS   AND   PROFESSOR  H.   S.   WmTB. 

(Read  before  the  American  Mathematical  Society  April  24,  1915.) 

From  previous  publications  and  a  paper  presented  to  this 
Society  in  October,  1914,  44  diflFerent  triad  systems  on  15 
elements  (Ais)  are  known.  These  44  systems  separate  into 
two  types  23:  of  the  systems  each  contain  one  or  more  systems 
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on  7  elements  and  have  been  designated  as  headed  systems, 
the  remaining  21  contain  no  A7  and  have  been  designated  as 
headless  systems.  The  groups  for  the  44  systems  have  been 
obtained  and  range  in  order  from  81/2  down  to  2.  Hence 
for  each  of  these  systems  there  exists  at  least  one  substitution 
different  from  identity  which  transforms  the  system  into  itself. 

Systems  whose  group  is  identity  or  groupless  systems  on  15 
elements  have  not  been  known  hitherto.  No  groupless 
systems  exist  for  7,  9,  or  13  elements.  In  a  paper  published 
in  the  Transactions,  January,  1915,  one  of  us  has  proved 
the  existence  of  millions  of  triad  systems  on  31  elements 
with  the  group  identity.  This  raised  the  question  concerning 
the  existence  of  the  groupless  systems  for  15  elements.  About 
six  months  ago  we  began  a  rigorous  search  for  this  type  of  A16, 
and,  while  the  investigation  is  at  present  far  from  completion, 
we  have  had  the  good  fortune  to  discover  systems  of  this  new 
species. 

In  the  Transactions  for  January,  1913,  Professor  Cole  dis- 
cussed triad  systems  on  13  elements,  and  pointed  out  the  fact 
that  two  elements  in  a  system  may  be  connected  by  what  he 
has  termed  an  "interlacing";  for  example  the  four  triads  ol2, 
a34,  613,  624  occurring  in  a  system  form  an  interlacing  of  the 
elements  a  and  6.  Interlacing  and  some  extensions  of  this 
idea  have  proved  to  be  of  fundamental  importance  in  the 
formation  of  the  groupless  systems. 

All  interlacings  and  the  more  extended  forms  of  inter- 
connection of  the  elements,  which  we  make  use  of,  may  be 
obtained  by  applying  to  the  system  under  consideration 
what  may  be  called  a  contracted  form  of  sequences  and  indices. 
The  A16  is  written  in  a  15  by  7  array.  Each  element  heads 
one  colimm;  below  it  are  placed  the  7  pairs  of  elements 
which  with  the  element  at  the  head  occur  in  the  triads  of  the 
system.  Heretofore,  sequences  and  indices  have  been  formed 
from  the  3  columns  of  a  triad  in  any  An,  The  same  process 
is  now  applied  to  every  pair  of  columns  of  a  A^.  Since  the 
number  of  combinations  of  15  columns,  two  at  a  time,  is  105, 
105  pairs  of  columns  must  be  examined,  imless  the  group  for 
the  system  is  already  known  and  is  different  from  identity. 
If  the  group  contains  an  operator  of  order  A,  then  k  pairs  of 
colimms  are  examined  simultaneously.  The  process  may  be 
illustrated  in  its  application  to  a  system  J,  with  a  group  of 
order  4  generated  by  *  =  {a)(bc){dSe7)  (Jig4:) (1526).    Pairs  of 
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columns  selected  from  the  following  table  show  every  type  of 
contracted  index  that  occm^  in  any  system. 


a 

& 

^ 

1 

de 

df 

ae 

o2 

fg 

eg 

hf 

63 

12 

ac 

c2 

ce 

34 

13 

gs 

d5 

56 

24 

15 

fs 

78 

67 

37 

g^ 

he 

68 

46 

67 

Pair  of  ColumiiB.  Index. 

<a> 2» 

61 3» 

da 6 

dh 2,4 


Contracted  Sequences. 

delgfid,  12/43/1,  56/87/6; 
dfmi75/dy  2^/ge/ca/2; 
c2/15/64/37/8^//6/c; 
aelgSIQ4l2clay  15/73/1. 


The  substitution  s  applied  to  the  pair  of  columns  ab  gives  the 
pair  ac  with  the  same  index  and  similar  sequences.  If  s  is 
applied  to  the  pair  of  columns  61,  the  three  pairs  c5,  62,  c6 
are  obtained  with  the  index  3^.  The  analysis  of  the  105  pairs 
of  columns  shows  that  the  contracted  indices  2';  2,  4;  3*;  6 
belong,  respectively,  to  2,  24,  4,  and  75  pairs  of  the  columns. 

The  new  groupless  systems  are  formed  by  interchanging 
duads  of  one  column  with  those  of  another  column.  For 
example,  in  the  pair  of  columns  ah,  the  duads  de,  fg  of  column 
a  may  be  interchanged  with  df,  eg  of  column  6;  such  an  inter- 
change involving  four  elements,  contained  only  in  two  pairs 
in  each  column,  shall  be  designated  as  a  quadrangvlar  trans- 
formation. The  columns  d,  e,  f,  g  must  now  be  re-written,  in 
agreement  with  the  new  triads  introduced  into  the  system, 
and  the  undisturbed  9  columns  of  J  with  the  re-constructed 
6  columns  form  a  new  system  JQ,  The  four  duads  12,  34, 
56,  78  of  column  a  might  be  interchanged  with  the  four  duads 
on  the  same  elements  in  column  6,  forming  an  octagonal 
transformation,  but  this  is  equivalent  to  the  above  quad- 
rangular transformation  followed  by  the  interchange  of  the 
elements  a  and  6. 

In  the  pair  of  columns  61  the  duads  df,  68,  57  of  column  6 
may  be  interchanged  with  the  duads  /8,  67,  d5  of  column  1 ; 
such  an  interchange,  involving  six  elements  appearing  exclu- 
sively in  3  pairs  in  each  of  the  two  columns,  shall  be  designated 
as  a  hexagonal  transformation.     New  columns  d,  f,  6,  8,  5,  7 
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must  next  be  constructed;  these  eight  reconstructed  columns, 
with  the  seven  undisturbed  columns  of  J,  form  a  system  JH, 
The  application  of  the  second  hexagonal  transformation  in 
61  is  equivalent  to  an  application  of  the  first  hexagonal  trans- 
fonnation  followed  by  the  interchange  of  the  elements  h  and  1. 

A  transformation  on  12  elements  simply  interchanges  the 
two  elements  which  head  the  columns. 

Therefore  only  the  quadrangular  and  the  hexagonal  trans- 
formations which  exist  in  a  system  require  consideration. 

By  means  of  the  operators  of  the  group  of  the  system,  the 
minimum  number  of  non-congruent  transformations  of  each 
of  the  above  types  is  determined — ^for  example,  in  J,  the  8 
hexagonal  transformations  reduce  to  1,  and  the  30  quad- 
rangular transformations  to  4  non-congruent  transformations. 

Each  of  the  non-congruent  transformations  is  now  applied 
to  the  system  J,  and  the  sequences  and  indices  are  determined 
for  the  five  transformed  systems. 

The  35  triads  of  the  system  JH  arranged  in  classes  according 
to  their  indices  are  shown  in  the  following  table. 


1*26 

1*35 

1»2«5 

W 

1»2»4 

1»28 

1«37 

1*46 

P5« 

167 

al2 
258 

o78 
a56 
cgb 

168 

a34 

^14 
c47 
dgS 

cd2 

624 

613 

12»7 

1236 

1245 

1  11 

2»4* 

23H 

5,7 

6« 

ade 

afg 

e26 

hd5 

e48 

e/7 

635 

abc 

d46 

p27 

dd7 

6/8 
667 
beg 
eel 

(736 

/23 

The  enumeration  of  the  entrances  of  the  elements  in  the 
17  classes  shows  that  the  transitive  sets  of  elements  are  a;b; 
C]  d;  e;  f;g]l;  2;  3;  4;  5;  6;  7;  8;  hence  the  group  for  the 
system  is  identity.  Therefore  under  the  hexagonal  trans- 
formation the  system  J,  with  a  group  of  order  4,  is  changed  into 
a  system  JH  with  the  group  identity.  The  four  quadrangular 
transformations  applied  to  J  yield  four  non-congruent  systems. 
One  of  these  is  a  new  groupless  system  JQ;  the  remaining 
three  are  known  headless  systems  with  groups  of  orders  2,  2, 
and  6  respectively. 
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The  work  of  transforming  the  44  known  systems  has  been 
partially  performed  and  we  have  discovered  about  20  systems 
of  the  new  groupless  type.  The  headed  type  of  Au  is  ex- 
hausted in  23  systems;  the  non-headed  with  a  group,  in  21. 
The  numerous  repetitions  now  appearing  in  the  work  lead  us 
to  believe  that  the  groupless  type  is  not  much  more  numerous 
than  the  other  two  types.  The  purpose  of  the  present  investi- 
gation is  to  obtain,  if  possible,  a  complete  set  of  groupless 
systems,  and  then  to  show  the  connecting  links  between  all 
the  systems  of  the  three  types. 

The  system  JH  with  no  head  and  no  group,  which  has  been 
derived  by  a  hexagonal  transformation  from  a  system  J,  with 
no  head,  but  with  a  group  of  order  4,  may  also  be  derived  from 
another  system  IC  with  a  head  and  a  group  of  order  3.  Hexa- 
gonal transformations  leave  unchanged  the  number  of  At's  in 
a  Ai6,  and,  therefore,  always  transform  systems  with  or  without 
heads  into  systems  with  or  without  heads  respectively.  A 
quadrangular  transformation  may  change  the  number  of  At's 
in  the  Ais.  The  indices  of  the  new  groupless  systems  show 
a  rather  marked  difference  from  the  indices  of  the  previously 
known  systems.  It  has  been  found  convenient  to  list  the 
indices  of  systems,  so  that  those  indices  which  contain  the 
greatest  number  of  sequences  of  period  1  appear  at  the  left- 
hand  side  of  the  index  table;  that  is,  the  indices  are  written  in 
descending  order  of  sequences  of  period  1.  Systems  with 
a  group  contain  indices  of  the  types  P^,  P2^, — but  no  group- 
less system  has  yet  been  found  with  an  index  containing  more 
than  six  sequences  of  period  1 — ^for  example,  1*3^  contains  the 
maximum  number  of  sequences  of  period  1  found  among  the 
indices  of  the  groupless  systems.  Hence  the  indices  of  the 
groupless  type  show  a  distinct  shifting  towards  the  right-hand 
side  of  the  index  table.  This  shift  was  to  be  expected  since 
the  new  systems  are  headless  and,  therefore,  the  indices  neces- 
sarily involve  fewer  sequences  of  period  1. 

Vabsab  College. 
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NOTE  ON  GREEN'S  THEOREM. 

BY  MB.   C.   A.   BPPEB80N. 

(Read  before  the  American  Mathematical  Society  April  24,  1915.) 

1.  Introduction. — ^We  wish  in  this  paper  to  extend  Green's 
theorem  to  apply  to  relations  equivalent  to  the  general  linear 
partial  differential  equation  of  the  second  order  in  two  vari- 
ables. The  relations  are  written  in  such  a  way  as  not  to 
involve  derivatives  of  the  second  order,  and  the  theorem  is 
proved  without  assuming  their  existence.*  This  point  of 
view  is  desirable  for  the  possibility  of  its  application  to  physics. 

2.  Statement  of  Lemma. — We  shall  denote  by  a»y,  a»,  a, 
arbitrary  continuous  functions  of  x  and  y,  the  aij  to  have  also 
continuous  first  and  second  partial  derivatives,  and  the  a.- 
to  have  continuous  first  partial  derivatives,  over  a  given  simply 
connected  region.  By  6,y,  bi,  b,  we  indicate  the  coeflScients  of 
the  linear  partial  differential  expression  of  the  second  order 
which  is  adjoint  to  the  expression  of  which  the  coefficients 
are  a»7,  a,-,  a.    That  is,  bij  =  a,y, 

_  ^^gu   .   ^^022   ,      yqi2       dai      doi 
^■"90:2  +  3^2+  ^Q^y       Q^       Qy  +  «• 

*The  immediate  occasion  for  the  publication  of  this  paper  was  the 
appearance  of  an  article  by  C.  W.  Oseen.  "tJber  einenSatz  von  Green  und 
ilber  die  Definitionen  von  Rot  imd  Div,"  Rendiconii  del  Circolo  Matematico 
di  PcdermOj  vol.  38  (1914),  pp.  167-179,  which  applies  this  method,  by 
means  of  the  principles  of  vector  analysis,  to  the  special  case  of  Poisson^ 
equation.  The  general  proof  is  a  first  step  in  the  detailed  working  out  of 
a  general  problem  for  partial  differential  equations  (see  preliminary  com- 
munication of  December,  1913,  G.  C.  Evans,  ''Green's  fimctions  for  linear 
partial  differential  expressions  of  the  second  order,  and  Green's  theorem," 
Bulletin,  vol.  20,  no.  6,  March,  1914). 

A  proof  has  been  given  for  equations  of  parabolic  type,  which  may  be 
generalized  to  the  equations  here  considered.  (G.  C.  Evans,  "On  the 
reduction  of  integroniifferential  equations,''  TransacHona  Amer,  Math. 
Society^  vol.  15,  no.  4,  p.  486,  Oct.,  1914.  This  paper  also  gives  the 
literature  of  the  problem).  The  i)roof  referred  to  however,  by  a  reduction, 
makes  use  of  Green's  theorem  in  its  usual  form;  in  the  present  paper,  the 
result  is  reduced  ab  initio. 
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The  6.7  are  then  continuous  with  their  first  and  second  partial 
derivatives,  the  6»  continuous  with  their  first  partial  derivatives, 
and  6  continuous  over  the  given  region.  We  shall  consider 
a  square  Sr,  and  by  lims^p  we  shall  mean  that  no  matter  how 
small  a  circle  we  take  about  p  the  square  shall  ultimately 
become  and  remain  entirjely  within  that  circle.  We  have 
then 

Lembia.  I.*  Let  u{x,  y)  and  v{x,  y)  and  their  first  partial  derit' 
atives  be  continuous  over  the  given  region  in  the  (xy)  plane,  and 
let  p  be  a  point  within  that  region.    If 


(1) 

and 


then 

3.  Proof  of  Lemma  L — If  we  multiply  equation  (1)  by  Vp  and 
equation  (2)  by  Wp  and  subtract,  we  have,  using  the  relations 
existing  between  the  a's  and  6's  of  these  equations, 

♦  The  reader  will  note  that  if  the  second  derivatives  of  u  and  v  exist  the 
theorem  corresponds  to  setting 

and  g  «  the  adjoint  of/.    We  then  have  the  ordinary  Green's  theorem. 
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(vf  -  ug)p  +  2  [a^  («i  ~  ^)  +  a^  («« ~  ^)  J  ^"p 

(4)     +    2    (^'^^ "  ^*)  ^y 

[f     du         at)\  ,         /     du         dv\ 

+  — 2~^  NpM  -  Wpi?  j  J  dx. 

If  now  we  consider  the  difference  function  D  of  the  right- 
hand  side  of  the  equations  (3)  and  (4),  we  have 

+  -^-"2 —  [(«p  -  »»)«.  +  «!>«.]  [  dy 

^^^  f      r  9u  dv'\ 

-ja,i|_(t,,-i,.)^-(«,-«.)^J 

[dt^  dt  "1 

In  order  to  establish  the  lemma  it  is  suflScient  to  show  that 

To  obtain  the  value  of  D  we  will  divide  the  square  into  four 
smaller  rectangles  by  lines  through  p  parallel  to  the  sides  of 
the  square  and  consider  the  sum  of  the  integrals  extended 
around  these  smaller  rectangles.     For  convenience  of  notation 
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we  shall  consider  p  as  the  origin,  and  the  vertices  of  the  square 
lettered  as  in  accompanying  figure  (Fig.  1).    We  will  write 


(0,  y,) 


p=(0.0) 

(^1,  yi) 


(«i,0) 


(6) 


Fig.  1. 

the  curvilinear  integral  D\  around  one  of  these  small  rec- 
tangles, say  [(0,  0)/(a:i,  yO],  as  a  simple  integral. 
Thus 

[du  3t)"l 

+  ^^    r>  [{'Op  -  V.)U,  +  UpV,]  \ 

ir  du  dv  "1 

an|_(f.-«.)^-(«p-«.)3^J 

[du  dv"} 

plus  the  corresponding  term  to  be  integrated  with  respect  to  x. 
If  we  note  the  figure  we  see  that 

0  <.  y  <  yi,    0  <  a:  <  a:i,     8  =  one  side  of  the  square, 

if  Vg  has  the  coordinates  {xu  y),  and  a  similar  expression  holds 
if  Vm  is  on  one  of  the  other  sides.     Similar  expressions  hold 
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for  {ua  —  tip).  Further,  one  infinitesimal  6  may  be  used  for 
all  such  expressions,  as  u  and  v  and  their  first  partial  derivatives 
are  uniformly  continuous  throughout  the  square.  In  the  limit 
then  (va  —  Vp)  may  be  replaced  by  {dvjdx)xi  +  (dv,/dy)y  or  by 
the  corresponding  expressions  depending  on  the  position  of  v,. 
If  we  carry  out  these  substitutions  in  detail  we  obtain  an 
expression  of  the  form 

<rrJo    LIL      \dydx      dydxjj^,, 

[fdv  du      du  dv\~\      1 
"''[d-ydi-d-ydijlJ^-y^ 

j  r       (  dv  du      du  dvW 
^  \V'''\TxYy- did-y)  L, 

[f  dv  du       du  dvXl       1 

-l=^(S")]J<-' 

plus  exactly  similar  terms  to  be  integrated  with  respect  to  x, 
plus  terms  every  one  of  which  is  in  absolute  value  less  than 
€  times  a  constant  less  than  |  <rr  |  . 

If  we  apply  the  law  of  the  mean  every  term,  except  the  last 
two,  is  of  one  of  the  forms 

(a)     [Pixuy)  -  P(0,  y)]  (^)  or  [P(.x^,  y)  -  P(0,  y)]  {^ 
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where  P(ar,  y)  is  uniforinly  continuous  in  z  and  in  y  throughout 
the  square.  Hence  in  the  limits  every  term  except  the  last 
two  vanishes  and  we  have 

where  lima^.:,  »;  =  0. 

where 

which  gives  us,  if  we  combine  with  it  the  corresponding  terms 
from  the  integration  with  respect  to  x, 

where  lim^,^  w  =  0,  w  being  less  in  absolute  value  than 
€h^l<Tr  times  some  constant. 

If  we  now  carry  the  integration  around  the  other  rectangles 
we  have  similar  expressions  for  A,  -Ds,  and  Da. 

Since  (xiyi  +  x^yi  +  x^y^  +  Xiy2)l<rr  =  1,  we  have 

The  lemma  is  therefore  established. 

4.  Statement  of  Green's  Theorem, — By  a  standard  curve  we 
shall  mean  a  closed  regular  curve  which  does  not  cut  itself  and 
which  cannot  be  cut  in  more  than  a  finite  number  of  points  by 
any  horizontal  or  vertical  straight  line. 

We  may  now  state  Green's  theorem. 

Theorem  I.  //  u{x,  y)  and  r(a:,  y)  with  their  first  ^partial 
derivatives,  and  f  and  g,  are  continuons  throughout  a  simply 
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connected  region,  and  if  for  every  standard  curve  S,*  contained 
whoUy  within  thai  region, 

~  Idx  ^^^"^  "^  dy  ^^"^  ~  ^"  J  '^ 
J  jig-  at)dxdy  =j\—  {a^v)  +  —  (obp)  -  oi«)  J  dy 

~\dx  ^*^'*^  "*"  dy  ^"""^  -  ««»  J  <*«; 
/    du         dt\  .   ai-bi      1 

(11)  \        !>  !>/  J 

r      f   du         dv\   ,        (   du         dv\ 


and 

(10) 
then 


02  —  62 
^-^^uv 


l(fe. 


Froof  of  Theorem  I. — For  convenience  in  writing  our  equa- 
tions we  will  set 

(    du         dv\  ^         f    du         d«  \   .   a,-  —  6,- 

Now  divide  the  region  enclosed  by  the  contour  into  a  number 
of  squares  a  of  side  S.    Then 

J  J  (^-^  ug)d^dy  =  Xj   \  ivf  "  ug)dxidyi  +1;     (n  >  N), 

where  1;  is  the  integral  over  that  portion  of  <r  not  contained 
in  S*<^»  and  can  be  made  as  small  as  we  please  by  choosing  n 
suflSciently  large.    By  the  law  of  the  mean 

*  The  concluBioii  holds  for  the  boundary  of  the  region  if  it  is  a  standard 
curve. 
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/x,< 


(tf  --  ug)dx4yi  =  (vf—  y^)pi(ri, 
where  p»  is  some  point  in  <ri.    Then 

(tjf  —  ug)dxdy  =  1^  (^  —  «^)p,o-»-  +  ^     (n>  N). 


/x< 

The  hypotheses  of  this  theorem  imply  the  hypotheses  of 
Lemma  I.    Hence,  by  that  lemma, 

{tf  —  ug)p^  =  lim  —  I  Aidy  —  A2dx, 
so  that 


(12) 


j  j  i^"  ug)dxdy  =  J2(vf-  ug^^a  +  t; 


*  1  r 


We  have  to  do  with  a  uniform  limit  in  the  right-hand 
member  of  the  above  equation,  since  on  account  of  the  assumed 
continuity  of  u,  dujdx,  du/dy  the  quantity  €  which  occurs  in 
the  proof  of  Lemma  I  depends  merely  on  the  size  of  the  square, 
and  not  on  the  position  of  the  point  p.    Hence 

lim  —  I  Aidy  —  A2dx 
differs  from 


—  I  Aidy  —  A2dx 
[imaj.0  €  =  0,  and 
52  <^i  lim  —  I  Aidy  —  A2dx 

&.Lpi  <^i  J  Si 


by  less  than  e,  where  limaj.0  €  =  0,  and 


Si^i  <^»  dSi 

differs  from 


J  I  A\dy  —  A2dx 
Sr 

by  less  than  etr,  where  Sr  is  the  contour  formed  by  the  exterior 
boundary  of  the  approximating  squares.     It  then  follows  that 

\    \  ^^  ~  w^)dr(iy  =    I  Aidy  —  A2dx  +  ?;', 
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where  linis^  if  =  0.     But  since  A\  and  A^  are  uniformly 
continuous  in  x  and  y  throughout  the  region,  we  have 

lim    I  A\iy  —  AiAx  +  ^'  =    I  A\iy  —  A^iix^ 

and  therefore  finally 

I    I  (tSf  —  ug)dxdy  =    I  ^idy  —  A^iix, 

which  was  to  be  proved. 

Corollary  I.  Theorem  for  PoissorCs  Equation.  If  u  and  v 
and  their  first  partial  derivatives,  and  f  and  g,  are  continiums 
throughout  a  simply  connected  region,  and  if  for  every  standard 
curve  S  contained  wholly  within  thai  region. 


and 
then 


ffj^^^y)^y=fX^ 

ff^g(x,y)dxdy=£^^ds 


If  we  put  in  this  v  =  1/r  we  get  the  well-known  formula  due 
to  Green. 

CoROLLART  II.  By  Um^-^  we  shall  mean  that  the  standard 
curve  S  approaches  p  uniformly,  i.  e.,  if  we  take  a  circle  with 
center  at  p  and  of  arbitrarily  small  radius  the  standard  curve  S 
ultimately  becomes  and  remains  within  the  circle.  We  may 
now  state 

Corollary  II.  If  u  and  v  and  their  first  partial  derivatives 
are  continuous  within  and  on  the  boundary  of  a  region  enclosed 
by  a  standard  curve  S  in  the  {xy)  plane,  and  if 

(f-bu),  =  Um;  j^[£(ftnt^)  +  l/b22u)  -  b^u^y 

""  L^  ^^^^  "^  ^  ^^^^  -biu\dz 
and 
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{3  -  at),  =  Hm  ^  j^[£  (axii^)  +~  (aut^)  -  a^v^dy 

"  Vdx  ^^^^  "'"  ay  ^^'^^  ""  ^^  J  ^' 

wAere  p  is  any  poirU  vnthin  8. 

The  Rice  Institute, 
February,  1916. 


CONVERGENCE  OF  THE  SERIES  E  E  t^X- 
(7  IRRATIONAL). 

BT   PROFESSOR  W.   D.   MACMILLAN. 

(Read  before  the  American  Mathematical  Society  April  2,  1915.) 

The  method  of  proof  which  is  here  used  depends  upon  the 
properties  of  continued  fractions.  Any  irrational  number  y 
can  be  expanded  as  a  simple  continued  fraction 

,111 
y  -  ai  + 


^2  +  as  +  04  + 

Let  Pn/qn  be  the  nth  principal  convergent,*  and  P/Q  be  any 
intermediate  convergent  lying  between  Vn-ilqn^^  and  pn/?i». 
Then 

gn-2         y  qn  ?n+l         ffn-l 

if  n  is  odd,  and 

*  The  notation  used  here  agrees  with  that  of  Chrystal's  Algebra, 
Vol.  II,  Chap.  XXXII. 
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if  n  is  even. 
For  n  either  even  or  odd 


P 


Q    qn 


P»-2  +  kp, 


ll»-l 


from  which  is  derived 


l^i<(a„-l), 

On—  k 

qnQ   ' 
Since   g,  =  g,_j  +  o»g»_i   and   Q  =  g,_2  +  kq^-i,   we   have 

?»  =  Q  +  (a,  -  A)?„_l  <Q  +  Onqn-l  <  (o„  +  1)Q. 

Hence 

1 


P 


P 


and  likewise 


-7 


1        .  1 


We  have  then 

(1) 
and 


gn(gM-i  +  qn)       qnia^i  +  2)  • 

1 


P-Qy\> 


I  p,^i  —  qr^iy  I  > 


1 
q^xifln  +  2) 


Let  us  suppose  now  that  a»  +  2  <  ikf  for  every  n,  an 
hypothesis  which  is  certainly  satisfied  by  every  simple  quad- 
ratic surd  (m  d=  Vn)//,  where  /,  m  and  n  are  integers.  Then 
if  P/Q  is  any  convergent,  principal  or  intermediate,  it  follows 
from  (1)  that 

(2)  I^-^I>fq- 

We  shall  show  now  that  for  any  two  integers  whatever, 
iand  j, 
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(3) 


■^\>Mr 


Let  PilQi  and  P2/Q2  be  two  successive  convergents  (principal 
or  intermediate)  such  that  Qi^j^  Q2.  From  the  general 
theory  of  continued  fractions  it  is  known  that  Pi/Qi  and  P2/Q2 
are  closer  approximations  to  y  than  any  other  rational  frac- 
tions whose  denominators  are  less  than  Q2.     Consequently 


-7 


Pi 
Q 


-7 


MQi^' 


and  therefore,  since  j  >  Qi, 

(4) 

Consider  now  the  series 


i-h\>\P.-Qry\>MQ>Wy 


xy 


i=o^=o*  ^  jy 


(i+j>0), 


where  y  is  an  irrational  number  which,  when  expressed  as  a  sim- 
ple continued  fraction,  satisfies  the  condition  that  On  +  2  <  Jf 
for  every  n.  Then  we  will  have  \i  —  jy\  >  l/{Mj)  and 
consequently 

1 
\i-jy\  -^^ 

so  that 

which  converges  if  |  a:  |  <  1  and  1 3/ 1  <  1.  Therefore  the 
series 


t^oj^ai  —  jy 


(i  +  i>0) 


converges  if  |  a:  |  and  |  y  |  are  both  less  than  unity,  which  is 
somewhat  remarkable  in  .that  the  denominators,  which  have 
no  lower  limit,  impose  no  restriction  upon  the  radii  of  con- 
vergence of  the  series. 
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The  restrictions  upon  7  in  the  above  discussion  can  be 
considerably  reduced.  It  is  seen  from  (1),  if  P/Q  is  any- 
convergent  (principal  or  intermediate),  that 

\P-Qy\> 


Qian  +  2)' 

where  On  is  the  first  partial  quotient  above  Q.    Let  us  suppose 
now  that 

(5)     o„  +  2  <  M(q.^i  +  l)(g^i  +  2)- •  ■(q^i  + S  -  1), 

where  S  is  any  positive  integer  independent  of  n.    Then,  since 

Q  >  g-i. 

an  +  2<  M(Q+l)---iQ  +  S-l), 
so  that 

Then,  just  as  before,  if  i  and  j  are  any  two  integers  such  that 
Q^jS  Qi,  we  shall  have 

\i-h\>\P-Qy\>MQ(q  +  i):h(Q  +  s^rY) 

1 
> 


and  also 

y^^-|<Mj(i+l)---(i+S-l). 

If  then  7  satisfies  these  new  conditions  the  series 

But  since 
we  have 


00         00 


■r^y_«V_        X  yMS\       

to^i  -  jy"^  1  -  x^  a  -  xKl  -  y)^^ 
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and  therefore  convergent  provided  |  x  \  and  |  y  |  are  both 
less  than  unity. 

Corollary. — ^If  the  series /(a:,  y)'=  S  S  ^i/^V  (i  +  J  >  0) 
converges  f or  |  a:  |  <  1/J,  |  y  |  <  l/rj,  so  that 

and  if  7  is  an  irrational  number  which  satisfies  (5),  then  the 
series 

Fix,  y)  =  ±±j^x'yi         ii  +  j  >  0), 
converges  provided  |  x  |  <  1/f  and  |  y  |  <  l/i?.    Furthermore 

It  will  perhaps  be  interesting  to  note  the  character  of  the 
condition  that  a„+i  +  2  <  Mqniqn  +  1)  •  •  •  (?n  +  S  —  1).  Let 
us  suppose  that  an  =  nl.  It  is  found  then  q^-i  =  (n  —  1)1 
(n  —  2)!  •  •  -2!  +  •  •  ••  It  is  sufficient  then  to  take  ikf  =  1, 
S  =  2,  in  order  to  satisfy  the  condition.  If  we  suppose  that 
^  =  IQio--*  we  find  that  q^-i  =  W^-W^-"^  ...10100  + 
•  •  • ,  and  it  is  sufficient  to  take  ikf  =  10,  jS  =  10.  If  however 
we  suppose  that  On  =  10«'  then  qr^i  =  lO^'^-D »+(»-«)  •+•-«« 
+  •  •  •,  and  there  do  not  exist  an  M  and  an  S  which  satisfy 
the  condition. 

Application  of  these  Series. — (a)  The  function 

00      00       \m,.n 

where  «  is  a  complex  variable,  is  a  holomorphic  function  of  z 
everywhere  except  in  the  neighborhood  of  the  positive  real 
axis,  which  is  a  line  of  essential  singularities.  Nevertheless 
the  value  of  the  function  is  finite  for  those  real,  positive 
irrational  values  of  z  which  satisfy  the  above  condition; 
furthermore  the  function  is  continuous  across  the  real  axis 
at  any  one  of  these  points.  To  show  the  continuity,  let 
z  =  7  be  such  a  point  and  let  z  =  7  +  ^  cos  a  +  it  sin  a  be  a 
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straight  line  which  crosses  the  real  axis  at  y  making  an  angle 
a  wi^  the  real  axis.    Then 


{m—  ny  —  7d  cos  a)  —  i{7d  sin  a) 


_^        [m  —  717  —  n/  cos  a]  +  i{v^  sin  a)       ^ 
"        [m  —  ny  —  7tt  cos  a]^  +  n^  sin*  a        ' 

11  now  we  write  W  =  Wi  +  iW^y  and  for  brevity  suppose 
X  and  /x  real^  we  have 

ITi  =  22X-U-  m-n7-n<cosa      

[m  —  717  —  71^  cos  a]*  +  vH^  sin*  a, ' 

Txr       ^^x-  -  7i<sina 

W2  =  22X~M^  I 


[m  —  ny  ^  nt  cos  a]*  +  tiV  sin*  a ' 

Consider  now 

71^  sin  a 


[771  --  717  —  7i<  cos  a]*  +  TiV  sin*  a  * 

As  a  function  of  the  variable  t  this  expression  has  a  maximum 
or  a  minimum  for  nV  =  (771  —  717)*.  It  has  a  maximum 
equal  to 

1 

(m  —  7i7)[(l  +  cos  a)*  +  sin*  a] 

for  7i<  =  (771  —  ny)i  and  a  minimum  equal  to 

-1 

{m  —  7i7)[(l  +  cos  a)*  +  sin*  a] 

for  7i<  =  —  (tti  —  717).    Consequently 


[(1  —  COS  a)*  +  sin*  a]  1 771  —  717  | ' 

which  is  absolutely  convergent.  Whence  W2,  and  in  the  same 
manner  Wu  is  absolutely  and  uniformly  convergent  for  all 
real  values  of  t  Consequently  IF  is  a  continuous  function  of  a 
aU  along  this  straight  line. 

(6)  Consider  the  linear  partial  differential  equation 
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where  7  is  a  positive  irrational  number  which  satisfies  the 
condition  a^+i  +  2  <  MqniQn  +  1)  •  •  •  (?n  +  S  —  1),  and  pi  = 
^^aijxfy2',    p2  =  2^2^bijXi*X2^,    are    two    convergent    power 
series  in  Xi  and  X2. 
We  will  take  first  the  homogeneous  equation 

d<f>  d<f> 

and  put  ip  =  log  <f>.    Then 

The  solution  of  this  equation  is 

^  =  SS  ■: r-  ari*ar2^  +  an  arbitrary  function  of  (a^i^arj), 

t  —  ^ 

and  by  the  above  corollary  this  series  has  the  same  region  of 
validity  as  pi  itself.    It  follows  therefore  that  0  =  e*  also  is 
a  convergent  power  series  in  xi  and  X2,  if  the  arbitrary  func- 
tion is  taken  equal  to  zero. 
Returning  now  to  the  equation 

let  us  take  4>  =  we"^,  where  e"^  is  the  function  already  deter- 
mined, and  <o  is  an  unknown  function.    We  have  then 

d(o  dct)  . 

where  SSc,ja:i*ar2'  is  the  expansion  of  p2e'"^  and  is  therefore  a 
convergent  series.    The  solution  of  this  equation  is 

(0  =  SS  •: — '-^  X\^X2^  +  an  arbitrary  function  of  (a:  1*^0:2), 

which  likewise  is  a  convergent  series.  Consequently  4> 
=  (-4  +  0?)^*,  where  A  is  an  arbitrary  function  of  {x{*X2), 
is  a  solution  of  the  differential  equation. 

The  University  op  Chicago, 
May  15,  1915. 
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A  CERTAIN  CLASS  OF  FUNCTIONS  CONNECTED 
WITH  FUCHSIAN  GROUPS. 

BT   PR0FE880R  ARNOLD   EMCH. 

(Read  before  the  American  Mathematical  Society  April  24,  1915.) 
1.  Consider  a  Fuchsian  group  F  of  linear  ^bstitutions 

(1)  ^^-«.=  ?|tI       (»=  1.2,3,...) 

OCiSi  —  Px^i  =  1, 

that  transform  the  unit  circle  into  itself,  and  for  which  the 
unit  circle  is  a  natural  boundary.  The  index  i  for  which  Zi 
approaches  a  point  of  the  boundary  we  denote  by  oo ,  so  that 
lim(2i)  =  e**,  where  0  may  have  any  value  from  0  to  2ir. 

Let  zo  =  2  represent  identity.  Denote  by  iZo  =  -R  the  funda- 
mental region  in  which  2  lies,  and  by  Ri,  ft,  •  •  •  the  regions 
resulting  from  R  by  the  substitutions  Vi  (i  =  1,  2,  3,  •  •  •)• 
Let  €4  be  the  greatest  "elongation"  of  the  boundary  of  Ri,  i.  e., 
the  maximum  distance  between  two  points  of  the  boundary 
of  Ri;  then,  according  to  a  theorem  due  to  Bricard,*  it  is 
possible  to  circumscribe  a  circle  C,-  to  the  region  Ri,  such  that 
its  radius  does  not  need  to  be  greater  than  at  most  e,/ V  3. 

For  i  +  00 ,  the  area  Ai  of  Ri,  being  that  of  a  singly  con- 
nected region  bounded  by  circular  arcs,  is  finite,  so  that  for 
the  ratio  of  the  area  of  the  circle  d  to  that  of  the  region  Ri  we 
have 

(2)  1<|~<M  (1=1,2,3,  •••), 

where  M  is  a  pK)sitive  finite  quantity  >  1.  But  it  can  be 
shown  that  this  inequality  also  exists  when  lim  (t)  =  00 ,  or 
lim  (zi)  =  e**.    Hence  from  (2)  we  get 

BOS 

(3)  32^4.-  <  Zirci*  <  SMl^Ai, 

*  "Th6ordme8  sur  les  courbes  et  les  surfaces  ferm^es,"  NouveUes 
Annales  de  Maihimatiquef  4.  ser.,  vol.  14,  pp.  19-25  (Januaryi  1914). 


Digitized  by 


Google 


34     FUNCTIONS  CONNECTED  WITH  FUCHSIAN  GKOUPS.  [Oct., 

in  which  the  sums  are  extended  over  the  whole  group  F. 
As  Si4j  =  IT  is  a  finite  quantity  we  find  that  the  sum  of  the 
areas  of  all  circles  d,  and  consequently  the  sum  of  the  squares 
of  the  radii  of  all  these  circles  is  finite. 

2.  Choose  now  within  R  any  two  points  a  and  h  and  a 
variable  point  z,  so  that  the  area  formed  by  the  euclidean 
triangle  z»a»&i  lies  entirely  within  C,-.    Now 

I  Zi  -  ai !  S  ei\  I  Zi  -  6»  I  S  e*, 
hence  ' 

I  Zi  --  Oi  I  •  I  Zi  —  6i  I  S  ei^ 
and 

(4)  i:Ui-a,i-Ui-6ii^i:^A 


But,  according  to  (3),  S«i*  is  a  finite  quantity.    The  left 

side  of  (4)  is  therefore  an  absolutely  convergent  series,  for  all 
values  of  z  within  R.    The  condition  for  uniform  convergence 
within  the  whole  domain  is  evidently  also  satisfied,  so  that 
we  can  state 
Theokem  I.     The  series 

e» 

21  (2i-  aOfe  —  hi) 

extended  over  a  Fuchsian  group  T,  with  the  unit  circle  as  a  natural 
boundary  and  2,  a,  b  lying  within  the  fundamental  region  of 
T,  is  a  uniformly  convergent  series,  and  defines  an  analytic 
function  within  R  that  vanishes  for  z  =  a  and  3=6  and  has 
no  infinities  within  R.  The  result  is  stiU  valid  when  Zb  =  Za, 
so  that 

E  {zi  -  aiY 

also  defines  such  a  function  which  at  z  =  a  has  a  zero  of  the 
second  order, 

3.  The  theorem  may  immediately  be  generalized.  Choose 
for  z  and  a  any  two  points  within  the  unit  circle  (excluding 
the  boundary).  The  straight  line  joining  them  is  cut  by  a 
finite  number  of  polygons  Ri  into  the  segments  Zi,  hihy  •  •  • ,  Zr. 

Any  substitution  ^a  ^  (    ^/  )  ^'  ^^  group  T  transforms  the 


Digitized  by 


Google 


1915.]  FUNCTIONS  CONNECTED  WITH  FUCH8IAN  GROUPS.  35 

straight  segment  from  z  to  a  into  an  arc  of  a  circle  from  Za  to 
a^  and  the  segments  U  into  arcs  In,  intercepted  by  the  corre- 
sponding polygons  arising  from  the  substitution  V^.  Every 
arc  ZiA  is  subtended  by  a  chord  »»a  <  kx  <  «»a,  where  e»A 
denotes  the  elongation  of  the  polygon  (region)  Ri^,.  From 
this  follows  immediately  that 

/a  =  I  2a  -  Oa  1  <  «u  +  ««x  + h  erK, 

and 

(/x)*<  {eiK  +  e2,+  •••+e,A+  •••+e*A+  '"+er^\ 
From  the  inequality 

2«,A«fcA  <  ei^^  +  ekK^ 
we  derive  without  diflSculty 

(5)       2     i:    ^.AeifcA  <  (r  -I1)(^ia'  +  ejA^  +  •  •  •  +  O- 
Now 

A=0  A=0  A=0  <=1,  *=! 

hence,  according  to  (5), 

(6)        i:  (/a)*  <  r  i:  (ei.^ + «2a^  +  •  •  •  +^rA^). 

But 

OB  00 

so  that  (6)  reduces  to 


(7)  Z(/A)*<r*E«A'. 

The  right  side  of  this  inequality  is  a  finite  quantity,  so 
that  the  series  on  the  left  side  is  absolutely  convergent. 
Hence 
Theorem  II.     The  series 

A>0 
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extended  over  a  Fvchaian  group  with  the  unit  circle  as  a  natural 
boundary,  where  z  and  a  are  any  two  points  urithin  the  unit  circle 
and  not  on  the  boundary,  when  a  is  fixed,  is  an  absolutely  and 
uniformly  convergent  series  of  z  for  all  points  within  and  not  on 
the  boundary,  and  represents  an  analytic  function  in  the  neighbor^ 
hood  of  all  such  points.  It  has  a  zero  of  the  second  order  for 
z  =  a,  and  has  the  unit  circle  a^  a  natural  boundary, 

4.  This  theorem  admits  of  a  further  generalization.  Choose 
any  three  points  z,  z\  a  within  and  not  on  the  unit  circle,  and 
write  A  =  I  2a  7  ^A  I,  ff a  =  |  z/  -  a^  |.  ^  Assuming  /  4=  0 
^  4=  0,  it  is  possible  to  find  a  positive  finite  number  M  such 
that  the  ratio  gjf,,  <  M,  \  =  1,  2,  3,  •  •  •,  also  when  Zx 
approaches  a  point  on  the  unit  circle.  We  have  therefore 
^A  <  Wa,  and 

/a^a  <  Mf^, 
and  consequently 

(8)  t,f^.<Mtf>?- 

A=0  A=0 

As  the  right  side  of  this  inequaUty  is  absolutely  convergent, 
it  follows  that 

qp 

is  an  absolutely  convergent  series,  and  that  consequently 

(9)  i.  (za  -  a.)(a/  -  aj 

A=0 

is  absolutely  and  uniformly  convergent,  and,  for  a  and  z' 
constant,  defines  an  analytic  function  of  z  for  all  points 
within  and  not  on  the  boimdary  of  the  unit  circle.  It  vanishes 
for  a  =  a  and  has  the  unit  circle  as  a  natural  boundary. 
Nothing  is  lost  in  the  convergency  proof  of  (9)  by  assuming 
z  and  z'  fixed  and  a  as  variable.  Hence  putting  in  (9)  z  =  a, 
z'  =  6  and  a  =  z  we  may  state 
Theorem  HI.     The  series 

qp 

Z  (Za  -  Oa)(Za  -  W, 

A=0 

where  a  and  b  are  any  two  points  vdthin  and  not  on  the  unit  circle, 
is  absolutely  and  uniformly  convergent  and  represents  an  analytic 
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function  of  z  vdthin  the  unit  circle,  which  is  a  natural  boundary 
of  the  function.    It  has  z  =  a  and  z  =  b  as  zeros. 

5.  Making  use  of  the  proposition  that  for  an  analytic 
function  F{z)  which  within  a  certain  region  has  the  character 
of  a  rational  function,  such  that  for  any  point  zo  of  this  region 
F{zo)  exists, 

(10)  u,n(^ail|M)  =  ,,,^) 

we  may  extend  theorem  III  to  an  even  more  general  type  of 
functions.  Let  ^(z)  be  a  rational  function  of  z  which  for 
2=0  does  not  become  infinite.  Putting  (z^  —  cl\){zj^—  &a) 
=  ^A>  (z/  —  a/)(z/  —  b/)  =  u/,  where  z',  a',  V  denote  a 
set  like  z,  a,  6,  then  as  Z;^  (X  =  oo )  approaches  a  definite  point 
e^^  on  the  boundary  a^,  6x>  «a'>  ^a'»  ^k  will  approach  the  same 
point,  and  u  and  u'  will  approach  zero  as  a  limit.  Conse- 
quently 


(11)  H^(^K)-y)i 


?'(0) 


is  a  finite  quantity,  and  as  S(w  —  w')  is  absolutely  and  uniformly 

00 

convergent,  also  2  {^W  —  ^{u')]  will  be  absolutely  and 

A=0 

uniformly  convergent  within  the  unit  circle,  except  for  a 
finite  number  of  values  of  u  and  u\  which  are  poles  of  <S(w), 
and  their  congruents  in  the  group  P.*  Hence,  with  the  expres- 
sions for  u,  u'  and  St  defined  as  above,  we  may  state 

Theorem  IV.     When  a,  6,  o',  6',  z'  are  fixed,  so  that  no  u^! 
is  a  pole  of  <S(z),  then 

tWiz,  -  aj(2,  -h)}-  <a{(z/  -  o/)(z/  -  Wm 

A»0 

extended  over  the  whole  Fuchsian  group  represents  an  analytic 
function  of  z,  which  has  the  same  poles  as  those  of  Sl(u)  and  their 
congruerUs,  and  which  has  the  unit  circle  as  a  natural  boundary. 
It  appears  that  in  general  these  functions  are  not  auto- 
morphic  in  the  ordinary  sense. 
Univessitt  of  Illinois. 

♦  For  a  statement  of  formula  (10)  and  its  applications  to  trigonometric 
and  elliptic  functions  see  Schottky:  "Ueber  die  FunktionenJdasse,  die 

der  Gleichung  ^(^iJ!^)  =  ^(«)  gentigt";  CrelU,  vol.  143  (1913),  pp. 
1-24. 
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PROFESSOR  BOCHER'S  VIEWS  CONCERNING  THE 
GEOMETRY  OF  INVERSION. 

BY  PBOFSSSOR  BDUARD   STUDY. 

In  a  recent  paper  (this  Bulletin,  volume  20,  pages  185- 
200,  January,  1914),  Professor  M.  B6cher  sets  forth  what  he 
thinks  are  sound  principles  for  dealing  with  geometry,  and 
more  especially  with  the  geometry  of  inversion.  Herein  I 
am  glad  to  agree  with  him.  The  same  and  similar  principles 
have  been  expounded,  and  applied,  in  a  less  elementary 
(but  more  comprehensive)  manner  by  myself.  Professor 
Bficher's  article  may  be  looked  upon  as  commenting  on  the 
import  of  the  conception  of  natural  corUiniui  introduced  by 
me  in  1903,*  though  he  makes  no  use  of  this  notion  itself. 

There  seems  to  be,  however,  little  agreement  in  other  re- 
spects. Professor  BScher  quotes  one  of  my  articles  ("Das 
ApoUonische  Problem,"  Mathematische  Annalen,  volume  49, 
1897),  merely  stating  that  it  is  long  and  yet  does  not  contain 
a  word  concerning  the  "region  at  infinity.^f  The  first  of 
these  assertions  is  right  as  a  matter  of  course,  assuming  a 
suitably  chosen  standard  of  length,  and  as  to  the  second  I 
will  not  quarrel  with  my  critic.  What  I  am  concerned  with 
is  merely  the  inference  which  the  author  leaves  to  his  readers. 
This  inference  would  appear  to  be  that  I  had  been  thought- 
less, or  careless,  or  regardless  enough  to  publish  my  results 
in  an  embryonic  state  of  development.  It  will  inevitably  be 
understood  that  all  my  theorems  are  "true  in  general"  only, 
and  consequently  incorrect.  I  am  found  guilty  of  having 
committed  an  error  to  which,  in  recent  years,  I  have  myself 
objected  often  and  strongly.  I  am  caught  in  my  own  trap, 
and  no  mistake.  There  will  be  possibly  some  people  who  will 
enjoy  this.  But  it  cannot  reasonably  be  expected  that  I 
shoidd  be  one  of  their  number.  Therefore  I  beg  to  point  out 
a  few  trifling  circumstances  that  apparently  have  not  been 
appreciated  by  my  critic. 

1.  Let  us  supply  the  missing  (but  certainly  indispensable) 

♦  In  my  book,  Geometric  der  Dynamen,  §§  27,  28.  This  seems  to 
have  escaped  Professor  Bdcher's  notice.  He  inight  have  been  aware  of 
it,  though,  for  he  found  a  reference  in  connection  with  his  own  topic 
in  a  paper  by  H.  Beck. 

t  JBdcher's  own  term  is  "the  infinite  region." 
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definitions,  say,  by  the  simple  expedient  of  inserting  a  refer- 
ence to  Professor  B6cher's  book  of  1894.  Then  the  haziness 
to  which  my  critic  objects  will  disappear  at  once  and  through- 
out. This  remark,  obvious  as  it  is,  does  not  seem  to  have 
occurred  to  Professor  B6cher;  otherwise  he  ought  to  have 
mentioned  it,  for  it  alters  the  matter  considerably.  Probably 
he  and  I  wrote  for  different  sets  of  readers.  I  must,  for  some 
reason  or  other,  have  presupposed  what  Professor  B6cher 
explains.  If  my  critic  disapproves  of  this,  it  seems  to  me  that 
he  might  have  made  clear  the  true  trend  of  his  objection, 
which  is  irrelevant,  instead  of  making  his  readers  believe  that 
I  had  sinned  against  the  first  laws  of  logic,  an  intimation  to 
which  I  cannot  be  indifferent.  Professor  Bocher,  who  does 
not  go  far  in  the  way  of  applications  himself,  might  even 
have  quoted  my  Apollonian  paper  as  an  illustration  of  the 
principles  that  underlie  his  doctrine;  but,  as  a  matter  of  fact, 
he  meant  to  use  it  as  a  deterring  example  of  their  neglect,  and 
only  as' such. 

2.  My  fault  (if  fault  it  is)  thus  consisted  in  supposing 
notions  widely  known  (and  accepted  by  competent  judges) 
which  in  reality  perhaps  were  not  so.*  Why  I  held  such  an 
opinion  is  easily  explained.  The  ideas  in  question  are  very 
simple.  From  the  standpoint  of  Klein's  Program  of  1872 
they  appear  almost  as  matters  of  course.  To  me  they  have 
been  familiar  since  about  1884,  the  time  when  I  was  a  young 
student  under  Professor  Klein,  who  in  later  years  was  Pro- 
fessor Bdcher's  teacher  also,  and  to  whom  also  Professor 
B6cher,  as  he  says  himself,  is  indebted  for  the  same  ideas. 
It  would  seem  to  follow  from  this  that  the  public  I  had  in 
mind  was  likely  to  exist;  and  so  it  did,  as  is  shown  by  the 
example  of  Professor  B6cher  himself.  But  had  it  been  non- 
existent, I  could  still  claim  the  right  to  write  for  it  in  the 
manner  I  did.  What  does  not  exist  today  may  be  common 
tomorrow.  The  first  footnote  in  my  paper  shows  that,  not- 
withstanding its  deplorable  length,  it  is  an  extract  only,  and 
by  no  means  intended  for  beginners. 

3.  I  stated  that  I  look  upon  the  geometry  of  inversion  as 
forming  a  counterpart  (Seitenstiick)  to  projective  geometry 
(pages  498,  528),  and  I  have  treated  it  as  such  throughout. 
The  idea  apparently  underlying  Professor  Bdcher's  criticism, 

*  In  my  book  of  1913  the  point-continuum  of  the  geometry  of  inver- 
sion is  mentioned  as  a  commonly  accepted  notion  (page  282). 
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that  in  spite  of  this  attitude  (which  was  opposed  to  the  habits 
of  my  predecessors,  Darboux,  for  example)  I  might  have 
operated  in  this  projective  domain  seems  quite  absurd. 

4.  A  piece  of  research  in  projective  geometry  is  not  neces- 
sarily defective  if  its  author  does  not  speak  of  points  at 
infinity.    The  same  holds  good  for  the  geometry  of  inversion. 

5.  That  my  point  of  view  was  exactly  the  one  recommended 
by  Professor  BScher  can  be  conclusively  demonstrated.  I 
say  (page  539):  "Um  diese  Aufgabe  (das  Apollonische 
Problem  auf  der  Kugel)  zu  losen,  haben  wir  weder  in  Formeln 
noch  Constructionen  auch  nur  die  geringste  Aenderung  anzu- 
bringen."  Then  there  must  be  a  one-to-one  correspondence 
between  the  plane  I  operated  in  (the  "plane  of  inversion") 
and  the  sphere,  without  any  exceptional  points. 

Finally  a  remark  may  be  made  that  has  nothing  to  do  with 
the  subject  at  variance.  The  terms  region  and  points  at 
infinity,  though  very  convenient,  are  apt  to  cause  misunder- 
standings. It  should  be  noticed  that  the  (euclidean)  distance 
between  a  point  "at  infinity"  and  an  ordinary  point  is  not 
necessarily  infinite.  Under  certain  conditions,  the  investiga- 
tion of  which  I  leave  to  the  reader,  it  is  indeterminate.  The 
similar  terms  used  in  projective  geometry  require  a  similar 
comment. 

I  do  not  care  to  follow  Professor  Study  into  the  field  of  per- 
sonal recrimination.  Whether  my  article  was  calculated  to 
be  of  use  is  neither  for  him  nor  for  me  to  say.  What  it  aimed 
to  accomplish  is  clearly  set  forth  in  its  first  twelve  lines,  and 
this  aim  would  not  have  been  affected  by  the  insertion, 
demanded  by  him,  of  a  reference  to  his  book.  This  reference 
woiJd,  however,  as  a  matter  of  course  have  been  made  if  I  had 
been  acquainted  with  the  passage.  The  very  brief  allusion  to 
the  paper  on  the  Apollonian  Problem  is  the  merest  incident 
in  the  course  of  my  article.  In  spite  of  Professor  Study's 
remarks,  the  autobiographic  part  of  which  seems  to  me  irrel- 
evant, I  see  no  substantial  alteration  which  should  be  made 
in  my  words.  I  never  said  or  implied,  thought  or  wished  the 
reader  to  think  that  this  paper  is  too  long.  I  do  think  it  of 
sufficient  length  to  warrant  the  expectation  that  the  author 
shoiJd  state  explicitly  and  exactly  what  he  was  talking  about. 
Various  inferences,  correct  or  incorrect,  might  be  drawn  from 
his  failure  to  do  so.    I  drew  none. 

Maxime  B6cher. 
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THE  DAVIS  CALCULUS. 

The  attack  on  our  Calculus  in  the  June  Bulletin  perhaps 
calls  for  a  word  of  protest.  It  is  some  consolation  to  know  that 
the  book  has  attractive  elements,  even  though  it  is  not  stated 
what  they  are.  Pleasant  also  is  it  that  the  reviewer  recognizes 
that  we  did  try  to  introduce  interest  into  the  subject.  To  get 
the  student  interested  is  certainly  an  important  matter;  and 
it  is  our  belief  that  a  text  can  and  shoidd  help  a  teacher  in 
doing  so.  The  exciting  of  interest,  however,  is  but  a  means  to 
an  end,  that  end  being  the  stimulation  of  accurate  thought  on 
the  many  and  varied  applications  of  the  calculus. 

Mayhap  the  reviews  of  the  book  in  the  American  Mathe^ 
matical  Monthly,  in  the  Bulletin  of  the  Society  for  Promoting 
Engineering  Education,  and  in  Science  were  far  too  favorable; 
yet,  taken  altogether,  they  would  seem  to  indicate  that  we 
had  been  reasonably  successful  in  carrying  out  our  ideas. 
Still  more  satisfactory  is  it  to  know  that  of  the  seventy-odd 
institutions  who  will  use  the  book  for  the  coming  year,  a 
majority  have  already  used  it  for  three  years. 

Might  we  indeed  possibly  suggest  that  a  review,  to  be  valu- 
able, should  be  accurate  and  judicial,  not  marred  by  exaggera- 
tion, by  guesses  as  to  how  the  book  was  written  and  what  its 
reception  will  be,  or  by  remarks  on  visionary  ideals  that  have 
nothing  to  do  with  the  use  of  the  book? 

Ellert  W.  Davis. 


NOTES. 

The  July  number  (volume  16,  number  3)  of  the  Transactions 
of  the  American  Mathematical  Society  contains  the  following 
papers:  "Sur  les  fonctionnelles  bilin6aires,"  by  M.  Fr^chet; 
."Oriented  circles  in  space,"  by  D.  F.  Barrow;  "A  new  isos- 
celes triangle  solution  of  the  three  body  problem,"  by  D, 
Buchanan;  "Surfaces  Q  and  their  transformations,"  by  L.  P. 
Eisenhart;  "The  general  theory  of  congruences,"  by  E.  J. 
WiLCZYNSKi;  "On  matrices  whose  coeflBcients  are  functions 
of  a  single  variable,"  by  J.  H.  M.  Wedderburn;  "Conformal 
classification  of  analytic  arcs  or  elements:  Poincar6's  local 
problem  of  conformal  geometry,"  by  E.  Kasner;  "Extensions 
of  Descartes'  riJe  of  signs  connected  with  a  problem  suggested 
by  Laguerre,"  by  D.  R.  Curtiss;  "On  parastrophic  algebras," 
by  J.  B.  Shaw. 
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The  July  number  (volume  37,  number  3)  of  the  American 
Journal  of  Mathematics  contains:  "Projective  differential 
geometry  of  one-parameter  families  of  space  curves,  and  con- 
jugate nets  on  a  curv^ed  surface,"  by  G.  M.  Green;  "Linear 
combinants  of  systems  of  binary  forms,  with  the  syzygies  of 
the  second  degree  connecting  them,"  by  W.  F.  Shenton; 
"Elimination  d'une  inconnue  entre  plusieurs  Equations  algfi- 
briques,"  by  M.  Stuyvaert;  "Congruences  associated  with 
a  one-parameter  family  of  curves,"  by  R.  D.  Beetle;  "Plane 
sextic  curves  invariant  under  birational  transformations," 
by  A.  Helen  Tappan. 

The  academy  of  sciences  of  Paris  has  recently  announced 
the  following  awards  of  prizes  in  the  mathematical  sciences: 

Francoeur  prize  (fr.  1500)  to  Professor  M.  J.  Marty  of  the 
Lyc6e  Alby,  who  has  since  been  killed  in  battle. 

Poncelet  prize  (fr.  2000)  to  Professor  M.  Rabut,  emeritus 
professor  in  the  Ecole  des  ponts  et  chaussles. 

Boileau  prize  (fr.  1300)  to  Professor  U.  Puppini,  of  the 
University  of  Bologna. 

At  the  meeting  of  the  Edinburgh  mathematical  society  on 
June  11  the  following  papers  were  read:  "On  spheroidal 
harmonics  and  allied  functions,"  by  G.  B.  Jeffery;  "  Deter- 
•  minants  connected  with  the  periodic  solutions  of,  Mathieu's 
equation,"  by  A.  G.  Burgess;  "On  the  oscillation  functions 
derived  from  a  discontinuous  function,"  by  L.  R.  Ford; 
"  The  angle  between  two  lines  in  trilinears,"  by  W.  L.  Marr. 

The  Helvetian  society  of  natural  scientists  held  its  annual 
meeting  at  Geneva,  September  12-15,  this  being  its  centenary 
celebration.  The  mathematical  section  was  presided  over  by 
Professor  H.  Fehr. 

A  new  edition  of  de  Morgan's  Budget  of  Paradoxes,  edited 
by  David  Eugene  Smith  with  extended  biographical,  his- 
torical, and  explanatory  notes,  has  just  been  published  by  the 
Open  Court  Publishing  Company. 

The  following  advanced  courses  in  mathematics  are  offered 
at  the  Italian  universities  during  the  academic  year  1915- 
1916: 
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University  of  Bologna. — By  Professor  P.  Bukgatti: 
Classical  problems  of  celestial  mechanics,  three  hours. — ^By 
Professor  L.  Donati:  Modern  electromagnetic  theories. 
Thermodynamics  and  its  relation  to  radiations;  hypothesis 
of  quanta,  three  hours, — By  Professor  F.  Enriques:  Greo- 
metric  theory  of  algebraic  equations  and  functions,  three 
hours. — ^By  Professor  S.  Pincherle:  Functional  calculus. 
Integral  equations  and  applications,  three  hours. 

Universitt  of  Catania. — By  Professor  E.  Daniele: 
Vibrations  of  elastic  bodies.  Theory  of  sound,  four  hours. 
— ^By  Professor  G.  Pennacchietti:  Dynamics  of  rigid  bodies 
(advanced  part) .  Elasticity.  Viscous  fluids,  four  hours. — By 
Professor  C.  Severini:  Partial  differential  equations,  foiur 
hours. — ^By :  Higher  geometry,  three  hours. 

University  of  Genoa. — By  Professor  C.  C.  Levi:  Selected 
topics  in  the  theory  of  partial  differential  equations,  four  and 
one  half  hours. — ^By  Professor  G.  Loria:  Numerative  geom- 
etry, three  hours. — By  Professor  O.  Tedone:  Electromagnetic 
theory  of  light,  three  hours. 

University  of  Naples. — ^By  Professor  F.  Amodeo: 
History  of  mathematics:  the  middle  ages,  three  hours. — ^By 
Professor  A.  Del  Re:  n-dimensional  analysis  of  Grassmann, 
with  application  to  mechanics  of  the  spaces  of  constant  curva- 
ture, four  and  one  half  hours. — ^By  Professor  R.  Marcolongo: 
Fourier's  series  with  several  applications,  three  hours. — ^By 
Professor  D.  Montesano:  Theory  of  birational  correspon- 
dences of  three-dimensional  space,  three  hours. — ^By  Professor 
E.  Pascal:  Analytic  functions  and  selected  topics  of  mathe- 
matical analysis,  three  hours. — ^By  Professor  L.  Pinto: 
Geometrical  optics.  Theory  of  optical  instruments,  three 
hours. 

University  of  Padua. — By  Professor  F.  d'Arcais:  Func- 
tions of  a  complex  variable;  elliptic  functions;  integral  equa- 
tions, four  hours. — By  Professor  A.  Comessatti:  Projective 
and  descriptive  geometry  of  hyperspaces,  three  hours. — ^By 
Professor  P.  Gazzaniga:  Theory  of  numbers,  three  hours. — 
By  Professor  T.  Levi-Civita:  Mechanics  of  continuous  media: 
the  technical,  classical  and  relativistic  point  of  view,  four  and 
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one  half  hours. — ^By  Professor  G.  Ricci:  Absolute  differential 
calculus.  General  theory  of  elasticity,  four  hours. — ^By  Pro- 
fessor F.  Severi:  Algebraic  varieties  from  the  point  of  view 
of  reality,  four  hours. — By  Professor  A.  Signorini:  Technical 
applications  of  elasticity,  three  hours. — ^By  Professor  A.  ToN- 
OLo:  Partial  differential  equations  of  the  second  order,  three 
hours. — ^By  Professor  G.  Veronese:  Geometrical  applications 
of  the  theory  of  sets,  foiu*  hours. 

University  op  Palermo. — ^By  Professor  G.  Bagnera:  Cal- 
culus of  variations,  three  hours. — ^By  Professor  M.  De  Fran- 
CHis:  Hyperelliptic  surfaces  and  Picard's  varieties,  three 
hours. — ^By  Professor  M.  Gebbia:  Mechanics  of  continuous 
bodies.      Potential.      Hydrodynamics.      External  acoustics, 

four  and  one  half  hours. — By :  Mechanics  (advanced 

part),  three  hours. 

University  of  Pavia. — ^By  Professor  L.  Berzolari: 
Abelian  integrals  with  geometrical  applications  mainly  to 
correspondences  between  algebraic  curves,  three  hours. — By 
Professor  C.  Bompiani:  Geometry  of  numbers.  Diophantine 
approximation,  three  hours. — By  Professor  U.  Cisotti: 
Electricity  and  magnetism,  three  hours. — ^By  Professor  F. 
Gerbaldi:  Elliptic  functions,  three  hours. — ^By  Professor 
G.  Vivanti:  General  theory  of  analytic  functions,  three  hours. 

University  of  Pisa. — ^By  Professor  C.  Bertini:  Geometry 
on  a  curve  with  algebraic  and  transcendental  method,  three 
hours. — By  Professor  L.  Bianchi:  General  theory  of  surfaces. 
Applicability.  Rolling,  four  and  one  half  hours. — ^By  Profes- 
sor U.  DiNi:  Analytic  representation  of  functions  both  in  the 
real  and  in  the  complex  field,  four  and  one  half  hours. — By 
Professor  G.  A.  Maggi:  Principles  of  analytic  mechanics. 
Harmonic  functions.  Topics  in  hydrodynamics,  four  and 
one  half  hours. — ^By  Professor  P.  Pizzetti:  Theory  of  the 
shape  and  of  the  motion  of  rotation  of  the  planets,  four  and 
one  half  hours. 

University  of  Rome. — ^By  Professor  G.  Bisconcini: 
Geometrical  applications  of  calciJus,  three  hours. — By  Pro- 
fessor G.  Castelnuovo:  Geometry  of  algebraic  varieties, 
three  hours, — ^By  Professor  U.  Crudeli:  Introduction  to  the 
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advanced  study  of  electricity,  three  hours. — By  Professor 
V.  Volterra:  Electricity  and  magnetism,  three  hours.  Dif- 
ferential, integro-differential  and  derivative-functional  equa- 
tions of  mechanics,  three  hours. — By  :  Theory  of 

functions  of  a  complex  variable.  Elliptic  functions,  three 
hours. 

University  of  Turin. — By  Professor  T.  Boggio:  Equili- 
brium-figures of  rotating  fluid  masses,  three  hours. — By 
Professor  G.  Fubini:  The  modern  advances  of  calculus. 
Application  to  expansions  in  series,  to  calculus  of  variations, 
to  integral  equations,  three  hours. — By  Professor  C.  Segre: 
Topics  in  differential  geometry,  three  hours. — ^By  Professor 
C.  Somigliana:  Mechanical  and  electromagnetic  optics,  three 
hours. 

Professor  M.  De  Franchis,  of  the  University  of  Catania, 
has  accepted  the  professorship  of  higher  geometry  at  the 
University  of  Palermo,  as  successor  to  the  late  Professor 
Guccia. 

Professor  E.  Bertini,  of  the  University  of  Pisa,  has  been 
elected  national  member  of  the  royal  academy  of  Turin. 

Professors  F.  Enriques,  of  the  University  of  Bologna, 
T.Levi-Civita,  and  F.  Severi,  of  the  University  of  Padua, 
have  been  elected  corresponding  members  of  the  royal  institute 
of  Lombardy. 

The  Italian  society  of  sciences  (the  forty)  has  awarded  its 
gold  medal  for  1914,  to  Professor  E.  Pascal,  of  the  University 
of  Naples  for  his  work  concerning  integrating  factors  of  dif- 
ferential and  of  integro-differential  equations. 

Professor  G.  B.  Mathews,  of  Bangor  College,  Wales,  has 
received  the  honorary  degree  of  doctor  of  laws  from  Cambridge 
University. 

Dr.  E.  Hecee,  of  the  University  of  Gottingen,  has  been 
appointed  associate  professor  of  mathematics  at  the  University 
of  Basel. 

Dr.  K.  Knopp,  of  the  University  of  Berlin,  has  been  pro- 
moted to  an  associate  professorship  of  mathematics. 
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Professor  C.  Moser  has  been  appointed  professor  of  the 
theory  of  insurance  at  the  University  of  Bern. 

Professor  F.  Schilling,  of  the  technical  school  at  Dantzig, 
has  received  the  title  of  Geheimer  Regierungsrat. 

Professor  H.  S.  White,  of  Vassar  College,  has  received 
the  degree  of  doctor  of  laws  from  Northwestern  University. 

Professor  R.  M.  Barton,  of  Lombard  College,  has  been 
appointed  dean  and  acting  president. 

Dr.  H.  C.  Gossard,  of  the  University  of  Oklahoma,  has 
been  promoted  to  an  assistant  professorship  of  mathematics. 

Dr.  W.  L.  Miser,  of  the  University  of  Minnesota,  has  been 
appointed  assistant  professor  of  mathematics  in  the  University 
of  Arkansas. 

Dr.  Daniel  Buchanan,  of  Queen's  University,  Kingston, 
Ontario,  has  been  promoted  to  an  associate  professorship  of 
mathematics  and  appointed  director  of  the  college  observatory. 

Mr.  J.  L.  Riley  has  been  appointed  professor  of  mathe- 
matics in  the  Oklahoma  state  normal  school  at  Tahlequah. 

At  the  State  University  of  Iowa,  Miss  S.  E.  Cronin  has 
been  promoted  to  an  assistant  professorship  of  mathematics. 

Professor  G.  H.  Cresse,  of  Middlebury  College,  has  been 
appointed  assistant  professor  of  mathematics  in  the  University 
of  Arizona. 

Dr.  G.  H.  Graves,  of  Columbia  University,  has  been 
appointed  instructor  in  mathematics  in  Purdue  University. 

At  Princeton  University  Mr.  L.  S.  Hill,  of  the  University 
of  Montana,  has  been  appointed  instructor  in  mathematics. 
Dr.  H.  Galajikian,  has  resigned  his  instructorship. 

Dr.  H.  B.  Phillips,  of  the  Massachusetts  Institute  of 
Technology,  has  been  promoted  to  an  assistant  professorship 
of  mathematics. 
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Mb.  T.  Dantzig  has  been  appointed  instructor  in  mathe- 
matics at  the  University  of  Indiana. 

Mr.  C.  E.  Norwood  has  been  appointed  assistant  in 
mathematics  at  Dartmouth  College. 

J.  C.  Wilson,  professor  of  logic  at  Oxford  University  since 
1889,  died  August  12,  1915.  He  was  the  author  of  "On 
Traversing  Geometrical  Figures,"  published  by  the  Clarendon 
Press  in  1905. 

John  Howard  Van  Amringe,  emeritus  professor  of  mathe- 
matics in  Columbia  University,  died  September  10,  1915,  at 
the  age  of  80  years.  He  was  an  active  member  of  the  Co- 
lumbia faculty  for  fifty  years  preceding  his  retirement  in  1910. 
In  1894  he  became  dean  of  the  college.  He  was  a  founder  and 
the  first  president  of  the  New  York  Mathematical  Society, 
since  reorganized  as  the  American  Mathematical  Society. 

John  K.  Sinclair,  emeritus  professor  of  mathematics  in 
the  Worcester  polytechnic  institute,  died  September  12,  1915. 

Professor  C.  A.  von  Drach,  of  the  University  of  Mar- 
burg, died  recently  at  Cassel  in  his  seventy-sixth  year. 

Professor  O.  Simony,  of  the  agricultural  institute  at 
Vienna,  died  April  6,  1915. 

Professor  N.  v.  Sonin,  minister  of  education  and  member 
of  the  Petrograd  academy  of  sciences,  died  February  27,  at 
the  age  of  66  years. 

Professor  A.  Wernicke,  of  the  technical  school  at  Braun- 
schweig, died  March  30,  at  the  age  of  58  years. 
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NEW  PUBLICATIONS. 

I.    HIGHER  MATHEMATICS. 

Bagnbra  (G.).  Lezioni  di  calcolo  infinitesimale.  Disp.  1-35.  Palermo, 
tip.  Matematica,  1914.     8vo.     Pp.  1-280. 

Ball  (W.  W.  R.).  Mathematical  recreations  and  essays.  6th  edition. 
New  York,  Macmillan,  1914.     Svo.     16+506  pp.  $3.25 

Balzini  (A.).     II  problema  della  quadratura  del  circolo  risoluto.     Pisa, 

A.  Macchi,  1916.    4to.     7pp.  +3  tavole. 

Bbogqi  (H.).    Ecuaciones  integrates  lineales.    La  Plata,  1914.    36  pp. 

Bt^TZBERGER  (F.).  Ueber  bizentrische  Polygone,  Steinersche  Kreis- 
und  Kugelreihen  und  die  Erfindung  der  Inversion.  2ter  Teii. 
Zurich,  1914.    Svo.    27pp. 

Carl  (A.).  Zur  Theorie  der  ebenen  &hnlich-ver&nderlichen  Systeme. 
(Diss.)     Dresden,  1914. 

Enctklopadie  der  mathematischen  Wissenschaften.  Band  III  2, 
Heft  5:  G.  Loria,  Spezielle  ebene  algebraische  Kurven  von  h5herer 
als  der  vierten  Ordnung.  Leipzig,  Teubner,  1915.  Gr.  Svo. 
Pp.  571-634.  M.  2.40 

Erler  (H.).  Metrische  Relationen  an  den  voUst&ndigen  Figuren  und- 
am  Kegelschnitt.     Breslau,  1914. 

Fuss  (H.).  Modulsysteme  und  h5here  komplexe  kommutative  Zahl- 
systeme.     Kiel,  1913.    Svo.     70  pp. 

Greco  (D.).    La  quadratura  del  cerchio.     Maglie,  tip.  Messapica  di 

B.  Canitano,  1915.     Svo.     15  pp. 

Harms  (F.).  Die  Transfiguration  ebener  Kurven  von  rochtwinkligen 
cartesischen  auf  A-normalen-  und  A-Strahlbtischelkoordinaten. 
Rostock,  1913.    Svo.    45  pp. +3  Tafebi. 

HiNTZER  (F.).  Die  durch  einen  Kreispunkt  gehenden  geodatischen 
Linien  auf  dem  elliptischen  Paraboloid.  Friedeberg,  1914.  4to. 
23  pp. 

Jentzsch  (R.).  Untersuchungen  zur  Theorie  der  Folgen  analytischer 
Funktionen.     (Diss.)     Berlin,  1914. 

Kissel  (G.).  Ueber  den  von  den  Trisektionslinien  eines  Dreiecks 
umhullten  Kegelschnitt.     Giessen,  1913.     Svo.     50  pp. 

Langhans  (C).  Einfuhnmg  in  die  Differentialrechnung.  Pl6n,  1914. 
Svo.     34  pp.  M.  1.50 

LoRiA  (G.).    See  Enctklopadie. 

MacMahon  (P.  A.).  Combinatory  analysis.  Vol.  I.  Cambridge, 
University  Press,  1915.     Svo.     19+300  pp.  15s. 

Meter  (C).  Ueber  den  ersten  DLfferentialquotienten  des  logarith- 
mischen  Kurvenpotentials.     Hamm,  1913.     Svo.     37  pp. 

PoTTHOF  (R.).  Eine  von  Lagebeziehungen  unabh&ngige  geometrische 
BeweismethodeundderenAnwendung.     Wanne,  1914.    4to.    13  pp. 

Rudolphi  (W.).  Analytische  Geometrie  des  Raumes  in  Verbindung 
mit  darstellender  Geometrie.  3ter  Teil:  Kreiskegel  imd  Kreis- 
zylinder.     Neumtinster,  1914.    4to.    29  pp.+ll  Tafeln. 
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Starks  (P.)*  Die  Apollonischen  Sehnenvierecke  des  Drdecks.  Leip- 
lig,  1914.     4to.    28  pp.  M.  1.60 

WiNiELER  (R.).  Ueber  die  Beweguns  affin-ver&nderlicher  ebener  Sy»- 
teme.  (Diss.,  Techn.  Hochschule  Dresden.)  Boma-Leipzig,  R. 
Noske,  1914. 

II.    ELEMENTARY  MATHEMATICS. 

Baker  (A.  E.).  Commercial  arithmetic.  ChicagOi  Metropolitan  Text 
Book  Co.,  1912.  11.00 

BoHNERT  (F.).  GrundzUge  der  ebenen  Geometrie.  Leipzig,  Gdschen, 
1916.    8vo.  M.  2.80 

Brown  (J.  C).  Curricula  in  mathematics.  (United  States  Bureau  of 
Education  Bulletin  No.  619.)  Washington,  Government  Printing 
Office,  1915.    91  pp.  $0.10 

Chadbet  (C.  E.)  and  Skinner  (H.  M.).  Complete  arithmetic.  Boston, 
Atkinson  and  Mentzer,  1915.  $0.65 

Harper  (G.  A.).    See  Newell  (M.  J.). 

Hjelmslev  (J.).  Geometrische  Experimente.  Aus  dem  D&nischen 
tkbersetzt  von  A.  Rohrberg.    Leipzig,  Teubner,  1915.  M.  2.40 

Lesser  (O.).    See  Schwab  (K.). 

LiETZMANN  (W.).    See  Schuster  (M.). 

LoHNERT  (K.).  Untersuchungen  tiber  die  Auffassung  von  Rechtecken. 
Leipzig,  1913.    8vo.     78  pp. 

Longmans  explicit  arithmetic.  London,  Longmans,  1915.  8vo.  Pupils' 
Book  V,  cloth,  5d.    Teachers'  Book  V,  Is. 

LuifAN  (J.  A.).  Practical  comprehensive  arithmetic.  5th  edition. 
Philadelphia,  Peirce  School,  1914.  $1.40 

Newell  (M.  J.)  and  Harper  (G.  A.).  Plane  and  solid  geometry. 
Chicago,  Row  and  Peterson,  1915.  $1.15 

Pernt  (M.).  1st  das  Rechnen  nach  Ferrol  neu  und  vorteilhaft?  Eine 
kritische  Wtirdigung  und  eine  Anleitung  zum  Rechnen  mit  Vorteil. 
Wien,  J.  Eberle,  1915.  M.  0.60 

Reeve  (W.  DO  and  Schorlino  (R.).  A  review  of  high-school  mathe- 
matics. Chicago,  University  of  Chicago  Press,  1915.  8vo.  10+ 
70  pp.    Cloth.  $0.40 

Rohrberg  (A.).    See  Hjelmslev  (J.). 

Schneider  (A.).    See  Schwab  (K.). 

ScHORLiNG  (R.).    See  Reeve  (W.  D.). 

Schuster  (M.).  Geometrische  Aufgaben  und  Lehrbuch  der  Geometrie 
nach  konstruktiv-analytischer  Methode,  herausgegeben  von  W. 
lietzmann.  Ausgabe  A,  ftlr  Volkanstalten.  Iter  Teil:  Plani- 
metrie.    4te  Auflage.    Leipzig,  Teubner,  1914.     158  pp.    Geb. 

M.  2.20 

Schwab  (K.)  und  Lesser  (O.).  Mathematisches  XJnterrichtswerk  zum 
Gebrauch  an  Lehrer-  und  Lehrerinnenbildimgsanstalten.  Im  Sinne 
der  Meraner  Lehrplftne.  Iter  Band:  Lehr-  und  Uebungsbuch  der 
Arithmetik  und  Algebra.  Bearbeitet  von  A.  Schneider.  Leipzig, 
Freytag,  1915.  M.  3.40 
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Schwartz  (A.  J.).    See  Young  (J.  W.). 

Skinner  (H.  M.).    See  Chadsby  (C.  E.). 

Walsemann  (H.).  Die  Rechenkunst.  Eine  Anschauunn-  und  Denk- 
lehre  der  Zahl.  2te  Auflage.  Hannover-List,  Meyer,  1913. 
335  pp.  M.  3.80 

Webster  (J.  H.).  •The  Cambridge  elementary  arithmetics.  Books  I 
to  VII.  Cambridge,  University  Press,  1916.  3id.  to  6d.  Teachers' 
Book  IV,  Is.  6d. 

YouNQ  (J.  W.)  and  Schwartz  (A.  J.)  Plane  geometry.  New  York, 
Holt,  1915.  $0.85 

III.    APPLIED  MATHEMATICS. 

Adler  (A.  A.).  The  theory  of  engineering  drawing.  2d  edition, 
corrected.     New  York,  Van  Nostrand,  1915.    8vo.     12-1-316  pp. 

$2.00 

Al-Khwarizmi,  Mohammed  Ibn  Musa.  Die  astronomischen  Tafeln 
in  der  Bearbeitung  des  Maslama  Ibn  Ahmed  Al-Madjzeti  und  der 
lateinischen  Uebersetzung  des  Athelhard  von  Bath  auf  Grund  der 
Vorarbeiten  von  A.  Bj5mbo  und  R.  Besthorn.  Herausgegeben 
und  kommentiert  von  H.  Suter.  Copenhagen,  1914.  Lex.  8vo. 
284  pp.  M.  10.00 

Astronomischer  Kalender  1915.  Herausgegeben  von  der  k.  k. 
Stemwarte  zu  Wien.  3te  Folge.  6ter  Jahrgang.  Wien,  Ceroid, 
1916.     160  pp.     Geb.  M.  3.00 

Baqih  (T.).  Teoria  matematica  dei  fenomeni  collettivi.  (Biblioteca 
del  lavoro  e  degli  affari  per  le  scuole  e  per  la  vita.)  Firenze,  G. 
Barbara  (Alfani  e  Venturi),  1916.     16mo.     18-hl99  pp.        L.  3.50 

Barbieri  (A.).  Poligonazione  tacheometrica:  norme  pratiche  per  il 
rilevamento  planimetrico  delle  linee  poligonali  e  per  il  loro  calcolo. 
(Manuali  Hoepli.)     Milano,  Hoepli,  1915.     24mo.     114-246  pp. 

L.  2.50 

Bateman  (H).  The  mathematical  analysis  of  electrical  and  optical 
wave-motion  on  the  basis  of  Maxwell's  equations.  Cambridge, 
University  Press,  1916.     8vo.     8-1-160  pp.  7s.  6d. 

Benzi  (N.).  Dimostrazione  matematica  di  un  erroneo  modo  seguito 
per  calcolare  le  semestralit^.     Acqui,  S.  Dina,  1916.    8vo.     15  pp. 

Besthorn  (R.).    See  Ai/-Khwarizmi. 

Bird  (H.  C).  Elements  of  descriptive  geometry.  Chester,  Pa.,  Bird, 
1914.  $1.15 

BjOrnbo  (A.).    See  Al-Khwarizmi. 

BoREL  (E.).    See  EncyclopI^die. 

Chaumont  (L.).  Recherches  exp6rimentales  sur  le  ph6nom^ne  61ectro- 
optique  de  Kerr  et  sur  les  m6thodes  servant  k  F^tude  de  la  lumi^e 
polans^  elliptiquement.     Paris,  1914.     Gr.    8vo.    219  pp. 

CossERAT  (E.  and  F.).    See  Encyclop£die. 

Debus  (H.).  Die  philosophischen  Grundlagen  des  Relativit&tsprinzips 
der  Elektrodynamik.     Bonn,  1913.     8vo.     56  pp.  M.  1.80 
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Deckebt  (A.)<  Infinitesimalreclmung  mit  Anwendung  auf  Naturwissen- 
Bchaften  und  Technik.  Iter  Teil:  Differentialrechnung.  Hildes- 
heim,  1914.  M.  6.00 

Ehrenfest  (P.  and  T.)    See  Enctclop£die. 

Enctclop£dib  des  sciences  math^matiques  pures  et  appliqu^es.  Tome 
IV,  volume  1,  fascicule  1:  Principes  de  la  m^camque  rationnelle, 
expose  d'apr^  Tarticle  allemand  ae  A.  Voss  par  E.  Cosserat  et  F. 
Cosserat;  M^canique  statistique,  expos6  d'apr^  Tarticle  allemand 
de  P.  Ehrenfest  et  T.  Ehrenfest  par  E.  Borel.  Leipzig,  Teubner, 
1915.    Gr.    8vo.    6+290  pp.  M.  11.00 

Forte  (O.).  Guida  elementare  alle  esercitazioni  di  analisi  chimica 
qualitativa.     Napoli,  G.  Majo,  1915.     16mo.    76  pp.  L.  2.00 

Gans  (R.).  Estados  correspondientes  del  magnetismo  con  una  apli- 
caci6n.  a  la  teorfa  del  tel^fono.    La  Plata,  1914. 

Gbrbans  (H.  T.).    See  Minchin  (G.  M.). 

Goodman  (J.).  Mechanics  applied  to  engineering.  8th  edition. 
I/)ndon  and  New  York,  Longmans,  1915.     Cr.  Svo.     10+854  pp. 

$2.50 

Grossbi ANN  (M.).  Darstellende  Geometric.  (Leitfaden  ftir  den  mathe- 
matischen  und  technischen  Hochschulunterricht.)  Leipzig,  Teub- 
ner, 1915.    Svo.    6+138  pp.    Cloth.  M.  2.80 

Hagemann  (W.).  Ueber  die  Oberflachenspannung  geschmolzener 
MetaUe.    Freiburg,  1914.    Svo.    48  pp. +4  Tafeln.  M.  1.50 

Hart  (I.  B.).  Elementary  experimental  statics.  London,  Dent,  1915. 
Svo.    7+200  pp.  2s.  6d. 

Hiss  (R.).  Ueber  die  zeitliche  Aenderung  an  Spannung  reiner  FlUssig- 
keitsoberfl&chen.    Heidelberg,  1913.    Svo.    48  pp. 

Housden  (C.  E.).  New  time  savers  in  hydraulics  and  earthwork. 
London,  Longmans,  1915.  3s. 

Hughes  (A.  L.).  Die  Lichtelektrizitat.  Deutsch  von  M.  Iki6.  Leip- 
zig, 1915.  M.  5.60 

IcHAK  (F.).  Das  Perpetuum  mobile.  (Aus  Natur  und  Geisteswelt, 
Band  462.)     Leipzig,  Teubner,  1914.  M.  1.25 

Ikl£  (M.).    See  Hughes  (A.  L.). 

KttHNE  (E.  E.).  Definitive  Bahnbestimmung  des  Kometen  1892  I 
(Swift)  ftlr  die  Oskulationsepoche  1892  M&rz  21.0.  Leipzig,  1S13. 
4to.    SO  pp. 

Lehmann  (P.).  Die  ver&nderlichen  Tafeln  des  astronomischen  und 
chronologischen  Teils  des  Preussischen  Normalkalenders  fur  1915. 
Berlin,  1915.     Gr.  Svo.     5+135  pp.  M.  6.80 

LdWE  (S.).  Ueber  die  erreichbare  Genauigkeit  der  Widerstandsmessung 
in  Hochfrequenzkreisen.    Jena,  1913.    Svo.    60  pp.  M.  2.00 

Minchin  (G.  M.).  A  treatise  on  statics.  Vol.  II:  Non-coplanar  forces. 
5th  edition,  revised  by  H.  T.  Gerrans.  Oxford,  Clarendon  Press, 
1915.    Svo.     8+369  pp.  10s.  6d. 

Mt^LLER  (F.  J.).  Johann  Georg  von  Soldner  der  Geod&t.  (Diss., 
Techn.  Hochschule  MUnchen.)     Mtlnchen,  1914. 
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PosKE  (F.)>  Didaktik  des  ph^rsikalischen  Unterrichts.  (Didaktische 
Handbiicher  ftir  den  realistischen  Unterricht  an  hoheren  Schulen, 
Band  4.)     Leipzig,  Teubner,  1915.     Gr.  8vo.     Geb.  M.  12.00 

Russell  ([A.).  Treatise  on  the  theory  of  alternating  currents.  Vol.  I. 
2d  edition.     Cambridge,  University  Press,  1915.     8vo.     14+534  pp. 

16s. 

Schorr  (R.).  Die  Hamburgische  Sonnenfinstemis-Expedition  nach 
Souk-Abras  (Algerien)  im  August,  1905.  2ter  Teil.  Hamburg, 
1914. 

Slocuu  (S.  E.).  Elements  of  hydraulics.  New  York,  McGraw-Hill, 
1915.  $2.50 

SuTER  (H.).    See  A]>Khwarizmi. 

TowNBEND  (J.  S.).  Electricity  in  gases.  Oxford,  Clarendon  Press, 
1915.     8vo.     16+496  pp.  14s 

TuTTLE  (L.).  An  introduction  to  laboratory  physics.  Philadelphia 
Jefferson  Laboratory  of  Physics,  1915.     12mo.     150  pp.     Cloth. 

$0.80 

ViBWEGER  (H.).  Auf|;aben  und  Losungen  aus  der  Gleich-  und  Wechsel- 
stromtechnik.  Em  Uebungsbuch  fUr  den  Unterricht  an  technischen 
Hoch-  und  Fachschulen,  sowie  sum  Selbststudium.  4te  verbesserte 
Auflage.     Berlin,  1914.  M.  7.00 

Voss  (A.).    See  Enctclop£die. 

Wenner  (P.).  Ein  graphisches  Ausgleichungsverfahren  und  dessen 
Anwendung  auf  astronomische  Aufgaben.  Heidelberg,  1913.  8vo. 
39pp.+2Tafeln.  M.  2.50 

Wetrbs  (T.).  Parallaxen  von  8  Fixsternen  abgeleitet  init  dem  unper- 
sonlichen    Uhrwerkmikrometer    am    kleinen     Meridiankreis    der 


Stemwarte  zu  Heidelberg.     Heidelberg,  1914.    4to.     27  pp. 


1.50 


WiTTENBAUER  (F.).  Aufgaben  aus  der  technischen  Mechanik.  Band  I. 
Allgemeiner  Teil.  3te  vermehrte  und  verbesserte  Auflage.  Berlin, 
1914.  M.  6.40 
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LATEST  TEXTBOOKS 

Rietz,  Crathorne  and  Taylor's  School 
Algebra 

By  H.  L.  RiKTZ,  Professor,  and  A.  R.  Crathobnb,  Associate  in  the  UdI- 
versity  of  IlIiDois,  and  E.  H.  Taylor,  Professor  in  the  Eastern  Illinois 
State  Normal  School.     (American  Mathematical  Series.)     First  Course. 
xiii+271  pp.     12mo.     $1  00.    Second  Course.    x-f235  pp.     12mo.    75 
cents. 
The  first  volume  of  this  two  hook  coarse  contains  ample  material  for  work 
thra  a  school  year.    The  stady  of  algebra  is  taken  up  as  an  extension  of  arith- 
metic, and  the  pupil  is  made  to  feel  that  new  symbols  are  introduced  not  arbi- 
trarily, bnt  because  of  real  advantages  in  representing  numbers.    Applications 
to  a  great  variety  of  concrete  problems  are  given.     The  work  closes  with  a 
simple  treatment  of  quadratic  equations. 

In  the  second  volume,  special  attention  is  directed  to  the  following  features: 
the  method  of  reviewing  topics  of  the  first  year  course,  the  live  character  of  the 
problems,  the  simple  treatment  of  the  idea  of  a  function,  and  the  methods  used 
in  extending  the  number  concept. 

Young  and  Schwartz's  Elementary 
Geometry 

By  J.  W.  Young,  Professor  of  Mathematics  in  Dartmouth  College,  and 
A.  J.  Schwartz,  William  McKinley  High  School,  St  Louis.  (American 
Mathematical  Series.)    x-f223  pp.     12mo.     85  cents. 

The  authors  of  this  book  believe  that  it  is  a  pedagogical  mistake  to  begin 
a  course  in  geometry  in  the  conventional  way  with  formal  demonstrations. 
The  first  chapter,  therefore,  gives  an  informal  treatment  of  the  elementary  con- 
strpctions,  which  is  accompanied  by  a  large  number  of  Applied  problems  in 
geometric  drawing.  In  the  course  of  this  discussion  the  pupil  will  gradually 
gain  a  fair  appreciation  of  the  meaning  of  a  geometric  proof  and  much  drill  in 
simple  demonstrations.  Formal  statements  of  proofs  do  not  occur  until  chapter 
III. 

Townsend's  Functions  of  a  Complex 
Variable 

By  E.  J.  TowNSEND,  Professor  and  Head  of  the  Department  of  Mathe- 
matics in  the  University  of  Illinois.  (American  Mathematical  Series.) 
384  pp.     8vo.    $4.00. 

This  book  is  based  upon  a  oourse  of  lectures  given  by  the  author  for  a 
number  of  years  at  the  University  of  Illinois.  It  is  intended  as  an  introduction 
to  the  subject,  suitable  for  seniors  and  first  year  graduate  students.  It  pre- 
supposes a  knowledge  of  calculus  such  as  is  usually  given  in  the  undergraduate 
course. 

Henry  Holt  and  Company 

34  W.  33d  St.       6  Park  5t.       623  S.  Wabash  Ave. 
New  York  Boston  Chicago 
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ON  THE  RELATION  BETWEEN  LINEAR  ALGEBRAS 
AND  CONTINUOUS  GROUPS. 

BY  PROFESSOR  L.  B.  DICKSON. 

1.  The  aim  of  this  note  is  to  give  a  very  elementary  account 
of  the  mutual  relation  between  any  linear  associative  algebra 
(system  of  hypercomplex  numbers)  and  a  type  of  continuous 
groups,  without  presupposing  on  the  part  of  the  reader  a 
knowledge  of  either  subject.  The  relation  in  question,  first 
observed  by  PoincarS,  enables  us  to  translate  the  concepts  and 
theorems  of  the  one  subject  into  the  language  of  the  other 
subject.  It  not  only  doubles  our  total  knowledge,  but  gives 
us  a  better  insight  into  either  subject  by  exhibiting  it  from  a 
new  point  of  view.  Incidentally,  we  shall  obtain  .several 
other  results  of  general  interest. 

2.  To  begin  with  the  simplest  illustration,  we  set  up  a 
correspondence  between  each  real  number  c,  not  zero,  and  the 
transformation  2'  =  cz,  denoted  by  To,  on  the  real  variable  z. 
The  result  of  applying  in  succession  Tc  and  the  new  transfor- 
mation Tc'  (which  we  may  express  in  the  form  z"  =  c'z')  is 
the  same  as  applying  the  single  transformation  2"  =  {c'c)z. 
Hence  we  say  that  the  prodiict  TcTc'  of  the  two  given  trans- 
formations is  the  transformation  Tc",  where  c"  =  c'c.  The 
set  of  transformations  which  correspond  to  the  system  (or 
algebra)  of  all  real  numbers,  other  than  zero,  is  said  to  form  a 
growp  G  since  the  product  of  any  two  of  these  transformations  is 
a  transformation  of  the  same  set.  In  particular,  (?  is  a  one- 
parameter  continuous  group.  The  relation  c"  =  c'c  between 
the  parameters  in  TcTc'  =  Tc"  defines  a  transformation  of  c 
into  c"  with  the  parameter  c\  Since  c'  ranges  over  all  real 
numbers  other  than  zero,  the  resulting  transformations 
c"  =  c'c  on  the  parameters  form  a  group  which  is  the  same  as 
G,  apart  from  the  notation  of  the  variables.  Hence  G  is  said 
to  be  its  own  parameter  group. 

Next,  let  z  denote  a  complex  variable  x  +  yi  and  let  c 
range  over  all  complex  numbers  a  +  bi  other  than  zero.  Then 
Tc  is  equivalent  to  the  binary  transformation 


r^,  5:  x'  =^  ax—  by,    y'  =  bx+  ay. 
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The  set  of  transformations  Ta^  j,  in  which  a  and  b  range  in- 
dependently over  all  real  numbers  (with  the  exclusion  of 
a  =  6  =  0)  forms  a  two-parameter  real  continuous  group 
which  is  its  own  parameter  group.  While  these  facts  can  be 
readily  verified  by  use  of  the  binary  transformations  T^,  ^  (and 
that  method  is  recommended  to  the  beginner  as  a  desirable 
exercise),  they  follow  at  once  from  the  earlier  work,  in  which  z  is 
now  interpreted  to  be  a  complex  variable  and  c  a  complex 
parameter. 

To  the  linear  algebra  of  ordinary  complex  numbers  a  +  bi, 
with  real  coordinates  a,  b  and  two  units  1,  i,  therefore 
corresponds  a  two-parameter  group  of  binary  linear  trans- 
formations r^^  t,  in  which  the  parameters  a  and  b  enter  linearly 
and  homogeneously,  and  such  that  the  group  is  its  own  param- 
eter group.  Given,  conversely,  a  group  of  this  character, 
we  can  exhibit  a  corresponding  linear  associative  algebra,  the 
product  of  any  two  hypercomplex  numbers  c  and  z  of  which  is 
the  number  z'  such  that  the  expanded  form  of  the  relation 
z'  =  cz  is  that  transformation  of  the  group  whose  parameters 
are  the  coordinates  of  c.  Additional  simple  illustrations  of 
this  statement  are  given  in  the  following  sections. 

3.  We  shall  obtain  an  important  algebra  by  considering 
the  linear  transformations  which  leave  unaltered  the  quadric 
surface  S  defined  by 

Xz  Xi 

The  four  variables  and  the  coefficients  of  the  transformations 
may  be  taken  to  be  real  numbers  or  to  be  ordinary  complex 
numbers;  either  interpretation  may  be  made  by  the  reader, 
but  the  one  chosen  is  to  be  retained  throughout  the  discussion. 
The  surface  S  contains  two  sets  of  straight  lines 

Lki  Xi  =  hxz,    X2  =  kxi, 

\k'  Xi  =  kx29    Xz  =  kxi. 

A  linear  transformation  which  replaces  every  plane  through 
Lk  by  a  plane  through  Lk  is  such  that 

xi  —  kxz  =  yi{xi  —  kxz)  +  yzix2  —  kx^), 

X2  —  kx^'  =  y^ixi  —  kxz)  +  y^ix^  —  kXi), 

in  which  yi,  "  -,  y^  are  linear  functions  of  k.    Let  the  trans- 
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formation  leave  unaltered  three  lines  i*.  Then  the  preceding 
equations,  quadratic  in  k,  hold  for  three  values  of  k  and  hence 
are  identities  in  k.  Since  the  left  members  are  linear  in  k, 
we  see  that  yi,  •  •  • ,  ^4  are  independent  of  k.  Hence  a  Unear 
transformation  which  leaves  unaltered  three  lines  i*  leaves 
unaltered  every  line  Lk  and  is  of  the  form 

xi  =  yixi  +  yzX2,    xz  =  yiXz  +  yzXi, 
T  : 

a;2'  =  y2Xi  +  yAX2y    xa  =  ^20:8  +  y^Xi, 

in  which  the  parameters  yi,  •  •  • ,  ^4  are  such  that 

yil/4  —  2/2^8  4=  0. 

If  two  transformations  leave  every  Lk  unaltered,  their  product 
leaves  every  i*  unaltered.  Hence  the  set  of  all  transformations 
Ty  forms  a  group  G.  The  direct  verification  of  this  fact  will 
lead  also  to  another  needed  property.  The  product  TyTy' 
is  found  to  be  Ty",  where 

yi'  =  yiyi  +  yzy2,    ya"  =  yiyz  +  yiyi, 

y^'  =  yi'yi  +  y\y2,    y^'  =  y^yz  +  y^y^^ 

These  equations  define  a  transformation  with  the  parameters 
y\y  '  "9  yi  from  the  variables  yi,  --  -,  yi  to  the  variables 
yi'j  "  'y  yi''f  under  this  interpretation,  the  transformation  is 
the  same  as  Ty%  apart  from  the  notation  of  the  variables* 
Hence  6?  is  its  own  parameter  group.  According  to  the  general 
statement  at  the  end  of  §  2,  the  group  G  should  correspond 
to  a  Unear  associative  algebra.  As  the  general  element  (or 
hypercomplex  number*)  of  the  algebra,  we  may  take  the 
matrix 


X  = 


Xi  X2 
Xz  Xi 


The  product  xy  is  defined  to  be  the  matrix  x'  in  which  Xi, 
•  •  • ,  X4,'  are  given  by  the  equations  marked  Ty,  Hence  the 
group  G  defines  the  algebra  whose  elements  are  the  matrices 
x;  the  general  transformation  Ty  of  G  is  merely  the  expanded 
form  of  the  relation  x'  =  xy  between  matrices. 

*  For  the  exhibition  of  j;  as  a  linear  combination  of  four  units  and  the 
resulting  linear  aspect  of  the  algebra,  see  the  writer's  Linear  Algebras, 
Cambridge  Tracts,  1914,  pp.  3-5,  p.  59. 
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Consider  the  product  ^  =^  yx  of  the  same  factors  taken  in 
reverse  order.    We  obtain  the  transformation 

6  =  yi^i  +  y2Xz,    {«  =  yiX2  +  y^Xiy 
Ty: 

h  =  y^i  +  y^xz,    {4  =  yiX2  +  y^pc^. 

All  such  transformations  form  a  group  G'.  This  fact  can  be 
verified  as  above  by  forming  the  product  TyT/,  or  by 
showing  that  the  Ty  leave  unaltered  every  line  X*  and  give  all 
the  linear  transformations  leaving  unaltered  every  Xjk,  or  by 
the  following  third  method.  The  product  of  T^,  given  by 
f  =  yxy  and  T/,  given  by  f '  =  y'f,  is  found  by  the  elimination 
of  f.  Since  y\yx)  —  iy'y)x,  the  product  is  T/',  given  by 
i'  =  y"x,  where  y"  =  y'y. 

Each  transformation  of  G  is  commutative  with  each  trans* 
formation  of  G'  since  TyTp^  is  f  =  yi{xy),  while  T^^Ty  is 
?'  =  (yix)y.  The  transformations  of  G  and  G'  therefore 
generate  the  group  T  of  the  linear  transformations  a:'  =  yixy. 
Suppose  that  this  transformation  is  identical  with  x'  =  YixY. 
Then  xA  =  Bx  for  every  x,  where  A  =  yy~S  B  =  yr^yi. 
As  is  easily  verified,  the  identity  in  x  gives 


A  =  B  = 


c  0 
,0c 


^Sc 


Then  F  =  Sc-iy,  Fi  =  yiSc.    Hence  F  is  a  seven-parameter 
group. 

To  complete  the  discussion,  we  shall  prove  that  the  only 
linear  transformations  leaving  the  quadric  surface  S  unaltered 
(i.  e.,  automorphs  of  S)  are  the  transformations  of  T  (which 
I)ermute  the  lines  Lk  among  themselves  and  the  lines  X* 
among  themselves)  and  their  products  by  any  one  trans- 
formation, as  {x2Xz),  which  interchanges  the  two  sets  of  lines. 
Let  T  be  any  linear  automorph  of  S.  If  T  replaces  only  a 
finite  number  of  lines  Lk  by  lines  i,,  it  replaces  an  infinitude  of 
lines  Lk  by  Unes  X«,  so  that  the  product  of  T  by  (xtXz)  replaces 
an  infinitude  of  lines  Lk  by  lines  L^.  Hence  either  T  itself  or 
its  product  by  (0:23:3)  is  an  automorph  t  which  replaces  an 
infinitude  of  Hues  Lk  by  lines  i,.  But  we  can  find  a  trans* 
formation  T^  which  replaces  any  three  distinct  lines  Lk  by 
any  three  distinct  lines  L^.  This  will  evidently  follow  if  we 
prove  that  there  exists  a  transformation  Ty  which  replaces 
Lo,  ioo,  Li  by  La,  Lb,  Lc,  respectively,  where  a,  6,  c  are  any  three 
distinct  numbers;  the  conditions  are 
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y2     ^    vi     .    yi+y2    ^ 

—  =  a,    —  =  0,     — j —  =  c, 

y*  vt  yz+VA 

and  are  satisfied  when 

2^4=1,    y2  =  a,    2/3  =  ^-37^,    yi=oyz. 

The  product  of  <  by  the  inverse  of  the  first  Ty  leaves  un- 
altered three  lines  i*  and  hence  is  a  transformation  Ty,  as 
proved  above.  Thus  t  is  in  the  group  T  and  hence  either  T 
is  in  r  or  r  is  the  product  of  a  transformation  of  T  by  {xzXz). 

The  group  of  all  linear  automorphs  of  S  is  therefore  of  the 
kind  called  a  mixed  group.  It  is  however  determined  in  a  very 
simple  manner  from  the  continuous  seven-parameter  subgroup 
r  composed  of  the  transformations  x'  =  yiary.  As  in  this 
instance,  the  introduction  of  hypercomplex  numbers  enables 
us  to  give  a  very  compact  and  convenient  notation  for  the 
transformations  of  important  groups. 

4.  From  the  preceding  algebra  whose  elements  are  matrices 
we  can  derive  in  a  very  natural  maimer  the  algebra  of  quater- 
nions and  deduce  as  corollaries  several  important  results.  To 
this  end  we  take  the  interpretation  which  assigns  ordinary 
complex  values  to  the  variables  and  coefficients  of  the  trans- 
formations in  §  3.  To  transform  the  equation  of  the  quadric 
surface  into 

we  have  merely  to  write 

Xi  =  Xi  +  iXi,    x^  =  X\  —  iX^,    X2  =  —  X2  "h  iXz, 

xz  =  X2  +  iXi, 

The  new  form  of  transformation  Ty  involves  the  parameters 
only  in  the  combinations  y^  ±  yu  y^  db  yz.    Hence  we  write 

2/4  +  2/1  =  274,    2/4  -  2/1  =  2iyi,    2/2  —  2/3  =  278, 
2/2  +  2/3  =  2^72. 
In  terms  of  the  new  variables  and  parameters,  Ty  becomes 
X\  =  X\Yi  —  XzY2  +  -^278  +  -^174, 
X2  =  XzYi  +  X\Y2  —  -3ri78  +  -^274, 
'''•  Z3'  =  -  X^Fi  +  XiY,  +  X,Yi  +  X,F4, 

X^  ^  —  X\  Y\  —  X2  Y2  —  Xz  Yz  H"  X\  74. 
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The  identical  transformation  X\  =  Zi,  etc.,  is  obtained  by 
taking  Fi  =  72  =  Fs  =  0,  Fi  =  1.  To  our  group  therefore 
corresponds  a  linear  associative  algebra  whose  general  number 
is 

where  the  products  of  the  units  i,  j,  h,  1  are  such  that 

XY^X'  ^  Zi'i  +  Xa'j  +  X^'k  +  X,\ 

in  which  the  values  of  Zi',  •  •  • ,  X4!  are  given  by  ty.  Taking 
Xi  =  Fi  =  1,  Z.  =  y.  =  0  (*  =  2,  3,  4),  we  find  that 
n  =  —  1.     In  this  way,  we  get 

t^  =  i^  =  A:^  =  —  1,     ij  =  *:,     ji  =  —  i, 

jA:  =  i,    kj  ==  ^  i,    ki  =  j,     ik  ==  --  j. 

We  thus  obtain  the  algebra  of  quaternions  with  ordinary 
complex  coordinates.  In  view  of  its  origin  it  is  equivalent 
under  a  linear  transformation  on  the  units  to  the  algebra 
of  matrices  with  complex  coordinates  (§  3).  It  has  as  a  sub- 
algebra  the  system  of  real  quaternions. 

The  transformation  ty  leaves  the  quadric  surface  unaltered. 
By  finding  the  coefficient  of  Zi*,  we  see  that 

i:x.''^i:Y.'^tx.\ 

•si  «sl  tsl 

The  left  member  is  called  the  norm  of  the  quaternion  X\ 
Since  the  transformation  is  X'  =  XY,  we  conclude  that  the 
norm  of  the  product  of  two  quaternions  equals  the  product  of 
their  norms. 

By  interchanging  Xm  and  Y,  (s  =  1,  2,  3,  4)  in  ty,  we  obtain 
the  transformation  ty  which  has  the  more  compact  notation 
X'  =  YX.  The  product  of  the  commutative  transformations 
ty  and  ty^  is  X'  =  YiXY.  The  latter  form  a  seven-parameter 
continuous  group  F.  The  determinant  of  each  of  its  real 
transformations  is  positive,  since  the  determinant  of  Ty  in 
§  3  is  the  square  of 

yiVA  -  2/2^3  =  Fi^  +  Y,^  +  Yz'  +  Y,\ 

To  {x2Xz)  corresponds  the  transformation  r  which  changes  the 
sign  of  X2  without  altering  Xi,  Xz,  Xa>  The  only  linear 
automorphs  of  the  surface  are  the  transformations  of  F  and 
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their  products  by  r  (§  3),  these  products  having  negative 
determinants.  In  four-dimensional  space  these  products  are 
reflexions,  so  that  the  group  generated  by  the  rotations  around 
the  origin  and  the  stretchings  from  it  is  formed  of  the  trans- 
formations q'  =  qiqq^^  where  q  and  q'  are  variable  real  quater- 
nions, while  qi  and  q^  are  real  quaternion  parameters.  Con- 
cerning this  group,  the  corresponding  one  in  three  dimensons, 
and  references  on  related  subjects,  see  Linear  Algebras,  page  61. 
5.  Our  final  illustration  will  be  more  typical  of  the  general 
theory  since  it  treats  a  group  not  initially  its  own  parameter 
group.  Consider  any  two-parameter  binary  linear  group  in 
which  the  parameters  Fi,  Y^  enter  linearly  and  homogeneously. 
Its  transformations  are  therefore  of  the  form 

X,'  =  {AY,  +  BY^)x,  +  (CFi  +  DY^)x^, 

x^  =  (EFi  +  FY^)x,  +  (GFi  +  ff  FOar,. 

Let  Fi  =  a,  72  =  &  +  0  be  the  values  of  the  parameters  giving 
the  identical  transformation.    Introduce  the  new  parameters 

yi  =  feFi  -  aF2,    ys  =  F2/6. 

Then  the  values  yi  =  0,  ys  =  1  give  the  identical  transforma- 
tion. The  new  equations  of  our  transformations  will  be  of  the 
above  form,  in  which  now  5  =  jff=  1,Z)  =  F=0.  Further, 
we  set  -4  Fi  +  F2  =  y%y  Y\  =  y\.  Hence  the  transformation 
becomes 

Ty\      xi'  =  y%xi  +  cyix^,    x%  =  ay iXi  +  (dyi  +  y2)x%. 

The  product  TyTy'  is  seen  to  be  T^",  where 

P'    y\'  =  {yi  +  dyi')yi  +  yi'y^y    2/2"  =  acyiyi  +  y^'y^. 

Hence  the  totality  of  transformations  Ty  forms  a  group  G. 
Regarding  yi  and  y^  as  the  parameters,  we  have  the  general 
transformation  of  the  parameter  group  of  G.  Thus  0  is  its 
own  parameter  group  only  when  d  =  0,  c  =  1. 

Without  loss  of  generality  we  may  take  c  =  1.  If  c  +  0, 
this  may  be  done  by  taking  cyi  as  a  new  yi.  If  c  =  0,  a  +  0, 
we  interchange  Xi  and  x^  and  take  dy\  +  ^2  as  a  new  ^2, 
obtaining  Ty  with  c  +  0.  If  c  =  a  =  0,  the  case  d  =  0  is 
excluded  since  the  group  has  two  parameters,  so  that  dy\  +  ^2 
may  be  taken  as  the  new  yi.    Then 

g:  xi  =  yiXu    xz  =  yiX2. 
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Using  the  new  variables  Xi  =  Zi  +  X2,  X2  =  xi  —  X2  and  new 
parameters  Fi  =  (2^2  —  yi)/2,   72  =  (^2  +  2/i)/2,  we  get 

g':  Xi'  =  Y2X1  +  yiZ2,    Z2'  =  FiZi  +  72^2, 

which  is  of  type  Ty  with  c  =  a  =  1,  d  =  0. 

There  is  a  general  method  of  selecting  new  variables  Xi 
and  X2*  such  that  the  group  on  the  new  variables  will  become 
its  own  parameter  group.  In  the  equations  for  Ty  we  have 
only  to  erase  the  accents  in  the  left  members,  replace  yu  y^ 
by  Xu  X2  and  give  to  xi,  X2  such  special  values  that  the  result- 
ing equations  are  independent.  We  may  take  ari  =  0,  0:2  =  1, 
and  get 

Xi  =  Xi,    X2  =  dXi  +  X2. 

Expressed  in  the  new  variables,  the  transformation  Ty  (with 
c  =  1)  becomes 

tyi      Xi  =  (^2  +  dy  i)Xi  +  yiX2,    X2  =  ay  iXi  +  2/2^2. 

In  view  of  P,  the  group  of  these  transformations  is  its  own 
parameter  group.  For  yi  =  0,  ^2  =  1,  the  transformation 
is  identity.  Hence  we  obtain  an  algebra  with  units  e,  €, 
where  e  is  the  principal  unit,  such  that,  if  y  =  yie  +  y2€  is 
its  general  number,  Xy  —  X\  where  the  coordinates  of  X' 
are  defined  by  ty.    The  multiplication  table  is  therefore 

€^  =  €,     €C  =  ^€  =  e,    e^  =  cfe  +  a€. 

Taking  e  —  \d^  as  a  new  c,  we  have  d  =  0.  Then  multi- 
plying e  by  r,  we  see  that  a  is  replaced  by  i^ay  which  may  be 
made  equal  to  0  or  1  by  choice  of  r.  Hence  there  are  just  two 
types  of  binary  algebras  with  complex  coordinates  and  having 
a  principal  unit. 

The  corresponding  groups  are  composed  of  the  transforma- 
tions tyy  with  d  =  0,  a  =  0  or  1.  That  with  a  =  1  is  ^'  and 
was  seen  to  be  equivalent  to  g.  Hence  every  binary  linear 
group  in  which  the  two  parameters  enter  linearly  and  homo- 
geneously is  equivalent  to  g  or  to  the  group  h  of  transformations 
ty  with  a  =  d  =  0. 

Scheffers  proceeded  in  the  reverse  order.  Making  use  of 
Lie's  determination  of  all  types  of  binary  linear  groups,  he 
selected  the  two-parameter  groups  in  which  the  parameters 

*  Lie-Scheffers,  Continuierliche  Gruppen,  1893)  p.  634. 


Digitized  by 


Google 


915.]         AN  ASPECT  OP  THE  LINEAR  CONGRUENCE.  61 

enter  linearly  and  homogeneously,  found  their  finite  equations, 
and  introduced  variables  such  that  each  group  becomes  its 
own  parameter  group.  The  resulting  groups  (1.  c,  page  648, 
bottom,  and  page  649)  are  our  h  and  g.  From  these  he  derived 
the  above  two  algebras. 

6.  Scheffers'  determination  (pages  654-6)  of  the  algebra  of 
quaternions  is  based  upon  the  existence  of  the  group  of  trans- 
formations ty  of  §  4.  In  a  rather  arbitrary  manner  he  selected 
four  infinitesimal  transformations  out  of  an  aggregate  of  the 
00*  infinitesimal  automorphs  of  the  quadric  surface,  and 
verified  that  the  four  generate  a  four-parameter  group.  The 
guide  to  this  seemingly  fortunate  selection  may  well  have  been 
the  previous  knowledge  of  the  group  defined  by  the  algebra 
of  quaternions.  The  above  discussion  in  §  4  not  only  gives  a 
natural  derivation  of  quaternions  from  the  theory  of  groups 
but  leads  to  the  total  group  of  automorphs  of  a  quadric  surface 
and  not  merely  to  its  continuous  subgroup. 
The  University  op  Chicago. 


AN  ASPECT  OF  THE  LINEAR  CONGRUENCE  WITH 

APPLICATIONS  TO  THE  THEORY  OF 

FERMAT'S  QUOTIENT. 

BY   MR.    H.    8.   VANDIVER. 

(Head  before  the  American  Mathematical  Society,  August  4,  1915.) 

In  1903,  Professor  G.  D.  BirkhoflF  communicated  to  me  the 
following  theorem: 

If  p  is  a  prime  integer  and  a  is  a  positive  integer  prime  to  p, 
then  there  is  at  least  one  and  not  more  than  two  sets  {x,  y)  such 
thai 

a  s  ±  xjy  (mod  p) 

where  x  and  y  are  integers  prime  to  each  other  and  0  <  x  <  ^Ip, 
0  <  y  <  Vp. 

Professor  BirkhoflF  has  kindly  allowed  me  to  use  this  result, 
and  in  the  present  paper  I  shall  give  a  proof  of  the  theorem 
which  involves  a  continued  fraction  algorithm  for  a  direct 
determination  of  each  set.  Some  extensions  and  applications 
are  also  given. 
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1.  Proof  and  Algorithm. — We  have 

p  ==  ami  +  f  1     (0  <  f  1  <  a), 
a  =  TfhXi  +  f 2     (0  <  fa  <  fi), 

rjfc^2  =  mfcfA^i  +  f *     (0  <  ft  <  fifc^i), 
f *  <  Vp  ^  f*-i. 
These  relations  give 

(mjfcmjb-i  +  l)f  jb-2  =  fib  +  w*fifc-8 
and  similarly 

fjb-s(mifcm*-imjb-2  +  wi*  +  mjb-2)  =  —  f*  +  fib-4(^*^jb-i  +  1). 
Hence  we  ultimately  have 

a/  =  db  f fc     (mod  p), 
where  I  is  the  continuant 

1        0       •••  0 


mk 

—  1    mjb-i       1 
0—1     mjb-2 


0         0        0       •  •  •    -  1    mi 
Note  that  /  is  prime  to  p  since  f*  is  so. 

We  now  prove  that  l<  ^.    We  have 
fjb-»  =  (mjb-imjfc  +  l)f*-i  +  mfc-ifjb, 
f  jb-4  =  (mjbmjb-imjb-2  +  ^*  +  mjb_2)fjb-i  +  fib(mjb_imjfc^2  +  1), 

and  finally 

(1) 

where  j  equals 

mib-i        1        0       •••  0 

—  1    mjb-2      1       •  •  •  0 

0   -  1     mfc-»    •  •  •  0 


p  =  Irj^i  +  f  ibj, 


0 


0 


—  1   Tni 
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Hence,-  since  Vkr-i  ^  ^  then  I  <  ^Ip  because  tkj  >  0. 
Also  r*  is  prime  to  I  since  I  is  prime  to  p.  Therefore  one  of 
the  sets  {x,  y)  is  (r*,  t).  Set  aro  =  ffc,  yo  =  ^«  Then  if  there 
were  a  second  set  (a;i,  yi)  where  ari  is  prime  to  yi,  we  should  have 

:since  Xo  and  yo  are  prime  to  each  other.  This  being  the  case, 
we  see  from  (1),  after  noting  that  Taj-i  ^  ^y  Jthat  there 
must  exist  a  positive  integer  /a  such  that 

yo(rib_i  —  ijXq)  +  XoO'  +  M^o)  =  P, 
where 

f  jb_i  -  /u:o  <  -^,  j  +  /iyo  <  ^• 
These  two  conditions  may  be  written 

(la)  !:t±ZL^<^<^^Jli. 

a?o  yo 

Now  /i  cannot  have  more  than  one  integral  value,  since  the 
•above  relation  would  then  give 

(2)  -  p  +  (aro  +  2/o)  Vp  >  2a;oyo, 

which  shows  that  one  of  the  integers  x^y  yo,  is  >  i'>lp.  If 
yo  >  i'^^  and  o^o  =  1,  then  (2)  evidently  does  not  hold. 
Also,  if  xo  >  1,  the  right-hand  member  of  (2)  increases  faster 
than  the  left-hand  member  when  xq  is  increased.  Since,  then, 
ji  has  no  more  than  one  positive  integral  value,  there  are 
not  more  than  two  sets  (ar,  y)  satisfying  the  conditions  of 
the  theorem.  Further,  /a,  when  it  exists,  is  uniquely  dqj:er- 
mined  by  (la).    This  completes  the  proof  and  algorithm. 

The  existence  of  one  set  (x,  y)  may  also  be  shown  by  means 
of  a  theorem  due  to  Minkowski.* 

If 

/i  =  an  Wi  +  •  •  •  +  aimt/m, 


fm  =  amlWl  +    •  •  •   +  OmmUm 


are  m  linear  homogeneous  forms  in  wi,  t^,  •  •  •,  t/m  with  arbi- 
trary real  coefficients  an,  •  •  •,  Omm  of  determinant  A,  then  it  is 

*  Geometrie  der  Zahlen,  page  104. 
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always  possible  to  select  integers  for  U\,Ui,  •••,««,  so  that 

I/.Is'Va  (i=  1,2,  ••-,»»). 

In  this  relation  set  all  the  o,y  =  0  for  i  >  1,  except  when 
t  =  j  in  which  case  o,-,-  =1,    t  =  2,  3,  •  •  • ,  m.    Then 


A  = 


On     Oil 

Oij     • 

••     Oi„ 

0      1 

0     •• 

•     0 

0      0 

1      •• 

•     0 

=  «11- 


0      0       0     •••     1 

Assume  further  that  an,  an,  •  •  • ,  aim  are  integers,  then  the 
result  may  be  expressed  as  follows: 

It  is  always  possible  to  choose  integers  U2,  Ut, 
such  that 

/i  =  anU2  +  •  •  •  +  dimUm  (mod  M), 


',  a\m  and  M  are  given  integers  and  |/i  |  =  'vJf, 
•,  m).    If  we  further  put  m  =  2, 


where  ai2, 

\ui\^  yk  {i  =  2,  3, 
we  obtain 

ai2U2  s  /i  (mod  M), 

where  |  /i  |  <  Vp  and  |  ai2 1  <  Vp.  We  note  that  /x  is  not 
necessarily  prime.  The  existence  of  at  least  one  set  {an,  /i) 
for  a  composite  modulus  M  may  also  be  shown  by  the  algor- 
ism which  has  just  been  explained  for  the  derivation  of  the 
first  set  (xo,  yo)  in 

ay  s  db.r  (mod  p). 

Evfdently  the  reasoning  used  also  holds  for  the  case  where 
p  is  composite. 

2.  Applications  to  Fermafs  Quotient. — ^The  congruence 

(3)  x^^  =  1  (mod  p2), 

where  p  is  an  odd  prime,  has  p  —  I  incongruent  roots  modulo 
p^.  By  the  theorem  just  proved,  each  can  be  represented  by 
an  expression  of  the  type  dz  m/n,  where  m  and  n  are  positive 
integers  each  <  p.    If 

(±^)'"'^l(modp*). 
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then 

mT'^  s  nP"^  (mod  p*). 

The  relation  (3)  has  the  roots  db  1.  If  it  has  another  root, 
say  db  mio/mio,  when  numerator  and  denominator  are  each 
positive  and  <  p,  then  assume  that  there  are  k  positive 
integers  mjko  <  p  such  that 

modulo  p\  when  rriao  4=  ^w.    Then  we  may  form  the  2k{k  —  1) 

expressions 

mio      ,   mio             ,   mzo 
± — ,± — ,  •••  db ,   •••, 

each  of  which  satisfies  (3).  If  the  p  —  1  roots  of  (3)  exclusive 
of  =t  1,  are  not  exhausted  by  this  set,  then  in  like  manner, 
there  must  exist  m's  such  that 

mii^^  s  m2i^^  s  . . .  =  mjfeji^S 
where 

niai  4=  ^61  and  md  +  ^do  and  fti  ^  2. 

As  before,  we  may  form  a  set  of  solutions  of  (3)  by  means  of 
these  m's  in  the  same  way  the  former  solutions  were  set  up. 
If  this  second  set  does  not  exhaust  the  remaining  roots  of  (3), 
the  process  may  be  repeated.     Ultimately  we  obtain  a  set 


Wit 

=t 

'  '  '  > 

db 

rrizi 
m2i 

7»2t 

db 

'", 

db 

rrizi ' 

mir"^ 

^ 

m^^^ 

=  • 

=  m*,.•^^ 

where 


such  that  it  includes,  when  taken  together  with  the  preceding 
i  sets  and  the  special  roots  db  1,  all  the  incongruent  roots  of 
(3).    We  have  evidently 

E2Jfcy(]fc,—  1)  ^p-3. 
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Assume  t  =  0,  then 

2h^  -  2J!:o  ^  p  -  3, 
whence 

h^ 2" • 

Consider  the  set 

l^S    2^\    3^S  ...,     (p-l)^S 

and  call  the  least  positive  residues  of  these  integers  modulo  p^^ 
proper  residues  modulo  p^.     If  i  =  0,  then  from 

mio^^  =  77120^^  s  . . .  =  mkfT'^ 

we  are  enabled  to  conclude  that  there  are  not  more  than 


1  +  V2p  -  5 
V 2 

incongruent  proper  residues  modulo  p^.    Assume  now  that 
i  =  1.     We  have 

2kx^  +  2h^  -  2Jfci  -  2h  ^  P  -  3, 
whence 


Hence  we  conclude  as  before  that  there  are  not  more  than 


1+  V2p  -  5 
P 2 

incongruent  proper  residues  modulo  p^.    In  general  w^e  have 


2^  Ary  -  (r  +  1)  ^  ^ 1. 

Now  consider  a  lower  limit  for  the  number  of  incongruent 
proper  residues  modulo  p^.  There  cannot  be  less  than  [  Vpl 
residues  of  this  type,  for  if  there  were  only  [  ^]  —  1  residues 
then  there  must  exist  at  least  one  set  of  distinct  positive 
integers  m,-  <  p  such  that 

mi^^  s  mj^^  =  . . .  =  mj^^  (mod  p^), 
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where  s  >  [  ^|p].    This  being  the  case,  consider 

(p-  mi)^\  {i=  1,2,  •••,«)• 

Each  of  these  gives  a  proper  residue  and  they  are  all  incon- 
gruent  modulo  p*.    Evidently,  also,  there  are  at  least  [^1 
of  them,  contrary  to  hypothesis.     Hence  the  theorem: 
There  are  not  more  than 

1+  V2p-  5 
P 2 

and  not  less  than  [  ^lp]  incongruent  proper  residues  modulo  p^, 
where  p  is  prime  >  2. 

3.  We  now  consider  the  relation  of  the  foregoing  to  Fermat's 
last  theorem.    If 

a:^  +  y^  +  2^  =  0 

is  satisfied  in  integers  prime  to  each  other  and  to  the  odd 
prime  p,  then  2*^^  s  1  (mod  p^),  a  result  due  to  Wieferich. 
This  being  the  case,  then  the  set 

evidently  includes  all  the  incongruent  proper  residues  modulo 
p^.  Hence  they  are  not  more  than  ^(p  —  1)  in  number • 
Similarly,  using  the  criterion  of  Mirimanof!,  3^^  s  1 
(mod  p^),  we  note  that  the  forms 

(1  +  Qk)^\     (5  +  6A:i)'-^ 

include  all  the  incongruent  proper  residues  and  there  are  not 
more  than  2[p/6].  We  may  further  reduce  the  number  by 
using  the  criteria  5^^  s  llp-i  =  17^^  s  1  (mod  p^)* 

*  Vandiver,  Journal  fUr  Mathematiky  vol.  144,  p.  314.     Frobenius,. 
Siizungsherichte  der  K,  Akademie  der  Wissenschaften,  Berlin,  1914,  p.  653. 
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LIMITS  OF  THE  DEGREE  OF  TRANSITIVITY  OF 
SUBSTITUTION  GROUPS. 

BT  PROFESSOB  G.  A.  MILLER. 

(Read  before  the  American  Mathematical  Society,   August  3,   1915.) 

The  main  object  of  the  present  paper  is  to  establish  an 
elementary  theorem  which  gives  always  a  smaller  upper  limit 
for  the  degree  of  transitivity  of  a  substitution  group  of  degree 
n  >  12  which  does  not  include  the  alternating  group  of  this 
degree,  than  the  one  given  by  the  commonly  quoted  theorem 
that  this  limit  cannot  exceed  ^n  +  1.*  The  theorem  to  be 
established  is  a  generalization  of  the  one  published  by  the 
present  writer  in  volume  4,  page  140,  of  this  Bulletin.  In 
Pascal's  Repertorium,  loc.  cit.,  a  footnote  states  that  the  limit 
f 71  +  1  is  actually  attained  by  the  five-fold  transitive 
Mathieu  group  of  degree  12.  In  view  of  the  results  of  the 
present  paper  this  footnote  could  be  completed  by  adding  that 
this  limit  cannot  be  attained  for  any  degree  which  exceeds 
12.  It  is  clearly  also  attained  when  n  =  6,  although  this  is 
not  mentioned  in  the  footnote. 

Let  G  be  any  transitive  substitution  group  of  degree 
n  =  kp  +  r,  where  p  is  a  prime  number  such  that  p>  k, 
and  r  >  k,  and  all  the  symbols  p,  r,  k  represent  positive  in- 
tegers. In  what  follows  it  will  always  be  assumed  that  0 
is  neither  alternating  nor  symmetric  on  the  n  letters  and  that 
k  >  1.  If  (j  is  more  than  r-fold  transitive  it  includes  a  trans- 
itive subgroup  H  of  degree  kp,  and  hence  its  order  is  divisible 
by  p.  A  Sylow  subgroup  of  order  p*  contained  in  H  must  be 
intransitive  and  each  of  its  transitive  constituents  must  be  of 
degree  p,  since  G  cannot  involve  a  substitution  composed  of  a 
single  cycle  of  degree  p,  according  to  the  well-known  theorem 
that  a  primitive  group  which  involves  a  cyclic  substitution  of 
degree  p  cannot  be  of  degree  greater  than  p+  2  unless  it 
includes  the  alternating  group  of  its  own  degree. 

It  may  be  assumed  that  H  is  composed  of  all  the  substitu- 
tions of  G  on  a  certain  set  of  kp  letters.    Since  it  is  assumed  that 

*  Cf.  PascaPs  Repertorium  der  hoheren  Mathematik,  vol.  1  (1910), 
p.  211;  £ncyclop6die  des  Sciences  math^matiques,  tome  1,  vol.  1,  p.  549; 
etc. 
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G  is  at  least  r-f  old  transitive  there  are  at  least  r !  substitutions  in 
G  which  transform  among  themselves  the  letters  not  contained 
in  H  according  to  the  symmetric  group  on  these  r  letters.  In 
fact,  the  exact  number  of  these  substitutions  is  the  order  of  H 
multiplied  by  r !,  and  all  of  these  substitutions  constitute  a  group 
H'  which  involves  H  invariantly .  The  Sylow  subgroups  of  order 
p*  contained  in  H  form  a  complete  set  of  conjugates  under 
H\  and  hence  each  of  these  Sylow  subgroups  is  transformed  into 
itself  under  H'  hy  rl  times  as  many  substitutions  as  under  H. 
The  largest  subgroup  of  H'  which  transforms  one  of  these 
Sylow  subgroups  into  itself  must  have  for  one  of  its  transitive 
constituents  the  symmetric  group  on  the  r  letters  of  G  which  are 
not  contained  in  H.  We  proceed  to  prove  that  this  is  im- 
possible and  hence  that  the  assumption  that  G  is  more  than 
f-fold  transitive  leads  to  an  absurdity. 

The  Sylow  subgroups  of  order  p*  must  be  of  degree  kp, 
since  H  is  transitive  and  its  degree  is  divisible  by  p.  Let 
P  represent  one  of  these  subgroups  and  consider  the  group  P' 
formed  by  all  the  substitutions  of  H'  which  transform  the 
abelian  group  P  into  itself.  The  subgroup  of  P'  which  is 
composed  of  all  the  substitutions  of  P'  which  do  not  interchange 
any  of  the  systems  of  intransitivity  of  P  must  be  invariant. 
This  subgroup  Pi  must  include  P  and  the  quotient  group 
Pi/P  must  be  cyclic,  as  we  proceed  to  prove.  It  is  at  once 
evident  that  this  quotient  group  is  abelian,  since  the  group  of 
isomorphisms  of  the  group  of  order  p  is  cyclic  and  the  transitive 
constituents  of  Pi  are  all  of  degree  p.  Hence  we  may  assume 
that  the  systems  of  intransitivity  of  P  are  transformed  under  P' 
according  to  the  symmetric  group  of  degree  k.  If  the  sub- 
stitutions of  Pi  did  not  transform  into  itself  every  subgroup 
of  order  p  contained  in  P,  it  would  follow  that  P  could  not 
contain  a  substitution  involving  a  minimum  number  of  cycles 
when  this  number  is  greater  than  unity. 

When  r  >  4  it  is  clearly  not  necessarj^  to  prove  that  Pi/P 
is  cyclic,  since  the  alternating  group  whose  degree  exceeds  4  is 
simple.  As  the  symmetric  group  of  degree  r  constitutes  a 
transitive  constituent  of  P'  and  as  the  systems  of  intransitivity 
of  P  are  transformed  under  P'  according  to  a  group  whose 
order  cannot  exceed  kl,  it  results  that  the  part  of  P'  which 
corresponds  to  the  alternating  group  on  r  I  letters  is  the  direct 
product  of  H  and  this  alternating  group.  As  this  is  impossible 
since  G  does  not  include  the  alternating  group  of  degree  n, 
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we  have  established  the  following  theorem:  A  group  of  degree 
n  =  Jcp  +  r,  p  >  k  and  r  >  k,  which  is  not  alternating  or  sym- 
metric,  cannot  be  more  than  r  times  transitive  unless  k  =  1 
and  r  =  2. 

To  prove  that  this  theorem  gives  a  much  smaller  upper 
limit  for  the  degree  of  transitivity  than  ^n  +  1  whenever 
n  is  large,  it  is  only  necessary  to  use  the  well-known  postulate 
of  J.  Bertrand,  first  proved  by  P.  L.  Tchebychef,  that  there  is 
at  least  one  prime  number  between  x  (exclusive)  and  2a:  —  2 
(inclusive),  whenever  x  ^  3^.  Hence  there  is  at  least  one 
prime  number  between  ^ln  and  2  Vn  —  2  when  n  >  12, 
since  n  is  an  integer  in  the  present  consideration.  If  n  is 
divided  by  this  prime  the  quotient  k  is  less  than  Vn  and  the 
remainder  r  must  be  less  than  2  Vn  —  2.  If  this  remainder 
does  not  exceed  k  we  diminish  k  by  unity  and  thus  get  a  value 
of  r  which  is  less  than  3  Vn  —  2  and  greater  than  k.  Hence  it 
results  from  the  theorem  above  that  when  n  >  12  a  group  of 
degree  n  cannot  be  (3  Vn  —  2yfold  transitive. 

When  n  ^  100  this  clearly  gives  a  smaller  upper  limit  for 
the  degree  of  transitivity  than  |n  +  1.  That  the  theorem 
also  gives  a  smaller  upper  Umit  when  n  Ues  between  12 
and  100  can  be  easily  verified  directly.  In  fact,  according 
to  this  theorem  a  group  of  degree  13  which  is. neither  alter- 
nating nor  symmetric  cannot  be  more  than  triply  transi- 
tive since  13  =  2-5  +  3.  Such  a  group  of  degree  14  cannot  be 
more  than  triply  transitive  since  14  =  11  +  3,  and  hence  such  a 
group  of  degree  15  cannot  be  more  than  four-fold  transitive. 
Such  groups  of  degrees  16  and  17  cannot  be  more  than  triply 
transitive  since  16  =  13+3  and  17  =  2-7  +  3,  and  hence 
such  a  group  of  degree  18  cannot  be  more  than  four-fold 
transitive.  Such  a  group  of  degree  19  cannot  be  more  than 
four-fold  transitive  since  19=3-5  +  4.  Such  groups  of 
degrees  20  and  22  cannot  be  more  than  triply  transitive  since 
20  =  17  +  3  and  22  =  19  +  3,  and  hence  such  groups  of 
degrees  21  and  23  cannot  be  more  than  four-fold  transitive. 

Similar  considerations  readily  lead  to  the  result  that  a  group 
whose  degree  is  less  than  159,  and  which  does  not  include  the 
alternating  group  of  its  degree,  cannot  be  as  much  as  8-fold 
transitive.  In  fact,  by  means  of  a  table  of  prime  numbers, 
it  is  very  easy  to  verify  that  such  a  group  can  not  be  as  much 
as  15-fold  transitive,  according  to  the  theorem  above,  unless 
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its  degree  exceeds  1,000,  while  the  formula  Jn  +  1  would 
place  the  upper  limit  of  transitivity  for  such  groups  beyond  300. 
These  illustrations  may  suffice  to  exhibit  clearly  that  a  much 
smaller  upper  limit  for  the  degree  of  transitivity  of  a  primitive 
group  which  is  neither  alternating  nor  symmetric  results  from 
the  use  of  the  present  theorem  than  the  one  given  by  |n  +  1, 
whenever  n  is  large.  When  n  =  12  =  7  +  5  the  two  theo- 
rems lead  to  the  same  upper  limit.  This  is  also  true  for 
the  cases  when  n  is  8  or  9.  Since  the  groups  whose  degrees  are 
less  than  8  are  so  well  known,  it  does  not  appear  necessary  to 
preserve  the  formula  ^w  +  1  as  an  upper  Umit  of  the  degree 
of  transitivity  of  substitution  groups  which  do  not  include  the 
alternating  group,  especially  since  the  theorem  proved  above 
is  based  upon  such  very  elementary  considerations. 
UinvEHsrrY  of  Illinois. 


THE  PERMUTATIONS  OF  THE  NATURAL  NUMBERS 
CAN  NOT  BE  WELL  ORDERED. 

BT  PROFESSOR  A.  B.  FRIZELL. 

(Read  before  the  American  Mathematical  Society,  February  27,  1915.) 

Let  us  tabulate  the  natural  numbers  according  to  the 
number  of  their  prime  factors,  viz.,  the  nth  row  shall  consist 
of  the  products  ir{v,  n)  of  n  primes  in  order  of  magnitude. 
Form  a  new  rectangular  array  wherein  the  nth  column  shall 
be  composed  of  numbers  from  the  nth  row  of  the  first  scheme 
but  arranged  in  rows  by  their  column  indices  p  in  the  former, 
so  that  now  the  ith  row  contains  those  products  t(p,  n)  for 
which  J'  is  a  product  of  i  primes.  We  obtain  an  infinite  matrix 
of  series 
3,    5,    11,    17,    31,  •••;    6,    9,    14,    21,    33,  •••; 

12,    18,   27,    30,    50,  •  •  • ;    24,   36,   54,   60,   90,  .••;••  • 
7,  13,    23,    29,    43,  •  •  • ;  10,  15,    25,    26,    38,  •  •  • ; 

20,   28,   44,   45,   66,  •  •  • ;    40,    56,   84,   88, 126,  ...;••• 
19,  57,    61,    71,  103,  •  •  ■ ;  22,  34,    51,    57,    82,  •  •  • ; 

42,    52,    76,    92, 116,  •••;   81, 100, 140, 152,  210,  •  •  • ;  •  •  • 
53,  89,  151,  173,  251,  •  •  • ;  46,  69,  111,  121,  161,  •  •  • ; 

70, 105, 154, 171, 236,  •  •  • ;  135, 196,  276,  306,  376,  ..;... 

It  is  proposed  to  form  permutations  of  the  natural  numbers 
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by  interchanges  among  the  elements  of  this  array  and  for  the 
present  purpose  it  is  enough  to  consider  only  exchanges  of 
elements  in  the  same  column  and  permutations  of  terms  in 
the  same  element.  For  the  purpose  of  this  paper  is  to 
examine  the  consequences  of  the  following 
Assumption. — The  permutations  of  an  o>^eries  can  be  well 

ordered, 
and,  denoting  by  11  the  ordinal  type  of  this  series  of  permuta- 
tions, it  is  clear  that  a  H-series  may  be  obtained  in  either  of 
the  above  ways,  e.  g.,  by  permuting  the  terms  in  the  first 
element  or  by  permuting  the  elements  in  the  first  colunm. 
Indeed,  if  we  select  from  the  series  of  primes  those  whose 
numbers  in  the  series  are  primes,  the  permutations  of  the  whole 
set  of  natural  numbers  can  be  put  into  one-to-one  corre- 
spondence with  those  obtained  by  only  transposing  pairs  of 
consecutive  members  of  the  series 

3,  5,  11,  17,  31,  41,  59,  67,  83,  109,  .-  • 
i.  e.,  1,  2,  5, 4,  3,  6,  • .  • ;  1,  2,  3, 4, 11,  6,  7,  8,  9, 10,  5, 12,  13,  14, 
15,  16,  31,  18,  19,  •••,  etc.  Another  way  of  obtaining  a 
Il-series  is  by  exchanging  the  first  element  of  each  column 
with  the  lower  elements  in  the  same  column.  It  is  easy  to 
exhibit  the  one-to-one  correspondence  in  this  case  by  assigning 
to  each  nth  digit  (i,  n)  in  a  given  permutation  of  the  natural 
numbers  the  interchange  of  the  first  with  the  ith  element  in 
the  nth  column  of  our  matrix.     Thus  to  the  permutation 

2,1,4,3,6,5,8,7,  ... 
will  correspond  that  obtained  by  raising  to  the  first  place  the 
second,  fourth,  third,  .  .  .  elements  in  the  first,  third,  fourth, 
.  .  .  columns  respectively,  that  is,  the  permutation 
1,  2,  7,  4,  13,  6,  3,  8,  9,  10,  23,  70,  5,  14,  15,  16,  29,  105,  19,  20, 
21, 22, 11, 81, 25, 26, 154, 28, 17, 171, 43, 32, 33, 34, 35, 100,  .... 
Obviously  the  same  reasoning  would  hold  if  in  each  column 
we  should  exchange  the  series  of  first  terms  with  the  other 
series  of  nth  terms.  Moreover,  both  sets  of  transpositions 
may  be  performed  simultaneously  and  yield  a  Il-series,  since 
we  get  nothing  but  permutations  of  the  natural  numbers. and 
clearly  they  are  all  different.  In  like  manner,  although  we 
obtain  a  Il-series  by  permuting  elements  of  a  single  column, 
we  get  no  more  by  doing  it  in  different  columns  independently. 
Similarly  if  we  permute  terms  of  a  single  element  or  make  such 
permutations  independently  in  different  elements  or  if  we 
combine  this  process  with  that  of  permuting  elements  in  the 
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same  column,  in  each  case  the  resulting  set  of  permutations 
may  be  written  as  a  Il-series. 

We  will  now  show  that  our  assumption  leads  to  a  set  of 
permutations  of  the  natural  numbers  which  is  equivalent  to 
the  whole  set  but  can  not  be  written  in  a  Il-series.  In  any 
well-ordered  set  every  element  is  an  Nth  term  in  some  co-series 
(iV  =  1,2,  •  •  •  )•  For  a  given  N  the  set  of  all  Nth  terms  shall 
be  called  the  elements  of  the  Nth  kind.  Permute  independ- 
ently the  terms  in  different  elements  of  our  matrix  in  all 
possible  ways  and  let  [P]  denote  the  resulting  set  of  permuta- 
tions arranged  in  a  Il-series. 

There  exists  a  permutation  of  the  natural  numbers  which  differs 
in  every  nth  column  of  its  matrix  (n  =  1,  2,  •  •  •)  from  every 
element  of  the  nth  kind  in  [P],  The  elements  of  the  nth  kind 
in  [P],  being  by  hypothesis  part  of  a  well-ordered  set,  form 
also  a  well-ordered  set  [P^**^]  of  ordinal  type  H^**^  ^  11.  The 
proposition  will  be  proved  by  establishing  the  following 

Lemma.  For  each  valv^  of  n  there  exists  a  permutation  of  the 
natural  numbers  which  differs  in  every  Nth  element  in  the  nth 
column  of  its  matrix  from  every  element  of  the  Nth  kind  in  [P^**^]. 

It  is  not  necessary  actually  to  produce  such  permutations; 
it  is  suflScient  to  show  that  they  exist.  This  is  easily  done  by 
observing  that  the  elements  of  the  first  kind  in  [P^**^]  do  not  use 
up  the  n^'^^-series  of  its  totality  and  hence  do  not  exhaust 
the  n-series  of  permutations  available  for  the  first  element  of 
the  matrix.  Hence  there  is  a  permutation  of  the  natural 
numbers  differing  in  the  permutation  performed  on  its  first 
element  from  every  element  of  the  first  kind  in  [P^**^]  and  at 
the  same  time  different  for  the  same  reason  from  every  element 
of  the  iVth  kind  in  [P^**^]  in  the  permutation  performed  on  the 
iVth  element  {N  =  2,  3,  "  ')  in  the  first  column  of  its  matrix. 
The  same  reasoning  holds  independently  for  every  nth  column 
(n  =  2,  3,  •••)  and,  of  course,  there  are  in  each  case  an 
infinity  of  such  permutations  P'  outside  of  [P].  So  we  have, 
on  the  basis  of  our  assumption,  two  sets,  [P]  and  [P]  +  [P'], 
which  are  both  in  one-to-one  correspondence  with  the  whole 
set  of  permutations  of  the  natural  numbers  but  can  not  be 
put  into  one-to-one  correspondence  with  each  other. 

Whence  the  assumption  is  false. 
McPherson,  Kansas. 
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RELATIONS    AMONG    PARAMETERS    ALONG  THE 
RATIONAL  CUBIC  CURVE. 

BT  PROFESSOR  J.  E.  ROWE. 

(Read  before  the  American  Mathematical  Society,  April  24,  1015.) 
Introduction. 

The  purpose  of  this  paper  is  to  give  the  proofs  of  two  new 
theorems  concerning  relations  among  sets  of  parameters  along 
the  rational  plane  cubic  curve.  The  first  theorem  concerns  a 
projective  relation  possessed  by  the  parameters  of  the  four 
residual  points  in  which  the  osculant  conic  at  any  point 
meets  the  cubic.  The  second  theorem  defines  the  relation 
which  exists  among  the  parameters  of  the  four  tangents  drawn 
from  any  point  of  the  plane  to  the  rational  cubic.  The  proof 
depends  upon  a  method  of  deriving  the  parametric  equations 
of  the  node  of  the  rational  cubic. 

We  shall  call  the  rational  plane  cubic  the  R^,  and  write  its 
parametric  equations  in  the  form 

(1)  Xi  =  (ttity  s  arf«  +  36i<2  +  Zcit  +  di     (t  =  0,  1,  2). 

§  1.     The  Osculant  Conic  and  the  Associated  Theorem 

A  point  on  the  osculant  conic  of  the  -R*  at  a  point  whose 
parameter  is  t'  is  defined  by  the  equations 

(2)  Xi  =  (ait')(aity  s  {aif  +  bdf  +  2(6,^  +  Ci)t 

+  {Cif  +  di)     (i=  0,1,2). 
The  equation*  of  the  osculant  conic  at  t  has  the  form 

(3)  [4|a6a;|l6car|  -  \acx\^]t''  +  [4\abx\\bdx\  -  2|aca:|lada:| 

+  2\a€x\\bcx\]t'  +(••  Of^  +(•••)<+(••  0  =  0. 
In  particular,  if  <  =  0,  (3)  becomes 

(4)  4|6ca:l|c(fel  -  \bda\^  =  0. 

If  the  values  of  ar,  from  (1)  are  substituted  in  (4),  and  the  factor 
fi  is  removed,  the  result  is 

(5)  [4|afcc|  \acd\  -  \abd\^]t'  +  I2\abc\  \bcd\t^ 

+  6\abd\  |6c(f|<2  +  4\acd\  \bcd\t  +  3\bcd\^  =  0. 
♦  J.  E.  Rowe,  Messenger  of  Math.,  No.  512  (Dec,  1913),  pp.  118-119. 
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The  roots  of  (5)  are  the  parameters  of  the  residual  points 
in  which  the  conic  (4)  cuts  the  iZ*.    The  invariant  8  of  (5)  is 

(6)  12\abc\  \acd\  \bcd\^  -  SjaM^dl^  -  12\abc\  \acd\  |M' 

+  3|a6(i|2|M'> 

which  vanishes  identically.  No  restriction  was  imposed  by 
selecting  the  osculant  conic  of  the  R^  at  the  point  whose  param- 
eter is  0;  i.  e.,  if  S  =  0  for  (5)  derived  from  this  particular 
osculant  conic,  the  same  projective  relation  iS  =  0  will  exist 
for  every  quartic  found  by  selecting  a  particular  value  for  t 
in  (3).    This  result  may  be  stated  in  the  form  of 

Theorem  I.  The  parameters  of  the  four  residual  points  of 
intersection  of  the  R^  and  any  oscvlant  conic  form  a  self-apolar  set. 

§  2.     The  Equation  of  the  Node  of  the  R^  and  its  Significance, 

Every  line  section  of  the  R^  has  three  parameters  which  are 
apolar  to  the  three  flex  parameters.  The  two  nodal  parameters 
and  any  other  are  apolar  to  the  three  flex  parameters,  for  any 
line  on  the  node  determines  the  two  nodal  parameters  and  one 
other;  this  third  parameter  may  be  used  to  distinguish  one 
line  on  the  node  from  another. 

From  any  point  in  the  plane  four  tangents  can  be  drawn  to 
the  R^,  The  four  parameters  of  the  tangents  from  the  point 
Xi  to  the  R^  are  the  roots  of  the  quartic* 

(7)  {odY  =  |afca;|<*  +  2\acx\fi  +  [adx  +  2\bcx\]e 

+  2\hdx\t  +  \cdx\  =  0. 
The  three  flex  parametersf  are  the  roots  of 

(8)  (fity  =  \abc\t^  +  \abd\fi  +  \acd\t  +  \bcd\  =  0. 

The  two  nodal  parameters  may  be  found  as  the  pair  which, 
together  with  an  arbitrary  third,  are  apolar  to  (8) ;  this  amounts 
to  finding  the  Hessian  of  (8).     Hence,  they  are  given  by 

3\abc\     \abd\       \acd\ 

H^     \abd\     locdl     3|M     =0. 

1         -t         fi 


♦  Loc.  cit.,  p.  119. 

t  For  equation  (8)  and  its  Hessian  H  see  Salmon's  Higher  Plane  Curves, 
third  edition,  pp.  187-188. 
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The  polar  of  (8)  with  respect  to  (7)  is,  in  symbols, 

(9)  (fia)\at)  =  0, 
which  expanded  becomes 

(10)  [S\abc\  \bdx\  -  |a6d|(|ada:|  +  Z\bcz\)  +  3|acd|  \acx\ 

-  6l6cd|  \abx\]t  +  [6\abc\  \cdx\  -  3|a6d|  \bdx\ 

+  \acd\(\adx\  +  3\bcx\)  -  3\bcd\  \acx\]  =  0, 

For  a  given  value  of  t,  (10)  is  the  equation  of  a  line;  the  inter- 
sections of  this  line  and  the  R^  may  be  found  by  substituting 
from  (1)  in  (10).  It  t  =  ti  in  (10)  and  the  values  of  Xi  from 
(1)  are  substituted  in  the  equation  of  the  line  so  derived,  the 
result  may  be  thrown  into  the  form 

(11)  H(jt  -  h)  =  0. 

This  is  sufficient  to  show  that  (10)  is  a  pencil*  of  lines  on  the 
node,  and  may  be  said  to  envelope  the  node.  The  parametric 
equations  of  the  node  as  a  rational  curve  of  the  first  class  are 
found  by  identifying  (10)  and  the  equation 

i^x)  =  $oXo  +  fia?i  +  &ar2  =  0; 

these  assume  the  form 

(12)  ii  =  I3\abc\(bj,) &\bcd\{aX)]t 

+  [6\abc\{cM  ..."  3lfecd|(a^O]     (i,  m,  ^=0,  1,  2). 

Also  (10)  as  it  stands  may  be  considered  the  equation  of  the 

node.     This  shows  how  the  parameters  of  the  four  tangents 

from  any  point  of  the  plane  are  related.     The  equation  (10) 

for  a  particular  set  of  the  Xi  yields  a  value  of  t  which  together 

with  the  three  flex  parameters  constitutes  a  set  of  four  apolar 

to  the  quartic  found  by  substituting  the  set  of  the  Xi  in  (7). 

The  result  may  be  stated  as  a  theorem. 

Theorem  II.     The  parameters  of  the  four  tangents  from  any 

point  P  of  the  plane  to  the  R^  are  apolar  to  the  set  of  four  composed 

of  the  three  flex  parameters  and  the  parameter  of  the  other  point 

cut  out  of  the  R^  by  the  line  joining  P  to  the  node  of  the  R^. 

Pennsylvania  State  College, 
March,  1915. 

♦Compare  with  W.  Gross,    Mathematische  AnndLen,  vol.  32  (1888), 
pp.  144-145. 
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VALLEE  POUSSIN'S  COURS  D'ANALYSE. 

Cours  d' Analyse  InfinitSsimale.    Par  Ch.-J.  de  la  Vall^e 

PoussiN.    Tome    1,    troisifime    Edition    considfirablement 

remanife,  et  tome  2  remanifie.    Louvain,  Dieudonn^,  1914. 

9  +  452  pp.  and  9  +  464  pp. 

In  the  two  four  hundred  and  fifty  page  volumes  of  this 
Cours  the  author  has  in  mind  two  classes  of  readers.  There 
are,  first,  those  who  desire  to  acquire  an  accurate  working 
knowledge  of  the  calculus  stripped  as  far  as  possible  of  those 
subtilities  which  are  repellant  and  useless  to  the  engineer 
and  physicist.  This  part  of  the  book  is  printed  in  large  type 
and  follows  in  the  choice  of  topics  the  general  outline  of  the 
traditional  French  Cours,  except  that  the  space  devoted  to  the 
treatment  of  Fourier's  series  is  somewhat  greater  and  con- 
vergence proofs  are  given.  The  handling  throughout  is  clear, 
elegant,  and  concise;  the  various  topics  are  illustrated  by 
numerous  carefully  chosen  examples  selected  with  rare  peda- 
gogic skill  to  develop  a  real  understanding  of  the  text. 

The  rest  of  the  Cours,  printed  in  smaller  type,  is  addressed 
to  a  different  class  of  readers,  those  who  wish  to  get  at  the 
fundamental  principles  of  modern  analysis.  These  last  edi- 
tions show  that  both  volumes  have  undergone  considerable 
alterations  and  improvements,  proofs  have  been  recast  and 
expanded  and  the  books,  though  excellent  in  the  first  edition, 
have  been  greatly  improved. 

§§  8-10  deal  with  sets  in  general,  and  it  would  be  hard  to 
find  anywhere  so  lucid  and  compact  a  presentation  of  the 
fundamental  ideas  involved.  §  10  is  concerned  with  the  Borel- 
Lebesgue  theory  of  measure  and  establishes  the  important 
results  of  Borel  and  Lebesgue,  the  methods  of  proof  being 
essentially  those  later  used  by  Vitali  in  his  paper  "Sui  gruppi 
di  punti"  in  volume  28  of  the  Rendiconti  del  Circolo  Mate- 
matico  di  Palermo. 

§  12  deals  with  measurable  functions  and  it  is  shown  that 
practically  all  convergent  processes  applied  to  measurable 
functions  lead  to  measurable  functions. 

§  13  is  concerned  with  functions  of  limited  variation,  destined 
later  to  play  such  an  important  r61e  in  the  theory  of  Lebesgue 
integrals,  and  ends  with  a  section  on  Vitali's  absolutely  con- 
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tinuous  functions,  the  fundamental  importance  of  which  in 
Lebesgue's  theory  does  not  seem  to  be  generally  recognized. 

The  above  constitutes  an  introduction  to  the  subsequent 
treatment,  which  now  begins  with  the  elementary  theory  of 
derivatives  followed  in  §  111  by  arithmetic  demonstrations 
of  the  familiar  properties  (due  largely  to  Dini)  of  the  four 
derivates.  Here  the  book  contains  certain  new  matter,  the 
most  striking  being  the  author's  generalization  of  a  famous 
theorem  of  Scheeffer  concerning  the  determination  of  a  con- 
tinuous function  when  one  of  its  derivates  is  known  except 
for  a  null  set. 

The  statement  of  this  theorem  is  modeled  somewhat  after 
Scheeffer's,  which  has  been  criticized  by  Schoenflies  as  being 
illogical.    We  give  it  in  the  author's  own  words. 

Si,  dans  un  .j^ntervcUle  (a,  b),  devx  fonctions  fi(x)  et  ft(x)  ont 
leurs  nombres  dSrivSs  aupSrieurs  h  droite:  1°  finis  en  chaque 
point  sauf  peut-etre  dans  un  ensemble  Ei,  et  2*^  Sgaux  sauf  peutStre 
dans  un  ensemble  de  m^esure  nuMe,  les  deux  fonctions  ne  different 
que  par  une  coruftante  h  moins  que  Ei  ne  contienne  un  ensemble 
parfaii. 

As  stated,  the  theorem  might  seem  self-contradictory  for  if 
/i  =  /2  +  c  then  the  derivates  will  be  everywhere  equal. 

This  generalization  of  Scheeffer's  theorem  is  not  quite  as 
general  as  it  seems,  for  W.  H.  Young  has  shown  that  the  set 
of  points  El  is  either  denumerable  or  has  the  power  of  the 
continuum,  so  that  the  theorem  only  holds  when  Ei  is  denumer- 
able. The  generalized  theorem  admits,  as  the  author  points 
out,  a  sort  of  inverse,  though  in  the  proof  given  on  page  102 
the  functions  y  =  \l/(x)  and  x  =  \lr\y)  are  not  both  continu- 
ous, as  stated;  one  of  them  is  not  even  singly  valued. 

The  theory  of  Riemann  integrability  receives  an  elegant 
but  very  summary  treatment  and  the  author  begins  his  exposi- 
tion with  the  remark,  "  cette  th^orie  n'a  plus  gufere  qu'une 
importance  historique,  car  elle  rentre  comme  cas  particulier 
dans  celle  de  Lebesgue,  qui  sera  6tudi^e  dans  le  chapitre 
suivant."    A  statement  true  only  of  proper  Riemann  integrals. 

Chapter  seven  begins  the  systematic  treatment  of  Lebesgue's 
integrals  and  under  the  general  theory  gives  the  relation  to 
Riemann's  integrals  and  six  suflScient  conditions  for  the  valid- 
ity of  the  equation 

I    Lim  S^{x)dx  =  Lim   I    fn{x)dx, 
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wherein  the  greater  simplicity  of  the  conditions  for  Lebesgue 
integrals  over  those  for  Riemann's  is  amply  evidenced. 
Summable  functions  are  considered  from  the  start  and  it  is 
shown  that,  unlike  the  Riemann  improper  integral,  the  Le- 
besgue integral  can  always  be  defined  as  the  limit  of  a  sum 
Z/,€,-,  and  ^at  the  integral  of  a  summable  function  has  a 
derivative  equal  to  the  integrand  except  over  a  null  set  (presque 
partout — ^which  we  may  translate  "almost  everywhere ")• 
The  treatment  from  now  on  shows  a  marked  departure  from 
that  of  Lebesgue  in  that  it  is  less  elementary  but  easier 
reading. 

The  author  has  devised  a  method  of  majoraiing  4>i  ^^^ 
minoraiing  4>2  functions  such  that 

<f>i  >  J    f(x)dx  >  <l>2 

and 

A0i>/(x)  >A02 

and  with  their  aid  establishes  the  capital  theorem  that  the  A 
of  any  monotone  function  /  is  summable  and  that  its  integral 
differs  from  f{x)  by  a  function  V{x)  defined  as  the  variation 
offix)  over  the  set  of  points  E  where  Af(x)  is  infinite. 

Finally  he  establishes  the  corner  stone  of  the  theory  by 
showing  that  the  necessary  and  sufficient  condition  that 


S{x)'-S{a)^j\f{x)dx 


is  that /(ar)  be  absolutely  continuous,  as  pointed  out  by  Vitali  in 
his  paper  in  the  Atti  delta  R.  Accademia  delle  Scienze  de  Torino, 
1905,  "SuUe  funzioni  integrali."* 

Whether  or  not  all  functions  with  summable  derivates 
belong  to  the  class  of  functions  of  limited  variation  is  left 
open,  though  it  seems  that  this  could  have  been  answered  in 
the  affirmative  from  the  theorems  demonstrated  in  the  text. 

Original  matter  is  taken  up  in  §  267,  where  integration  by 
substitution  is  considered.  Here  the  results  are  of  remarkable 
simplicity  and  generality,  the  final  result  being:  If  f(x)  is  a 

*  The  question  of  priority  here  is  doubtful.  Schoenflies,  in  the  second 
volume  of  his  Bericht,  refers  to  papers  by  Levi  of  about  the  same  date 
and  does  not  mention  Vitali.  of  whose  papers  he  does  not  seem  to  be 
aware.  A  theorem  of  the  author's  in  the  first  edition  praciicaUy  amounts 
to  the  condition  of  Vitali. 
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limited*  summable  function  in  (a,  b)  and  x  =  <f>(t)  an  absolutely 
continuous  function  of  t  such  that  x  varies  from  Xq  =  <f>(toy 
to  X  ^  <f>{T)  always  remaining  in  ab,  then 


where  4>'{f)  is  defined  to  be  zero  in  the  null  set  where  it  does 
not  exist. 

The  proof  here  could  have  been  somewhat  simplified  if  the 
author  had  made  use  of  the  absolutely  continuous  function 
<t>{x)  used  at  the  top  of  page  101. 

The  chapter  closes  with  an  investigation  of  the  properties 
of  the  second  generalized  derivates  and  derivatives.  The 
proofs  make  liberal  use  of  geometric  intuition,  though  their 
arithmetization  would  probably  not  be  difficult.  Condition 
{K)y  §  274,  is  described  in  too  summary  a  manner  and  it  is  not 
at  once  evident  how  it  differs  from  merely  postulating  a 
right-handed  derivative  for  the  function  F{x).  Finally  it  is- 
shown  that  if  f{x)  is  summable  and  between  (or  equal)  to  the 
upper  and  lower  right  (left)  generalized  second  derivates- 
of  Fix), 


Fix)  ^  j'  dx  j' fix)dx 


+  ia;  +  n. 


These  theorems  play  an  important  r61e  in  the  theory  of 
Fourier's  series  and  the  author  has  shown  their  power  in  his 
own  researches  to  which  reference  will  be  made  later. 

In  §§  342  et  seq.  continuous  and  closed  curves  are  treated 
and  the  author  fills  in  the  lacuna  of  his  proof  that  a  closed 
continuous  curve  without  double  points  divides  the  plane 
into  two  parts.  Here  certain  topological  theorems  concerning 
chains  play  a  leading  r61e.  A  link  is  a  connected  region  of 
the  plane  bounded  by  an  uncrossed  outer  polygon  and  con- 
taining  various  holes  bounded  by  polygons  of  the  same  sort; 
a  regular  open  chain  consists  of  a  series  of  links  such  that 
consecutive  and  only  consecutive  links  have  points  in  common. 
The  theorem  to  be  established  is  that  a  closed  continuous 
curve  determines  a  sequence  of  thinner  and  thinner  closed 
regular  chains  containing  the  curve  in  the  links.     The  only 

*  The  text  has  it  finitCy  but  the  lemma  on  which  the  proof  rests  is  not- 
true  unless  the  function  is  limited,  as  has  been  pointed  out  by  Dr.  Dunham 
Jackson. 
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X>ostiilate  (not  explicitly  stated)  needed  to  carry  out  the  proof 
is  that  a  closed  uncrossed  polygon  of  N  sides  divides  the  plane 
into  two  parts. 

Rectifiable  and  quadrable  curves  are  then  taken  up  and 
the  necessary  and  sufficient  conditions  are  obtained  together 
with  the  formula 


where  the  integral  of  Lebesgue  is  used  and  x{i)  and  yif)  are 
absolutely  continuous  functions  of  t,  and  the  formulas  for  area 


I    xy'dt,     -   I     yx'dt,    J  I    {xy'  -  yx' 

Jll  Jti  Jtx 


)dt, 


where  the  integrals  are  Lebesgue's  and  the  only  hypothesis  is 
that  the  function  (functions)  whose  derivatives  figure  shall 
be  absolutely  continuous. 

This  volume  closes  with  three  sections  on  quasi-uniform 
•convergence — a  name  proposed  by  Borel  to  take  the  place 
of  Arzela's  convergenza  uniforme  a  tratti — and  an  elegant  proof 
of  Arzela's  celebrated  theorem  that  ike  necessary  and  sufficient 
■condition  that  the  limit  of  a  convergent  sequsnce  of  continuous 
functions  be  continuous  is  that  the  convergence  be  qu^asi-uniform. 
ArzeU's  necessarj^  and  sufficient  condition  for  the  termwise 
integrability  of  a  series  using  Riemann  integrals  is  not  touched 
upon  because  the  matter  is  so  much  simpler  when  Lebesgue 
integrals  are  used.  The  sufficient  conditions  in  the  latter 
theory  are  stated  and  proved. 

A  note  supplementary  to  the  second  edition  of  volume  two 
has  been  added  dealing  with  the  uniqueness  of  trigonometric 
developments,*  where  among  others  the  following  interesting 
theorem  is  proved: 

//  the  coefficients  of  a  trigonometric  series  approach  zero  with 
Ijn  and  the  upper  and  lower  limits  of  Snix)  for  n  infinite  are 
.summable  and  finite  save  in  a  null  set  E,  the  trigonometric  series 
wUl  be  a  Fourier  series  if  Eis  not  of  the  power  of  the  continuum. 

Here,  as  in  the  case  of  Scheeffer's  theorem,  the  statement 
holds  only  in  the  case  that  E  is  a  denumerable  set. 

In  connection  with  this  theorem  it  is  of  interest  to  note  that 

*  Taken  from  two  papers  by  the  author  in  the  BuUelin  de  VAcatUmie 
ToyaU  de  Belgi^ue,  No.  11  (1912),  No.  1  (1913). 
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Hugo  Steinhaus  has  constructed  a  trigonometric  series  every- 
where divergent  where  coeflBcients  approach  zero  as  limit.  If 
this  is  a  Fourier  series,  it  is  an  example  of  the  long  sought 
everywhere  divergent  Fourier  series. 

The  second  volume  is  largely  devoted  to  functions  of 
several  variables  and  after  taking  up  double  integrals  from 
the  more  elementary  standpoint  proceeds  to  establish  for  the 
more  advanced  reader  the  leading  theorems  in  the  Riemann 
theory  in  the  author's  usual  terse  and  elegant  fashion,  followed 
immediately  by  an  extensive  exposition  of  Lebesgue  multiple 
integrals,  where  the  theory  follows,  in  a  way,  the  broad  out- 
lines of  functions  of  a  single  variable  but  where  new  concepts 
must  be  introduced,  such  as  density  of  a  set  in  a  point  and  a 
generalized  definition  of  derivatives.  A  theorem  of  Vitali's 
somewhat  resembling  the  Heine-Borel  theorem  is  then  estab- 
lished and  the  important  theorem: 

An  additive  absolutely  continuous  function  of  a  set  has  almost 
everywhere  a  finite  and  determinate  derivative  and  is  the  indefinite 
integral  of  this  derivative. 

This  is  the  analogue  of  the  theorem  already  stated  for  abso- 
lutely continuous  functions  of  a  single  variable. 

The  theorems  of  Lebesgue  and  Fubini  on  iterated  double 
integrals  follow  and  illustrate  in  a  striking  manner  the  greater 
simplicity  and  generality  of  the  sufficient  conditions  in  Le- 
besgue's  theory  over  those  in  Riemann's. 

The  chapter  closes  with  a  generalization  of  Green's  theorem 
where  it  is  shown  that 

{Pdx+qdy=    (  { {QJ -Py')dxdy 

provided 

1®.  that  P  and  Q  are  continuous  inside  of  C  (over  D). 

2®.  that  P  is  absolutely  continuous   in  y  and  Q  absolutely 

continuous  in  x, 
3**.  Py  and  Qx  are  summable  in  D. 

The  author  goes  on  to  remark  that  the  absolute  continuity  of 
P  and  Q  would  be  secured  if  AyP  and  AxQ  are  finite.  The 
limitedness  of  these  derivatives  is  a  sufficient  condition  for 
both  2°  and  3°.  Applied  to  the  standard  proof  of  Riemann 
of  Cauchy's  theorem  that 


Digitized  by 


Google 


1915.]         VALLfiE  poussm's  couRS  d'analtse.  83 

Jf{z)dz  «  0,    f(z)  =  u{xy)  +  it{xy) 
c 

when /(a)  is  analytic  inside  C  and  on  the  boundary,  this  theorem 
shows  that  we  need  not  even  assume  the  existence  of  f{z)  in 
D,  but  need  only  assume  that  u  and  v  have  bomies  first  deriva- 
tives satisfying  the  Cauchy-Riemann  partial  differential 
equations  (cf.  Goursat's  well-known  proof). 

Next  follows  a  beautiful  chapter  on  the  approximate  repre- 
sentation of  analytic  functions,  which  closes  with  the  treat- 
ment of  Fourier's  series  in  which  the  most  important  results 
of  Dirichlet,  Riemann,  Dini,  Cantor,  Fej6r,  and  Lebesgue 
are  established. 

In  the  compass  of  such  a  review,  it  is  impossible  to  point 
out  all  the  merits  of  these  volumes,  so  rich  in  varied  topics, 
so  lucid  in  exposition  and  elegant  in  presentation.  A  unique 
featiu-e  of  the  book  is  that  it  does  for  Lebesgue's  integrals 
what  Jordan  did  for  Riemann's  theory. 

Aside  from  his  lectures  delivered  at  the  College  de  France 
under  the  Peccot  foundation  and  published  in  1904  in  the 
Borel  Series  of  Monographs  on  topics  in  the  theory  of  func- 
tions, and  his  Lectures  on  Trigonometric  Series,  Lebesgue  has 
published  no  systematic  exposition  of  his  ideas,  contenting 
himself  with  the  publication  of  numerous  papers  in  various 
journals  and  transactions.  The  great  value  of  the  theories 
with  which  he  has  enriched  analysis  makes  a  systematic 
presentation  of  them  a  matter  of  great  importance  and  we  owe 
Professor  Vall6e  Poussin  a  profound  debt  of  gratitude  not 
only  for  having  completed  this  theory  in  many  essential  par- 
ticulars but  for  his  masterly  presentation  of  it  as  a  whole. 
With  such  a  treatise  available,  these  theories  will  become  the 
common  property  of  all  ipiathematicians  and,  while  certain 
simplifications  and  improvements  in  the  demonstrations  will 
come  about  in  time,  the  outline  and  main  structure  has  been 
definitely  fixed.  From  the  simple  but  genial  idea  that  a 
generalization  of  the  integral  concept  might  come  from  divid- 
ing up  the  interval  of  variation  of  the  dependent  variable 
(instead  of  the  independent  variable's  field  as  in  Riemann's 
theory)  the  genius  of  Lebesgue  has  created  a  large  and  growing 
domain  of  analysis  whose  great  importance  cannot  as  yet  be 
accurately  estimated,  but  whose  value  in  dealing  with  the 
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more  recondite  problems  of  analysis  is  amply  exemplified  in 
these  two  volumes. 

M.  B.  Porter. 
Austin,  Texas. 

Extract  from  a  Letter  from  Professor  de  la  Vall^e 

PoussiN. 
Cher  monsieur  et  coJUgue, 

Vous  citez  une  objection  de  Schoenflies  k  propos  de 
r6nonc6  du  theoreme:  Si  dans  un  intervalle  (a,  h)  deux  fonc- 
tions  fix)  et  fi{x)  ont  leurs  nombres  d6riv6s  supfirieurs  k 
droite:  1°  finis  en  chaque  point  sauf  peut-etre  dans  un  ensemble 
E\  et  2°  6gaux  sauf  pevi-etre  dans  un  ensemble  de  mesure  nulle, 
les  deux  fonctions  ne  different  que  par  une  constante  k  moins 
que  El  ne  contienne  un  ensemble  parfait. 

M.  Schoenflies  trouve  cet  6nonc6  contradictoire  parce  que 
deux  fonctions  qui  ne  different  que  par  une  constante  ont  la 
meme  deriv6e  partout 

Le  mot  peutritre  que  j'ai  soulign6  dans  Tenoned  a  manifeste- 
ment  un  sens  subjectif  et  je  ref^re  k  Tincertitude  oii  nous 
pouvons  gtre  sur  TfegalitS  ou  la  non  6galit6  des  nombres 
derives.  L'objet  du  theoreme  est  d'ailleurs  pr6cis6ment  de 
lever  cette  incertitude.     Voila  du  moins  ce  que  j'ai  pens6. 

L'objection  de  M.  Schoenflies  est  d'ailleurs  contestable  en 
elle-m6me.  II  n'est  pas  faux  de  dire  que  deux  fonctions  qui  ne 
different  que  par  une  constante  ont  des  deriv6es  6gales  sauf 
dans  un  ensemble  de  mesure  nulle.  Car  les  derivges  peuvent 
6tre  infinies  dans  un  ensemble  de  mesure  nulle  et  on  est  en 
droit  de  dire  que  deux  quantit6s  infinies  ne  doivent  pas  fetre 
consider6es  comme  Sgales.  Je  ne  tiens  d'ailleurs  k  cet  argu- 
ment que  contre  M.  Schoenflies. 

Vous  faites  remarquer  encore  que  la  generalisation  du 
th6orSme  de  Scheeffer  est  moins  grande  qu'elle  ne  paratt 
parce  que  M.  Young  a  dSmontr^  que  E\  est  ou  bien  denom- 
brable  ou  bien  a  la  puissance  du  continu.  Done,  ajoutez- 
vous,  le  th^orfeme  vaut  seulement  si  Ei  est  dSnombrable. 

Pour  que  cette  conclusion  f fit  exacte,  il  faudrait  d6montrer 
que  E\  est  ou  bien  d6nombrable  ou  bien  contient  un  ensemble 
parfait.  Je  crois  bien  que  cela  est  vrai  de  tout  ensemble 
mesurable  (5)  mais  est-ce  la  meme  chose  que  le  theorfeme 
enonc6  de  M.  Young? 

Je  vous  signale  enfin  que  Touvrage  sur  lequel  vous  faites 
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rapport  a  6t6  entierement  brflI6  le  27  aoflt  dernier  d.  Louvain, 
avec  tout  le  magasin  de  mon  Sditeur,  le  3e  jour  de  Tincendie 
de  cette  ville  par  TarmSe  allemande. 

Je  vous  prie,  eher  collegue,  d'agr6er  Texpression  de  mes 
remerciments  et  Tassurance  de  mon  entier  d6vouement, 

C.   DE  LA  VaLL]6e   PoUSSIN. 
Cambridge,  Mass., 
May  11,  1915. 

The  objection  to  the  formulation  of  ScheefFer's  theorem 
referred  to  in  Sehoenflies'  Bericht,  volume  2,  page  317,  was 
directed  at  Scheeff er's  statement  of  it.  The  reviewer  was  under 
the  impression  that  even  as  stated  above  the  peut-etre  might 
be  objectively  interpreted. 

The  Reviewer. 


ENUMERATIVE  GEOMETRY. 

Lehrbuch  der  ahzoMenden  Methoden  der  Oeometrie.    By  H.  G. 

Zeuthen.    Leipzig,  Teubner,  1914.    xii  +  394  pp.    Price 

(cloth)  17  Marks. 

In  the  preface  to  his  Lehrbuch  Zeuthen  expresses  his  grati- 
tude to  the  publishers,  "that  the  researches,  which  I  have 
delighted  to  pursue  from  youth  to  an  advanced  age,  may  now 
appear  in  their  full  sequence."  The  mathematical  world  also 
has  reason  for  hearty  gratitude,  not  only  to  the  Teubner 
firm,  of  whose  family  of  publications  this  book  is  a  very  worthy 
member,  but  much  more  to  Zeuthen  himself,  that  he  has  pro- 
duced a  book  summing  up  most  carefully  and  elegantly  both 
the  chief  results  and  the  most  fertile  methods  of  enumera- 
tive  geometry. 

Zeuthen  must  have  wished  more  than  once  in  writing  this 
work  that  a  book  were  not  essentially  a  one-dimensional 
configuration.  The  greater  part  of  the  book  could  have  been 
displayed  most  satisfactorily  in  a  plane  with  an  axis  of  methods 
perpendicular  to  an  axis  of  subjects.  This  arrangement  being 
impossible,  the  author  chose  to  make  his  work  primarily  a 
text  on  methods,  and  so  to  devote  each  chapter  to  a  single 
method  or  group  of  methods.  Within  each  chapter  the 
results  are  grouped  according  to  the  configurations  to  which 
they  apply,  usually  in  the  following  order:  plane  curves, 
surfaces  (in  S3),  space  curves,  line  configurations.    The  defect 
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of  one-dimensionality  is  then  remedied  by  a  short  table  of 
contents  at  the  end,  where  all  sections  on  the  same  figure  are 
grouped  together,  and  by  a  very  complete  set  of  cross-refer- 
ences in  the  text.  We  have,  then,  a  treatbe  which  may  be 
regarded  either  as  an  exposition  of  the  enumerative  methods 
of  projective  geometry  or  as  a  very  extensive  account  of  the 
results  obtained  by  those  methods  in  the  case  of  the  most 
important  types  of  figures  in  three-dimensional  space. 

The  book  is  essentially  one  on  projective  geometry.  To 
be  sure,  some  of  the  apparatus  of  the  geometry  of  birational 
transformations  is  developed.  The  genus  of  a  curve,  the 
arithmetic  genus  and  the  Zeuthen-Segre  invariant  of  a  surface 
are  defined;  but  both  definitions  and  applications  are  in 
terms  of  projective  characteristics  of  the  figures.  On  the 
other  hand,  the  author  descends  to  affine  and  metric  geometry 
with  readiness;  a  quite  unexceptionable  procedure,  especially 
since  he  draws  attention  to  the  fact  that  these  are  but  special 
cases  of  projective  geometry. 

The  enumerative  methods  described  by  Zeuthen  are  applied 
almost  exclusively  to  figures  defined  by  algebraic  equations. 
In  a  few  places,  to  be  sure,  it  is  remarked  that  a  method  is 
applicable  to  systems  of  curves  defined  by  means  of  certain 
algebraic  differential  equations — ^as  (Article  163)  in  deter- 
mining the  number  of  curves  of  a  system  having  contact  of 
given  order  with  a  given  curve;  but  even  there  the  problem  to 
be  solved  originally  is  purely  algebraic. 

A  problem  of  enumerative  geometry  is  one  which  asks  the 
number  of  points,  lines,  curves,  etc.,  of  a  system  which  fulfil 
certain  conditions.  Thus  the  number  of  intersections  of  two 
plane  curves  of  given  order  can  be  regarded  either  as  the 
number  of  the  oo^  points  in  the  plane  which  lie  on  both  curves, 
or  as  the  number  of  the  oo^  points  of  one  curve  which  lie  on 
the  other.  Every  such  problem  can  be  defined  also  as  a  deter- 
mination of  the  number  of  solutions,  that  is,  of  the  degree, 
of  an  algebraic  equation. 

The  fundamental  principle  of  enumerative  geometry  is  the 
law  of  the  "preservation  of  the  number*'  (Erhaltung  der 
Anzahl).  That  was  stated  by  H.  Schubert*  in  the  following 
form:  Let  there  be  a  variety  of  co~  objects  on  F,  which  shall 
be  imposed  a  condition  of  dimension  n,  defined  by  assigned 
relations  between  T  and  another  variety  T'.    Then  the  (finite) 

♦  H.  Schubert,  Kalktil  der  abzahlenden  Geometrie  (1879). 
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number  of  objects  T  satisfying  that  condition  remains  un- 
altered, however  we  may  particularize  V,  provided  the  number 
remains  finite.  There  arise  a  very  considerable  number  of 
difficulties  and  dangers  in  the  use  of  the  methods  based  on 
this  principle,  and  the  care  with  which  Zeuthen  has  treated 
them  is  worthy  of  all  praise. 

At  the  outset  he  lays  down  three  necessary  precautionary 
rules,  which  are  never  lost  sight  of.  The  first  states  that  every 
case  of  a  general  problem  must  be  considered  as  a  limit  of  a 
continuous  series  of  cases.  An  obvious  corollary  of  this  is 
expressed  later  in  these  words  (Article  158) :  "  In  the  applica- 
tion of  formulas  which  express  the  number  of  configurations 
fulfilling  diverse  conditions,  one  must  retain  for  each  condition 
the  exact  meaning  which  was  laid  down  at  its  introduction 
into  the  formulas."  Thus,  an  arbitrary  line  through  a  double 
point  of  a  plane  curve  is  to  be  considered  as  a  tangent  to  the 
curve  if  a  tangent  is  defined  as  a  line  which  has  two  coincident 
intersections  with  it;  this  is  confirmed  by  the  fact  that  such 
a  line  is  the  limit  of  a  tangent  to  a  curve  which  "acquires" 
a  double  point.  On  the  other  hand,  it  is  not  to  be  taken  as  a 
tangent  if,  the  curve  being  defined  by  an  equation  in  line 
coordinates,  a  tangent  is  regarded  as  an  element  of  it.  The 
second  rule  is  that,  when  coincident  solutions  of  a  problem 
are  counted,  care  must  be  taken  that  such  solutions  are  counted 
the.  due  number  of  times.  Thus,  the  line  from  an  arbitrary 
point  of  the  plane  to  any  double  point  of  a  plane  curve — 
if  we  take  the  first  definition  of  a  tangent — counts  as  two 
tangents;  this  again  would  seem  natural  from  the  aspect  of  a 
curve  about  to  acquire  a  double  point.  The  third  rule  (this 
one  expressly  included  in  Schubert's  enunciation)  is  that  an 
enumerative  formula  loses  validity  and  significance  if  the 
objects  which  it  normally  enumerates  turn  out,  in  a  particular 
case,  to  be  infinite  in  number.  Thus,  the  unique  value  of 
dyldx  usually  proves  the  existence  of  a  unique  tangent  at  a 
point  of  a  curve;  at  a  singular  point  dy/dx  assumes  the  form 
0/0,  and  there  is  a  tangent  through  the  point  in  every  direc- 
tion— ^if  we  define  a  tangent  rightly. 

Study  and  Kohn*  remarked*  in  1903  that  the  principle  of 
the  preservation  of  the  number,  as  stated  by  Schubert,  is  not 

•  Study,  Geometrie  der  Dynamen,  p.  378.  Kohn,  "Ueber  das 
Princip  von  der  Erhaltung  der  Anzahl,"  Archiv  der  Mathematik  und 
Phyaik  (3),  Bd.  4,  pp.  312-316. 
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always  valid;  Kohn,  indeed,  said  that  it  was  "in  a  certain 
sense  incurably  ill."  That  is,  a  condition  expressed  in  general 
form  may  be  fulfilled  in  a  certain  finite  number  of  cases; 
whereas,  for  certain  particularizations  of  these  conditions, 
the  number  of  solutions,  though  remaining  finite,  may  be 
increased.  The  source  of  this  phenomenon  is  the  possibility 
that  the  conditions  may  be  fulfilled  in  different  ways.  The 
particular  problem  examined  by  Study  and,  in  his  article  on  the 
principle  of  the  preservation  of  the  number,  by  Severi,*  is  that 
which  asks  the  number  of  pro jectivities  of  a  line  which  transform 
into  itself  a  given  group  of  four  points.  If  the  cross-ratio  of  the 
group  is  not  a  cube  root  of  --  1,  the  number  of  projectivities  is  4. 
K  the  cross-ratio  is  —  1,  there  are  8  solutions;  and  if  it  is  an 
imaginary  cube  root  of  that  number,  there  are  12.  The  excess 
comes,  as  Severi  remarks,  from  the  possibility,  which  exists 
for  harmonic  and  equianharmonic  groups  alone,  that  a  projec- 
tivity  may  leave  unchanged  some  of  the  points  and  interchange 
the  others. 

Severi  stated  and  proved  a  theorem  giving  the  conditions 
under  which  Schubert's  principle  can  be  safely  applied.  His 
briefer  enimciation  of  it  is  this:  "The  principle  of  Schubert 
holds  only  for  those  conditions  which  can  be  resolved  into 
sums  of  irreducible  conditions  of  the  same  dimension." 
Thus,  in  the  example  which  Severi  cites  from  Study,  the  condi- 
tion that  a  group  of  four  points  of  a  line  be  left  invariant  by 
a  projectivity  is  the  sum  of  four  conditions:  (a)  that  apro- 
jectivity  be  involutory  and  interchange  all  of  a  group  of  four 
points,  08)  that  it  be  involutory  and  permute  two  points  of  a 
group,  not  moving  the  others,  (7)  that  it  be  cyclic  of  order  3 
and  permute  a  group,  (8)  that  it  be  cyclic  of  order  4  and  per- 
mute a  group.  03),  (7),  (5)  are  of  higher  dimension  than  (a). 
Thus  Severi  amputated  the  incurable  member,  and  left  us 
the  certainty  that  the  body,  after  the  operation,  was  quite 
free  from  disease.  It  was  a  beautiful  and  valuable  piece  of 
work. 

And  yet  Zeuthen,  while  he  says  expressly  (Article  189) 
that  he  has  read  Severi's  article,  does  not  quote  his  theorem. 
Severi's  restriction  of  the  availability  of  Schubert's  principle 
achieves  no  more  than  the  precautions  which  Zeuthen  teaches. 
Consider,  in  particular,  the  problem  examined  by  Severi. 

•Seven,  "Sul  principio  della  conservazione  del  numero,"  RendicafUi 
del  Circolo  MaUmatico  di  Palermo,  vol.  33  (1912),  pp.  313-327. 
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The  projectivities  of  the  line  which  transform  harmonic  and 
eqnianharmonic  groups  into  themselves,  while  interchanging 
only  some  of  their  points,  can  not  be  the  limits  of  projectivities 
which  transform  into  themselves  groups  with  cross-ratios 
approaching  a  cube  root  of  —  1;  for  the  latter  transforma- 
tions interchange  either  all  or  none  of  the  points  of  the  groups. 
The  projectivities  applicable  to  groups  of  special  cross-ratios 
only  are,  then,  by  Zeuthen's  first  rule,  expressly  excluded  from 
those  enumerated.  It  seems  possible,  then,  to  do  without 
Seven's  theorem;  yet  that  theorem  is  so  elegant,  clear,  and 
simple,  that  it  will  prove  a  great  aid  to  workers  in  enumerative 
geometry,  and  might  well  have  been  for  that  reason  quoted  in 
the  present  work. 

An  interesting  and  practically  valuable  use  of  reasoning 
from  a  particular  to  a  more  general  case  is  offered  by  Zeuthen's 
justification  of  deductions  made  from  real  figures.  He  re- 
minds us  (Article  47)  that  all  possible  cases  of  a  theorem 
depend  on  the  values  of  a  certain  number  of  parameters,  and 
that  a  real  figure  represents  any  one  of  an  infinite  number  of 
sets  of  values  of  those  parameters — all  within  certain  limits. 
Enumerative  properties  observed  in  the  figure,  holding  as 
they  do  for  an  ii^nite  number  of  values  of  the  parameters, 
will  hold  for  all  values — even  such  as  make  the  figure  imag- 
inary. In  this  manner  he  obtains  the  fact  that  if  the  points 
of  tangency  of  a  single  branch  of  a  curve  with  a  double  tangent 
approach  each  other,  two  points  of  inflection  also  approach 
each  other,  and  all  four  coincide  where  the  curve  acquires 
four-point  contact  with  the  line.  That  some  caution  is 
needed  in  reasoning  from  figures  is  shown  by  consideration  of 
the  number  of  inflections  absorbed  in  a  double  point.  The 
figure  shows  that  a  curve  about  to  have  a  double  point  has  at 
least  two  inflections  which  approach  that  point;  analysis 
proves,  however,  that  there  are  in  truth  six,  four  of  which 
must  be  imaginary. 

So  much  for  examples  of  the  care  which  Zeuthen  exercises 
and  inculcates, — surely  the  most  important  quality  in  a 
treatise  on  his  subject.  Praise  should  also  be  bestowed  on 
the  almost  universal  clearness  of  exposition.  If  exceptions  are 
noted,  let  it  be  remembered  that  exceptions  are  far  to  seek. 
The  first  sentence  of  Article  32  reads  thus:  " Da  die  Komplexe 
einer  gegebenen  Ordnung  m  eine  zusammenhangende  Menge 
bilden,  kann  man  einen  solchen  in  abzahlenden  Untersuch- 
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ungen  spezialisieren^  z.  B.  in  der  Weise^  dass  man  verlangt, 
die  Strahlen  soUen  m  gegebene  Gerade  schneiden."  On  its 
face,  this  demands  that  each  ray  cut  all  of  m  given  lines; 
while  the  meaning  is,  of  course,  that  it  cut  some  one  of  them. 
Another  inaccurate  passage  occurs  in  the  third  paragraph  of 
Article  172.  The  system  there  spoken  of  should  be  determined 
by  one  line  and  three  points. 

The  references  to  sources  are  very  few.  For  the  most  part, 
Zeuthen  contents  himself  with  mention  of  the  bibliography  in 
his  article  in  the  German  Encyclopedia  (III  C  3)  on  the  same 
subject.  It  is  unfortunate  that  for  the  many  developments  of 
line  geometry  in  the  present  treatise  the  Encyclopedia  article 
has  no  mention. 

Zeuthen's  modesty  gives  another  cause  for  regret.  It  would 
serve  the  reader  better  to  become  familiar  with  "Zeuthen's 
formula''  than  with  the  "allgemeiner  Geschlechtsatz";  with 
the  "Zeuthen-Segre  invariant"  than  with  "I." 

A  laudable  featiu-e  of  the  book  is  the  great  number  of 
exercises.  They  cover  applications  of  all  the  principles  de- 
veloped and  vary  widely  in  difficulty — some  being,  as  the 
author  says,  suitable  even  for  doctor  theses. 

Chapter  I  is  introductory.  Its  first  half  discusses  the 
methods  and  aim  of  enumerative  geometry,  and  gives  defini- 
tions. The  second  half  treats  the  method  of  determining  the 
number  of  solutions  falling  together.  An  ingenious  scheme, 
due  to  Zeuthen,  for  fixing  this  number  appears  in  various  forms 
in  different  sections  of  the  book.  Its  first  form  is  as  follows: 
"The  number  of  intersections  of  a  line  a  with  a  curve  at 'a 
point  A  can  be  defined  as  the  sum  of  the  orders  of  infinitesimal 
segments  between  a  and  the  intersections  of  the  curve  with  /, 
a  straight  line  making  a  finite  angle  with  a,  at  a  distance  from 
A  that  is  infinitesimal  of  the  first  order."  There  follow  a 
clever  proof  of  B^zout's  theorem  and  one  of  Halphen's 
theorem  concerning  the  point  multiplicity  and  line  multi- 
plicity of  an  element  of  a  curve. 

The  first  part  of  Chapter  II  deals  with  direct  applications 
of  the  principle  of  preservation  of  the  number,  such  as  the 
determination  of  the  enumerative  properties  of  polar  curves, 
of  Hessians,  of  Reye*s  complex.  By  the  use  of  Schubert's 
principle,  theorems  are  deduced  concerning  general  curves 
and  surfaces  from  the  consideration,  as  special  cases,  of 
degenerate  ones.    The  degenerate  plane  curve  of  degree  n 
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may  be  a  set  of  n  straight  lines.  It  may  be  the  projection 
of  the  curve  on  a  line  in  its  plane;  that  is,  the  line  counted  n 
times,  with  a  certain  number  of  vertices  (Scheitel).  In  either 
case  the  simplification  is  so  great  as  to  create  a  highly  efficient 
engine. 

The  next  section  treats  problems  with  an  excessive  and 
hence  infinite  number  of  solutions.  The  problems  solved 
concern  largely  the  number  of  points  necessary  for  determining 
completely  various  configurations, — ^plane  curves,  surfaces, 
curves  on  surfaces.  Two  paragraphs  are  devoted  to  Poncelet's 
"closing  theorems"  (Schliessungssatze),  which  deal  with  the 
question  of  whether  polygons  whose  sides  and  vertices  are 
respectively  tangents  and  points  of  certain  conies  belonging 
to  a  single  pencil  are  closed  or  open.  Problems  on  the  closing 
of  polygons  whose  sides  and  vertices  fulfil  various  conditions 
have  been  of  unusual  interest  to  Zeuthen;  he  treats  them, 
indeed,  in  eight  sections  of  the  book. 

The  section  entitled  "Problems  with  no  solutions"  is 
largely  devoted  to  applications  of  the  principle  that  an 
algebraic  function  which  is  not  constant  must  be  able  to 
assume  all  values.  This  principle  is  remarkably  fertile;  it 
furnishes,  for  instance,  proofs  of  the  constancy  of  various 
cross-ratios,  among  them  that  of  lines  from  a  variable  point 
of  a  conic  to  four  fixed  points  on  it,  and  that  of  the  tangents 
to  a  plane  cubic  from  a  variable  point  on  it. 

Chapter  III  is  concerned  with  applications  of  Zeuthen's 
formula  (allgemeiner  Geschlechtsatz).  If  between  the  points 
of  two  curves  cu  c^  of  genus  pi  and  p2  respectively  there  exists 
an  (ai,  ai)  correspondence;  if,  further,  the  number  of  cases  in 
which  two  of  the  ai  points  corresponding  to  a  point  of  c^  co- 
incide is  Tiu  and  the  inverse  number  is  7/2,  the  formula  is 

?72  —  771  =  2ai(p2  —  1)  —  2a2(pi  —  1). 

An  immediate  consequence  is  Riemann's  theorem  of  the 
equality  of  the  genera  of  two  curves  in  (1,  1)  correspondence 
with  one  another.  There  is  a  careful  discussion  of  Pliicker's 
equations  and  of  the  analysis  of  more  complicated  singularities 
of  plane  curves.  Pliicker's  equations,  together  with  Zeuthen's 
formula,  offer  a  means  for  investigating  the  order,  class,  and 
singularities  of  a  curve  in  correspondence  with  a  given  curve 
(for  example,  its  evolute).  There  follows  a  first  consideration 
of  systems  of  curves.    The  author  treats  the  application  of 
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his  and  Pliicker's  formulas  to  space  curves  by  means  of  their 
projections  on  a  plane,  and  to  surfaces  by  means  of  their 
circumscribed  cones.  A  short  section  is  given  to  the  "Ge- 
schlechtsatze"  for  surfaces,  and  their  application  to  curves  on 
surfaces  in  (1,  1)  correspondence.  In  the  formulas  in  question 
the  arithmetic  genus  and  the  Zeuthen-Segre  invariant  play 
the  part  taken  by  the  genus  of  a  plane  curve  in  Zeuthen's 
formula. 

The  Cayley-Brill  correspondence  principle  for  points  on  a 
curve  and  analogous  ones  for  points  in  a  plane,  on  a  surface, 
and  in  space,  together  with  a  wealth  of  applications  of  these 
theorems,  form  the  subject  matter  of  Chapter  IV.  In  de- 
veloping the  Cayley-Brill  theorem,  Zeuthen  defines  the  valence 
(Wertigkeit)  k  of  an  (ai,  a2)  correspondence  between  points 
of  a  curve  of  genus  p  >  0  by  means  of  the  formula 

7  =  ai  +  a2  +  2kp, 

y  being  the  number  of  self-corresponding  points.  He  then 
proves  that  if  the  point  Pi,  taken  k  times,  and  the  a2  corre- 
sponding points  P2,  each  taken  once,  form  the  complete 
intersection  of  the  ground-curve  with  a  curve  depending  on  Pi, 
then  the  value  of  k  coincides  with  that  obtained  from  the 
above  equation.  This  order  of  development  seems  a  little 
unnatural,  but  it  has  the  great  advantage  of  giving  to  negative 
and  fractional  valences  equal  rights  with  their  more  normal 
brothers.  The  final  sections  of  this  chapter  are  devoted  to 
the  correspondence  principle  for  points  on  a  surface,  which 
Zeuthen  announced  in  1906.  The  form  of  this  theorem  is 
similar  to  that  of  Cayley-Brill,  though  naturally  more  com- 
plicated; the  Zeuthen-Segre  invariant  takes  the  place,  in  a 
way,  of  the  genus,  and  the  valence  has  an  exactly  analogous 
interpretation.  If  one  is  to  judge  from  the  fruitfulness  of  its 
prototype,  it  should  play  an  important  part  in  the  theory  of 
surfaces. 

The  title  of  Chapter  V  is  "Systems  of  Configurations." 
Systems  of  curves  (in  particular,  of  conies),  of  surfaces,  and 
of  correlations  are  treated;  usually  for  the  purpose  of  finding 
the  number  of  elements  of  a  system  fulfilling  given  conditions. 
In  the  extended  discussion  of  systems  of  conies,  due  attention 
and  care  are  given  to  what  one  rather  hesitates  to  speak  of  as 
Halphen's  degeneracy.  That  is  a  conic  which,  in  line  co- 
ordinates, is  a  point,  in  point  coordinates  a  line  through  the 
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point;  and  which,  considered  as  a  limit  of  conies  of  a  system, 
baffles  description  by  both  point  and  line  coordinates. 

The  closing  chapter  deals  with  the  powerful  and  elegant 
methods  of  Schubert's  symbolic  calculus.  We  could  wish  for 
a  more  complete  statement  of  the  meaning  of  the  s^inbolism; 
yet  the  chapter  is  well  written,  and  presents  perhaps  the  most 
interesting  method  treated  in  the  book.  The  work  ends  with 
a  section  which  opens  the  way  to  the  application  of  Schubert's 
methods  to  four-dimensional  geometry. 

The  typography  of  the  book  is  good,  but  not  quite  up  to 
Teubner's  highest  standard — the  standard,  for  instance, 
attained  in  Zeuthen's  Encyclopedia  article.  I  give  a  partial 
list  of  misprints  discovered,  with  genuine  regret  at  ending 
thus  a  review  of  a  treatise  so  important  for  both  the  science 
and  the  art  of  mathematics. 
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MATHEMATICS  IN  AUSTRALIA. 

The  Teaching  of  Mathemaiics  in  Australia.  Report  presented 
to  the  International  Commission  on  the  Teaching  of 
Mathematics.  By  H.  S.  Carslaw.  Sydney,  Angus  and 
Robertson,  1914.  (Agents:  Oxford  University  Press,  Lon- 
don and  New  York.)    8vo.     79  pp. 

During  the  deliberations  of  the  International  Congress  of 
Mathematicians  at  Rome  in  1908,  the  necessary  steps  were 
taken  to  organize  an  International  Commission  on  the  Teach- 
ing of  Mathematics,  the  members  of  which  were  to  prepare 
or  procure  reports  on  the  teaching  of  mathematics  in  different 
countries.  Many  of  these  reports  were  ready  for  the  Cam- 
bridge Congress  in  1912,  but  since  then  several  more  have 
appeared.  At  this  writing,  18  countries  have  published  172 
reports  with  a  grand  total  of  11,186  pages.  Germany  has 
already  issued  46  reports  with  nearly  4,000  pages;  the  tale  is 
told  in  about  a  fifth  of  this  space,  each,  by  Austria  with  13 
reports.  Great  Britain  with  34  reports,  Switzerland  with  9 
reports,  and  Japan  with  2  volumes.  The  reports  of  France  and 
the  United  States  each  cover  some  700  pages.  Of  more 
modest  dimensions  are,  in  order  of  size,  the  reports  from 
Belgium,  Russia  (including  Finland),  Italy,  Sweden,  Spain, 
Holland,  Hungary,  Denmark;  then  we  have  the  present  report 
from  Australia  and  the  16-page  report  from  Roumania. 

Professor  Carslaw's  name  is  already  a  familiar  one  to  many 
readers  of  the  Bulletin,  from  his  elementary  texts,*  his  not- 
able work  on  the  theory  of  Fourier  series  and  integralsf 
and  his  translation  of  Bonola's  Non-Euclidean  Geometry.^ 

•  Plane  Trigonometry,  an  elementary  text-book  for  the  higher  classes 
of  secondary  schools  and  for  colleges.  London,  1909.  New  edition. 
London,  1915.  Key,  London,  1914.  An  Introduction  to  the  Infinitesimal 
Calculus.  Notes  for  the  use  of  science  and  engineering  students.  London, 
1905.  Second  edition,  1912.  Reviewed  by  A.  M.  Kenyon  in  this  Bul- 
letin, January,  1914,  vol.  20,  pp.  204-206. 

t  Introduction  to  the  Theoiy  of  Fourier's  Series  and  Integrals  and  the 
Mathematical  Theory  of  the  Conduction  of  Heat.  London,  1906.  Re- 
viewed by  J.  E.  Wright,  in  this  Bulletin,  January,  1909,  vol.  15,  pp.  196- 
197. 

t  Non-Euclidean  Geometry.  A  critical  and  historical  study  of  its 
development  by  Robert  Bonola.  Authorized  English  translation  with 
additional  appendices  by  H.  S.  Carslaw  with  Introduction  by  F.  Enriques. 
Chicago,  1912.  Reviewed  by  A.  Ranum  in  this  Bulletin,  October,  1912, 
vol.  19,  pp.  22-23. 
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Now  we  have  from  his  pen  a  clear  cut  and  interesting  state- 
ment concerning  the  teaching  of  mathematics  in  Australia: 
in  the  secondary  schools,  the  technical  colleges  and  schools 
of  mines,  the  government  colleges  for  the  training  of  teachers, 
the  royal  military  and  naval  colleges,  and  the  universities.* 

Australia  is  poUtically  divided  into  five  states  (New  South 
Wales,  Victoria,  Queensland,  South  Australia,  Western  Aus- 
tralia) which  with  the  Island  of  Tasmania  form  what  has  been 
known  since  1901  as  the  commonwealth  of  Australia.  At 
each  of  the  six  capitals,  Sydney,  Melbourne,  Brisbane,  Ade- 
laide, Perth,  and  Hobart,  a  university  supported  in  part  by 
public  funds  and  in  part  by  private  endowments  and  fees  paid 
by  students  is  established.  And  while  the  educational  con- 
ditions vary  greatly  in  the  different  states,  and  not  a  little 
in  the  same  state,  the  universities  whatever  their  status  are 
the  "  crown  of  the  educational  system  of  which  they  form  a 
part."  The  conditions  in  New  South  Wales  and  Victoria, 
states  each  with  a  population  of  more  than  one  and  one  half 
millions  and  universities  founded  well  over  half  a  century  ago, 
are  greatly  superior  to  those  in  the  enormous  state  of  Western 
Australia  with  its  scattered  population  of  less  than  300,000 
people  and  a  university  which  has  been  in  operation  Uttle  more 
than  a  year. 

A  marked  pecuUarity  of  Australian  education  is  that  the' 
state  "not  only  controls,  but  completely  and  absolutely 
supports  and  regulates  the  system  of  public  education  without 
support  from  or  interference  by  the  localities  in  which  the 
schools  may  lie.  Australian  education  tends  therefore  to  be 
centralized,  systematic,  and  homogeneous;  but  since  local 
interest  is  naturally  fitful,  the  external  equipment  of  the 
schools  is  usually  of  an  inferior  character,  while  the  quali- 
fications of  the  teachers  are  distinctly  superior.  Primary 
education  throughout  Australia  is  free,  but  secondary  is  not. 
The  state  secondary  schools  are  fewer  and  somewhat  less 
important  than  those  of  a  semi-public,  endowed,  or  denomi- 
national character.'' 

The  organization  of  secondary  education  in  Australia  is 
passing  through  a  period  of  active  development.    But  imtil 

*Two  other  recent  publications  contain  a  good  deal  of  information 
about  Austr^ian  universities:  (1)  Universities  in  the  Overseas  Dominions. 
Board  of  Education,  Special  Reports  on  Educational  Subjects,  vol.  25. 
London,  1912,  pp.  116-171,  196-198,  23&-269:  (2)  Congress  of  the  Univer- 
sities of  the  Bnti^  Empire,  1912.  Report  of  Proceedings,  London,  1912; 
also  the  Year  Books  for  1914  and  1915. 
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very  recently  the  chief  influence  upon  the  work  of  the  secondary 
schools  has  been  exerted  by  the  universities,  not  only  through 
their  requirements  of  matriculation,  but  also  by  a  system  of 
public  examinations  taken  by  pupils  of  the  schools  whether 
they  proposed  to  enter  the  universities  or  not.  These  exam- 
inations are  similar  to  the  Cambridge  and  Oxford  local  ex- 
aminations. For  definiteness  let  us  consider  mathematics  in 
New  South  Wales. 

In  New  South  Wales  an  "  intermediate  certificate  "  is  given 
after  the  successful  completion  of  two  years'  work  (when  the 
pupil  is  about  16)  in  the  high  school.  The  mathematical 
course  includes  arithmetic,  mensuration  of  plane  and  solid 
figures,  simple  numerical  trigonometry  of  the  right  angled 
triangle,  algebra  through  simultaneous  quadratics,  graphs, 
and  Euclid's  Elements,  Books  1-3. 

The  third  and  fourth  years'  work  in  the  high  schools  are 
divided  into  pass  and  honor  sections  and  lead  to  the  "  leaving 
certificate."  Practically  all  pupils  have  to  do  some  mathe- 
matical work  in  these  two  years,  but  only  those  who  have 
shown  special  aptitude  for  this  study  attempt  the  full  course. 
Indeed,  some  take  only  part  of  the  pass  course,  but  all  who 
desire  leaving  certificates  to  count  as  equivalent  to  university 
matriculation  have  to  satisfy  the  examiners  in  one  of  the  two 
'pass  mathematical  papers,  and  thus  have  to  reach  a  certain 
standard  in  algebra,  geometry,  and  trigonometry.  There  are 
three  higher  papers  yet,  in  mathematics:  one  devoted  to  ge- 
ometry and  trigonometry;  another  to  algebra,  coordinate 
geometry,  and  the  elements  of  the  differential  calculus;  and 
the  third  to  mechanics. 

The  pass  work  in  algebra  includes  the  following  subjects: 
Logarithms,  interest  and  annuities,  graphical  illustrations  of 
maxima  and  minima,  binomial  theorem  for  a  positive  integral 
index;  the  additional  work  for  honors  includes  such  subjects 
as  convergence  of  series,  binomial  theorem  for  fractional  and 
negative  index,  the  exponential  and  logarithmic  series,  coor- 
dinate geometry  of  the  straight  line  and  circle,  and  a  short 
introduction  to  the  differential  calculus. 

In  geometry  the  pass  work  includes  the  equivalent  of 
Euclid's  Elements,  Books  4-6;  for  honors  the  additional 
subjects  are:  Modern  geometry,  including  transversals,  nine- 
point  circle,  harmonic  ranges  and  pencils,  pole  and  polar,  simili- 
tude and  inversion;  solid  geometry  as  in  Euclid's  Elements, 


Digitized  by 


Google 


1915.]  MATHEMATICS  IN  AUSTRALIA.  97 

Book  11,  together  with  theorems  relating  to  the  surfaces  and 
volumes  of  the  simpler  solid  bodies;  geometrical  conies,  in- 
cluding the  more  important  properties  of  the  parabola  and 
ellipse. 

Pass  trigonometry  takes  the  pupil  through  the  solution  of 
triangles;  the  honor  work  includes  a  fuller  treatment,  as  well 
as  a  discussion  of  DeMoivre's  theorem  and  certain  types  of 
series. 

Mechanics  comes  only  as  one  of  the  higher  papers  in  mathe- 
matics. It  is  intended  to  be  preceded  and  accompanied  by 
experimental  work.  The  subjects  treated  are  the  elements  of 
statics  and  dynamics,  with  elementary  hydrostatics  and  at- 
mospheric pressure. 

For  teachers  in  secondary  schools,  public  or  private,  a 
university  degree  is  an  almost  indispensable  qualification; 
and  not  only  this,  but  also  special  training  in  the  theory  and 
practice  of  education. 

The  Teachers'  College  in  Sydney  was  founded  in  1906, 
mainly  for  the  training  of  state  school  teachers.  It  offers  a 
variety  of  courses  of  training  varying  in  length  from  six  months 
to  four  years.  An  ordinary  college  course — ^to  enter  upon 
which  the  student  must  have  the  leaving  certificate  or  its 
equivalent —  is  a  two  years'  course,  which  qualifies  for  teaching 
in  the  classes  of  the  primary  schools.  For  graduates  of  the 
university  who  wish  to  prepare  as  secondary  school  teachers 
a  one-year  course  in  practical  and  theoretical  education  is 
provided. 

Of  university  mathematical  courses  which  are  open  to  our 
prospective  high  school  teacher  there  are  three  classes.  Mathe- 
matics I,  II,  III.  Each  is  divided  into  three  sections:  Class  A, 
Class  B,  and  Class  C.  Candidates  for  the  degree  of  B.A.  or 
B.Sc.  with  honors  attend  the  honors'  section  (Class  A)  in  each 
year,  although  it  is  possible  to  reach  the  lowest  grade  of  honors 
by  specially  good  work  in  the  second  section  (Class  B)  in  the 
three  years.     Here  are  the  programmes  for  Class  A: 

Mathematics  I  (first  year):  Algebra,  geometry,  trigonom- 
etry, statics  and  dynamics,  analytical  geometry  of  two 
dimensions,  and  the  elements  of  the  calculus.  Those  who 
enter  this  class  are  supposed  to  have  honor  leaving  certificates. 

Mathematics  II  (second  year):  Infinitesimal  calculus,  dif- 
ferential equations,  spherical  trigonometry,  analytical  statics, 
particle  dynamics,  and  elementary  rigid  dynamics. 
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Mathematics  III  (third  year) :  Analytical  geometry  of  three 
dimensions,  rigid  dynamics,  higher  analysis,  and  some  applied 
mathematical  subject,  e.  g.,  hydrodynamics,  sound,  the  theory 
of  electricity  and  magnetism. 

In  addition  to  these  courses  a  two-year  course  has  recently 
been  instituted  in  insurance  mathematics. 

Similar  courses  are  offered  in  the  University  of  Melbourne 
and  the  general  educational  conditions  are  very  like  those  in 
New  South  Wales.  As  already  remarked,  the  organization 
in  other  states  is  less  advanced.  The  universities  of  Australia 
are  staffed  by  British  professors,  and  thus  the  mathematical 
work  of  the  country  is  fashioned  in  conformity  with  much  the 
same  ideals  as  those  held  by  the  mother  land.  Professor 
Carslaw  is  at  the  University  of  Sydney.  Professors  Horace 
Lamb  and  W.  H.  Bragg  were  for  many  years  teachers  in  the 
University  of  Adelaide. 

There  are  several  technical  colleges  in  New  South  Wales, 
but  the  work  in  all  of  them  is,  to  a  great  extent,  of  an  elemen- 
tary character.  Higher  technical  education  is  available  only 
in  the  engineering  school  and  mining  school  of  the  university. 
It  is  hoped  that  effective  cooperation  between  these  schools 
and  colleges  may  soon  be  brought  about.  Schools  of  mines 
flourish  in  Victoria  and  South  Australia.  At  Victoria  mathe- 
matical instruction  is  given  in  arithmetic,  algebra,  geometry, 
plane  and  spherical  trigonometry,  analytical  geometry  of  conic 
sections,  differential  and  integral  calculus,  and  applied  me- 
chanics. 

There  are  two  institutions  in  Australia  for  the  early  training 
of  the  officers  of  the  military  and  naval  forces  of  the  common- 
wealth, the  Royal  Australian  Military  College  and  the  Royal 
Australian  Naval  College. 

The  former  is  modelled  somewhat  upon  the  lines  of  the 
United  States  Military  Academy  at  West  Point.  Cadets 
enter  at  the  age  of  sixteen  to  nineteen,  and  receive  a  training 
in  both  military  and  civil  subjects.  Mathematics  is  com- 
pulsory for  entrance  and  occupies  a  prominent  position  in  the 
first  three  of  the  four  years  of  the  college  course.  In  the  first 
year  216  hours  are  given  to  mathematical  lectures  and  the 
subjects  studied  are  algebra,  geometry,  trigonometry,  ele- 
mentary differential  and  integral  calculus,  elementary  statics 
and  dynamics.  In  the  programme  for  each  subject  there  is  an 
obligatory  and  a  voluntary  section.    For  example,  while  a 
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knowledge  of  the  theory  and  practical  use  of  logarithms  and 
the  use  of  the  slide  rule  is  obligatory,  discussion  of  the  ex- 
ponential theorem  of  logarithmic  series  and  the  calculation  of 
logarithms  is  optional. 

In  the  second  year  the  hours  of  instruction  in  mathematics 
are  the  same  as  in  the  first  year.  The  subjects  of  study  are: 
algebra  (partial  fractions,  convergence  and  divergence  of 
series,  simple  theorems  in  probability,  etc.);  geometry  (soUd; 
analytic  discussion  of  straight  line  and  circle;  while  the  volun- 
tary part  includes  parabola,  ellipse  and  hyperbola) ;  plane  and 
spherical  trigonometry  (small  angles,  inverse  fimctions, 
solution  of  trigonometrical  equations,  effect  of  small  errors  in 
surveying  and  on  the  trajectory  of  a  bullet,  solution  of  spherical 
triangles  and  applications  to  surveying  and  astronomy,  etc.) ; 
astronomy  (time,  determination  of  latitude  and  longitude, 
correction  of  instrumental  errors,  Kepler's  laws,  etc.) ;  calculus 
(the  voluntary  part  includes  maxima  and  minima  of  functions  of 
two  variables,  approximate  numerical  evaluation  of  integrals) ; 
dynamics  (the  voluntarytpart  includes  application  of  the  calculus 
to  motion  of  a  particle  in  a  straight  line  and  plane  curve,  effect 
of  air  resistance  on  a  bullet,  elementary  cases  of  motion  of  a 
rigid  body  in  one  plane);  statics  (center  of  mass,  numerical 
and  graphical  calculations  relating  to  tackle,  shears,  derricks, 
etc.,  stresses  in  frameworks,  stresses  in  a  gun,  forces  in  three 
dimensions,  etc.) ;  elementary  hydrostatics  and  hydrodynamics. 

In  the  third  year  72  hours  of  instruction  are  given  in  mathe- 
matics. The  subjects  of  study  are  infinitesimal  calculus 
(approximate  numerical  evaluation  of  integrals,  mean  values, 
etc.);  theory  of  errors;  differential  equations  (ordinary  equa- 
tions of  the  first  order  and  degree,  linear  equations,  etc.); 
dynamics;  statics. 

After  satisfactorily  completing  the  four  years'  course  in  the 
college  the  cadets  receive  the  rank  of  lieutenant  and  spend 
one  year  in  England  or  India  attached  to  British  regiments. 
They  then  return  to  Australia  to  occupy  positions  in  the 
permanent  military  forces.  The  number  of  cadets  admitted 
each  year  is  about  40,  including  6  who  come  from  New  Zealand. 

The  Naval  College  was  founded  for  the  training  of  cadet 
midshipmen  who  should  later  join  the  Australian  navy.  The 
training  is  similar  to  that  at  Osborne  or  Dartmouth  in  England. 
Candidates  must  be  thirteen  years  of  age  in  the  year  in  which 
they  are  examined  for  entrance.    The  full  course  lasts  for 
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four  years  and  instruction  is  given  in  the  following  mathe* 
matical  subjects: — ^arithmetic,  algebra,  geometry,  plane  and 
spherical  trigonometry,  analytical  geometry,  differential  and 
integral  calculus. 

R.  C.  Archibald. 

Brown  University, 
Providence,  R.  I. 


A  CORRECTION. 

In  my  paper  on  "  Problem  Collections  in  Calculus  "  in  this 
Bulletin,  June,  1914,  volume  20,  page  488,  line  13,  delete 
"  about  a  dozen  signs  are  wrong  and."  An  unusual  form 
of  the  equations  of  an  epicycloid  led  me  to  consider 
that  in  the  derivation  a  slip  had  been  made  in  sign  which 
required  several  changes  in  later  work.  Since  Professor 
Dingeldey  has  requested  me  to  rectify  my  review  in  this 
particular,  I  gladly  comply  with  his  wish. 

R.  C.  Archibald. 


SHORTER  NOTICE. 

Per  la  hiografia  di  Giovanni  Ceva.  By  Gino  Loria.  Reprint 
from  the  Rendiconti  of  the  Reale  Istituto  Lombardo  di 
Scienze  e  Lettere.  Pavia,  1915.  3  pp. 
Students  of  geometry  who  may  have  looked  into  the  history 
of  the  subject  will  be  interested  to  know  that  Professor  Gino 
Loria,  of  the  University  of  Genoa,  has  recently  been  able  to 
fix  the  date  of  birth  and  death  of  Giovanni  Ceva,  whose  "  De 
lineis  rectis  se  invicem  secantibus"  appeared  at  Milan  in  1678. 
Poggendorf  gives  no  dates  under  the  biography  of  Ceva,  but 
Professor  G.  Vivanti  in  the  second  edition  of  "II  concetto 
d'infinitesimo  e  la  sua  applicazione  alia  matematica,"  in  the 
Giornale  di  matematichey  volumes  38  and  39,  quotes  M. 
Pantaleoni  as  stating  that  Ceva  died  in  1734.  As  a  matter  of 
fact.  Professor  Loria  shows,  Ceva  was  born  in  December,  1647, 
and  died  in  Mantua  on  May  13,  1734.  It  is  also  interesting 
to  note  that  Ceva  is  described  in  the  archives  of  Mantua  as 
Matematico  Cesareo  e  Commessario  Generale  deir  Acque  di 
tutto  lo  Stato,  and  that  he  was  buried  in  the  Church  of  Santa 
Teresa  de'  Carmelitani  Scalzi. 

David  Eugene  Smith. 
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NOTES. 

The  twenty-third  summer  meeting  of  the  American  Mathe- 
matical Society  will  be  held  at  Harvard  University  early  in 
September,  1916.  At  the  eighth  colloquium  of  the  Society, 
held  in  connection  with  this  meeting,  courses  of  lectures  will 
be  delivered  as  follows:  By  Professor  G.  C.  Evans:  "Topics 
from  the  Theory  and  Applications  of  Functionals,  including 
Integral  Equations."  By  Professor  Oswald  Veblen:  "Anal- 
ysis Situs." 

The  opening  (September)  number  of  volume  17  of  the 
Annals  of  Mathematics  contains  the  following  papers:  "A 
functional  equation  in  the  kinetic  theory  of  gases,"  by  T.  H. 
Gronwall;  "Demonstration  simplifi6e  du  th6oreme  fonda- 
mental  de  M.  Montel  sur  les  families  normales  de  fonctions," 
by  C.  DE  LA  Vall£e  Poussin;  "Functions  which  map  the  in- 
terior of  the  unit  circle  upon  simple  regions,"  by  J.  W.  Alex- 
ander, 11;  "The  iteration  of  functions  of  one  variable,"  by 
A.  A.  Bennett. 

The  following  courses  in  mathematics  are  announced  for 
the  present  winter  semester: 

Technical  School  at  Delft. — By  Professor  W.  J.  v- 
Raat:  Determinants  and  introduction  to  the  calculus,  three 
hours;  Descriptive  geometry,  three  hours;  Kinematics  and 
equilibrium,  three  hours. — By  Professor  W.  A.  Versluts: 
Higher  algebra  and  foundations  of  the  calculus,  five  hours; 
Advanced  calculus,  three  hours. — ^By  Professor  J.  A.  Schou- 
ten:  Chapters  of  higher  algebra,  one  hour;  Analytic  geometry, 
two  hours;  Methods  of  projection,  four  hours;  Curves  on  given 
surfaces,  four  hours. — By  Professor  J.  G.  Rutgers:  Plane 
analytic  geometry,  two  hours;  Analytic  geometry  of  space, 
two  hours;  Projective  methods,  four  hours;  Curves  on  given 
surfaces,  four  hours. — By  Professor  J.  Cardinaal:  General 
djoiamics,  two  hours;  Kinematics,  two  hours;  Introduction  to 
general  kinematics,  two  hours;  Advanced  kinematics,  two 
hours. — ^By  Professor  J.  Klopper:  Introduction  to  mechanics, 
one  hour;  Graphical  methods,  three  hours;  Applied  mechanics, 
three  hours. 
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University  op  Munich. — ^By  Professor  F.  Lindemann: 
Analytic  mechanics,  four  hours;  Introduction  to  the  theory 
of  ordinary  and  partial  diiferential  equations,  four  hours; 
Theory  of  higher  algebraic  curves,  two  hours;  Seminar,  two 
hours. — By  Professor  R.  v.  Seelinger:  Figures  of  the  planets 
and  introduction  to  the  theory  of  potential,  four  hours. — 
By  Professor  A.  Voss:  Differential  calculus,  four  hours; 
Analytic  geometry  of  curves  and  surfaces,  four  hours. — ^By 
Professor  A.  Pringsheim:  Elements  of  the  theory  of  functions, 
five  hours. — By  Professor  A.  Sommerfeld:  Thermodynamics 
and  the  kinetic  theory  of  gases,  four  hours;  Seminar,  two 
hours. — By  Professor  H.  Brunn:  Elements  of  higher  mathe- 
matics, four  hours. — By  Dr.  F.  Hartogs:  Descriptive  ge- 
ometry, with  exercises,  eight  hours. — ^By  Dr.  F.  Bohm: 
Selected  chapters  of  mathematical  statistics,  two  hours; 
Elements  of  the  calculus  of  insurance,  two  hours;  Seminar, 
two  hours. — By  Dr.  H.  Dingler:  Elementary  mathematics, 
four  hours. — By  Dr.  A.  Rosenthal:  Integral  calculus,  with 
exercises,  five  hours. 

University  op  Strassburg. — ^By  Professor  F.  Schur: 
Analytic  geometry  of  two  and  three  dimensions,  four  hours; 
Selected  chapters  of  differential  geometry,  two  hours;  Seminar, 
two  hours. — ^By  Professor  G.  Faber:  Differential  and  integral 
calculus,  four  hours;  Elliptic  functions,  two  hours;  Seminar, 
two  hours. — ^By  Professor  M.  Simon:  History  of  mathematics 
in  ancient  times,  two  hours. — By  Professor  J.  Wellstein: 
Graphical  statics,  three  hours. — ^By  Professor  S.  Epstein: 
Analytic  treatment  of  projective  geometry,  two  hours. — ^By 
Dr.  A.  Speiser:  Perspective,  two  hours. 

At  Brown  University  Professor  R.  G.  D.  Richardson  has 
been  made  full  professor  and  head  of  the  department  of 
mathematics. 

At  Dartmouth  College  Drs.  R.  D.  Beetle  and  F.  M. 
Morgan  have  been  promoted  to  assistant  professorships  of 
mathematics. 

Dr.  Bessie  I.  Miller  has  been  appointed  professor  and 
head  of  the  departments  of  mathematics  and  physics  at 
Rockford  College. 
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At  the  University  of  North  Dakota  Professor  R.  R. 
Hitchcock  has  been  made  full  professor  and  head  of  the 
department  of  mathematics. 

At  Harvard  University  Dr.  E.  V.  Huntington  has  been 
promoted  from  an  assistant  professorship  to  an  associate 
professorship  of  mathematics. 

At  the  University  of  Michigan  Junior  Professors  Peter 
Field,  L.  C.  Karpinski,  and  T.  R.  Running  have  been  pro- 
moted to  associate  professorships  of  mathematics.  Drs. 
Tomlinson  Fort  and  T.  H.  Hildebrandt  have  been  pro- 
moted from  instructorships  to  assistant  professorships  of 
mathematics.  Dr.  A.  L.  Nelson  has  been  appointed  in- 
structor in  mathematics. 

At  the  University  of  Illinois  Dr.  J.  B,  Shaw  has  been  pro- 
moted from  an  assistant  professorship  to  an  associate  pro- 
fessorship of  mathematics.  Dr.  L.  T.  Wilson  has  been 
appointed  instructor  in  mathematics.     • 

At  Vassar  College  Dr.  Louise  D.  Cummings  has  been  pro- 
moted from  an  instructorship  to  an  assistant  professorship 
of  mathematics.  Dr.  Mary  E.  Wells  has  been  appointed 
instructor  in  mathematics. 

At  Iowa  State  College  Miss  J.  T.  Colpitts  has  been  pro- 
moted from  an  assistant  professorship  to  an  associate  pro- 
fessorship of  mathematics. 

At  Wesleyan  University  Dr.  J.  K.  Lamond  has  been  pro- 
moted from  an  instructorship  to  an  associate  professorship 
of  mathematics. 

At  Cornell  University  Dr.  Joseph  Slepian  has  resigned  his 
instructorship  in  mathematics,  to  enter  the  engineering  pro- 
fession. Mr.  H.  Betz  has  been  appointed  instructor  in 
mathematics. 

Dr.  Nathan  Altshiller,  of  the  University  of  Washington, 
has  been  appointed  instructor  in  mathematics  in  the  University 
of  Colorado. 

The  following  appointments  to  instructorships  in  mathe- 
matics are  announced:  Dr.  R.  B.  Robbins,  Sheffield  Scientific 
School;  Dr.  C.  E.  Wilder,  Pennsylvania  State  College;  Mr. 
W.  L.  Hart,  University  of  Montana. 
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NEW  PUBLICATIONS. 

1.    HIGHER  MATHEMATICS. 

Beroer  (P.).  Die  Zerlegung  der  Lagrange'schen  Resolventen  ftLr  die 
Kreisteilungsgleichungen  in  ihre  Pnmfaktoren.  Marburg,  1914. 
8vo.    42  pp.  M.  2.00 

BuBNOw  (N.)  und  Lbzius  (J.).  Arithmetische  Selbst&ndigkeit  der  euro- 
p&ischen  Kultur.  Ein  Beitrag  zur  Kulturgeechichte.  Berlin,  Fried- 
lander,  1915.    Gr.  8vo.    8+285  pp.  M.  10.00 

Emmerich  (A.).  Aufgaben  zu  den  Grundlehren  von  den  Koordinaten  und 
den  Kegelschnitten.    Essen,  Baedecker,  1915.    64  pp.    Geb.   M.  1.40 

Enriques  (F.).  Vorlesungen  tiber  projective  Geometrie.  Deutsche 
Ausgabe  von  Hermann  Fleischer,  mit  einem  Einftihrungswort  von 
Felix  Klein.    2te  Aufiage.    Leipzig,  Teubner,  1915.  M.  9.00 

Fleischer  (H.).    See  Enriques  (F.). 

Fricke  (R.)  .  Analytische  Geometrie.  (Leitf  aden  fttr  den  mathematischen 
und  technischen  Hochschulunterricht.)  Leipzig,  Teubner,  1915. 
8vo.    6+135  pp.    Geb.  M.  2.80 

Gellner  (H.).  Die  Anpassung  der  Altersgrenzen  an  den  konkreten  Fall. 
Jena,  1914.    8vo.     53  pp. 

HAtiDY  (G.  H.)  and  Riesz  (M.).  The  general  theory  of  Dirichlet's  series. 
Cambridge,  University  Press,   1916.    78  pp.  38.  6d. 

HiMBTEDT  (A.).  Ueber  Polyzonalkurven  4.  Ordnung.  Nordhausen,  1914. 
8vo.    23  pp. 

HCppner  (W.).  EHliptische  Koordinaten  der  Geraden  in  der  Ebene,  des 
Strahles  und  der  Ebene  im  Btindel.  Rostock,  1913.  8vo.  108  pp.  + 
6  Tafeln. 

Jordan  (C).  Cours  d'analyse  de  PEcole  polytechnique.  Tome  III: 
Calcul  integral  (Equations  diff^rentielles).  3e  ^tion.  Paris,  Gau- 
thier-Villars,  1915.    8vo.  Fr.  15.00 

Klein  (F.).    See  Enriques  (F.). 

KoscHMiEDER  (Q.).  Anweudung  der  elliptischen  Funktionen  auf  die 
Bestimmung  konjugierter  Pimkte  bei  Problemen  der  Variationsrech- 
nung.    Breslau,  1913.    8vo.    86  pp. 

Lezius  (J.).    See  Bubnow  (N.). 

LoNGLEY  (W.  R.).  Tables  and  formulas  for  solving  numerical  problems  in 
analytic  geometry,  calculus  and  applied  mathematics.  Revised  edi- 
tion.   Boston,  Ginn,  1915.     12mo.    6+37  pp.    Cloth.  S0.50 

Merrill  (H.  A.).  Selected  topics  in  college  algebra.  Privately  printed. 
Norwood,  Mass.,  Norwood  Press,  1914.  $1.10 

Netto  (E.)  Algebra.  (Grundlehren  der  Mathematik  fttr  Studierende  und 
Lehrer,  Iter  Teil,  2ter  Band.)  Leipzig,  Teubner,  1915.  Gr.  8vo. 
12+232  pp.    Geb.  M.  7.20 

Oppermann  (A.).  Carl  Friedrich  Gauss.  Braunschweig,  1914.  4to. 
27  pp. 
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RiEaz  (M.).    See  Hardt  (G.  H.). 

Roth  (L.).  Ueber  die  singul&ren  Stellen  des  Haupttangentenkurven- 
systems  einer  Flfiche.  (Diss.,  Techn.  Hochschule,  Mttnchen.)  Boma- 
Leipzig,  R.  Noske,  1914. 

ScHADELiN  (P.).  Eine  Regelfl&che  4.  Grades  mit  zwei  Doppelgeraden 
und  einer  Doppelerzeugenden.    Bern,  1914.    8vo.    48  pp.    M.  1.60 

ViLLANi  (N.).  L'eq^uazione  di  Fermat  re*  +  y*  =■  2*,  con  dimostrazione 
generiale.    Lanciano,  F.  Fanci,   1914.    Svo.    44  pp.  L.  3.00 

ZiSTLER  (P.).  Rationale  Polkurven  4.  Ordunung  und  die  Doppeltan- 
gententheorie  der  Kurven  4.  Ordnung  mit  drei  Doppelpunkten. 
Erlangen,  1913.    Svo.    40  pp.+l  TafeT. 

II.    ELEMENTARY  MATHEMATICS. 

Abercrombie  (J.)  et  Deoot  (G.).  Calculateur  commercial,  donnant  les 
Equivalents  en  frangais  des  prix,  poids  et  mesures  anglais  et  am^ricains 
et  vice  versa,  avec  une  mithode  simple  pour  trouver  le  cubage  des 
caisses  en  pieds  et  pouces.  Paris,  Impr.  de  la  Bourse,  1915.  12mo. 
16  pp.  Fr.  1.00 

Cardan  (G.).    See  Hefele  (H.). 

Degot  (G.).    See  Abercrombie  (J.). 

Harding  (A.  M.)  and  Turner  (J.  S.).  Plane  trigonometry.  New  York, 
Putnam,  1915.    $0.90.    With  tables,  $1.10. 

Hefele  (H.).  Des  Girolamo  Cardano  von  Mailand  (Btb-gers  von  Bologna) 
eigene  Lebensbeschreibung.  Uebertragen  und  eingeleitet  von  H. 
Hefele.    Jena,  Diedrichs,  1915.    27+224  pp.    Geb.  M.  6.50 

Ht^BNER  (M.).  Die  geschichtliche  Entwickelung  des  Rechenbretts. 
(Veraffentlichungen  des  stadtischen  Schulmuseiuns  zu  Breslau.) 
Breslau,  Hirt,  1914.     11  pp.  M.  0.10 

Kempthornb  (W.  B.).    See  Williams  (W.  H.). 

MtJLLER  (E.).    See  Thieme  (H.). 

Obero  (E.  v.).  Elementary  algebra.  New  York,  Industrial  Press,  1914. 
Paper.  $0.25 

Puntennt  (M.  E.).  Two  years*  work  in  numbers.  Oklahoma  City, 
Puntenny,  1914.  $0.30 

Radford  (E.  M.).  Mathematical  problem  papers.  Compiled  and  ar- 
ranged by  E.  M.  Radford.  2a  edition,  revised.  Cambridge,  Uni- 
versity Press,  1915.    Cr.  Svo.    204  pp.  48.  6d. 

.    Solutions  to  the  problem  papers.    Cambridge,  University  Press, 

1915.    Cr.  Svo.    6+560  pp.  10s.  6d. 

Rt^EFLi  (J.).  Eleines  Lehrbuch  der  Stereometrie.  FUr  Mittelschulen. 
Bern,  Francke,  1915.    68  pp.    Geb.  M.  1.20 

ScHXTBERT  (F.).  GrundzUge  der  ebenen  Geometrie.  Berlin,  1915.  Svo. 
8+223  pp.    Geb.  M.  2.80 

Thieme  (H.).  Leitfaden  der  Mathematik  fOr  Lyzeen.  Bearbeitet  von 
E.  Tschamtke.    Leipzig,  Freitag,  1915.    99  pp.  M.  1.30 

.    Leitfaden  der  Mathematik  ftir  Oberlyzeen.    Bearbeitet  von  E. 

MtiUer.    Leipzig,  Freytag,  1915.     137  pp.  M.  1.70 
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TscHARNTKE  (E.).    See  Thibme  (H.). 

TscHENTSCHER  (A.).    See  Wacke  (R.). 

Turner  (J.  S.).    See  Harding  (A.  M.). 

Wacke  (R.)  und  Tschentscher  (A.).  Rechenbuch,  bearbeitet  nach  dem 
Grundlehrplan  ftir  die  Volksschulen  Gross-BerUns  vom  8.  12.  1913. 
Berlin,  Union  Deutsche  VerlagsgeseUschaft,  1914.     11  Hefte.    716  pp. 

M.3.S5 

Williams  (J.  H.  and  K.  P.).  Plane  geometry.  Chicago,  Lyons  and 
Camahan,  1915.    8vo.    264  pp.    Cloth. 

Williams  (K.  P.).    See  Williams  (J.  H.). 

Williams  (W.  H.)  and  Kempthorne  (W.  B.).  Elementary  algebra, 
complete;  shorter  course.    Chicago,  Lyons  and  Camahan,  1914.    $1.25 

.    Second  course  in  algebra.    Chicago,  Lyons  and  Camahan,  1914. 

S0.80 

III.    APPLIED  MATHEMATICS. 

Abraham  (M.).  Theorie  der  Elektrizitat.  (2  Bande.)  Band  2:  Elek- 
tromagnetische  Theorie  der  Strahlung.  3te  Aufiage.  Leipzig,  1914. 
Gr.Svo.     10+402  pp.    Geb.  M.  11.00 

Ahlfeld  (W.).  Einfluss  von  Wind  und  Luftdruck  auf  die  Hohe  dea 
Meeresspiegels.    Kiel,  1913.    Svo.    28  pp. 

Alt  (H.).  Zur  Theorie  der  Geschwindigkeits-  und  Beschleimigungspl&ne 
einer  komplan  bewegten  Ebene.  (iKss.)  Dresden,  1914.  Lex.  8vo. 
5+73  pp.  M.  4.50 

Angersbach  ( — .).  Das  Relativit&tsprinzip  in  elementarer  Behandlung. 
Weilburg,  1914.    4to.    26  pp. 

AuERBACH  (F.).  Die  Physik  im  Kriege.  Allgemein  verstandliche  Dar- 
stellung  der  Grundlagen  modemer  Kriegstechnik.  Jena,  1915.  8vo. 
194  pp.  M.  3.00 

Ball  (W.  V.)*  Reminiscences  and  letters  of  Sir  Robert  Ball.  London, 
Cassell,  1915.  16s. 

Bartlett  (D.  p.).  General  principles  of  the  method  of  least  squares,  with 
applications.  3d  edition.  Boston,  D.  P.  Bartlett,  1915.  8vo.  4+142 
+  9  pp.    Cloth.  $2.25 

Baumann(A.).    Der  Planet  Mars.     Zurich,  1913.    Svo.    64  pp.     M.2.50 

BiANCHi  (E.).  Tavole  astronomiche  per  la  determinazione  del  punto. 
(Istituto  centrale  aereonautico.)  Koma,  tip.  Unione  ed.,  1914.  Svo. 
15+84+16+24  pp. 

Blaikie  (J.).    Peeps  at  the  heavens.     New  York,  Macmillan,  1912.    $0.55 

Brahe  (T.).  Tychonis  Brahe  Dani  opera  omnia.  Edidit  I.  L.  E.  Dreyer. 
Tome  I.  Copenhagen,  Gyldendalske  Boghandel,  Nordisk  Forlag, 
1913.    59+320  pp. 

Calendario  del  R.  osservatorio  astronomico  al  collegio  romano  in  Roma. 
Anno  36  (1915).    Roma,  tip.  Unione  ed.,  1915.     16mo.    64  pp. 

Cardaun  (L.).  Messungen  am  Bogen-  und  Funkenspektrum  des  Queck- 
silbers in intemationalen Normalen.     Gr.Svo.    33pp.  M*  1.50 

Crommeun  (A.  C).    Star  world.     Baltimore,  Warwick  and  York,  1915. 

$0.40 
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Dechend  (A.  Y.)  •  Ueber  die  genaue  Messung  der  Lichtbrechung  in  Gasen. 
Heidelberg,  1913.    8vo. 

DiSLS  (H.).  Antike  Technik.  Sechs  Vortrfige.  Leipzig,  Teubner,  1914. 
6+140  pp.    Geb.  M.  4.40 

Drbyer  (I.  L.  E.).    See  Brahb  (T.). 

Gadevohl  (A.).  Die  Stabilit&t  der  Meeresstromungen  im  Nordatlanti- 
schen  Ozean  gUdlich  SO""  N.  Br.  im  Herbst.  Kiel,  1913.  19  pp.+l 
Karte. 

Gans  (R.).    See  Weber  (R.  H.). 

Gratz(L.).  Kurzer  Abrias  der  Elektrizit&t.  SteAuflage.  Stuttgart,  1915. 
Gr.  8vo.    8+208  pp.    Geb.  M.  3.60 

Guerrieri  (E.).  Stelle  variabili  del  tipo  di  Algol,  da  osservarsi  in  Italia 
durante  il  1915:  epoche  calcolate.    Napoli,  1914.    16  mo.    17  pp. 

Hbigel  (K.  T.  v.).  Benjamin  Thompson,  Graf  v.  Rumford.  MUnchen, 
1915.    Lex.  8vo.    30  pp.  M.  1.00 

HoTOPP  (L.).    See  Keck  (W.). 

Keck  (W.).  Vortrfige  tkber  Mechanik  als  Grundlase  fOr  das  Bau-  und 
Maschinenwesen.  3ter  Teil:  Allgemeine  Mechanik.  2te  Auflage, 
bearbeitet  von  L.  Hotopp.    Hannover,  1915.  M.  11.00 

KOtter  (E.).  Ueber  den  Grenzfall,  in  welchem  ein  ebenes  Fachwerk  von 
n  Knotenpunkten  und  2n-3  St&ben  oder  ein  rftumliches  Fachwerk 
von  n  Knotenpunkten  und  3n  -  6  St&ben  nicht  mehr  statisch  bestimmt 
ist.    Berlin,  Verlag  der  Akademie  der  Wissenschaften,  1913. 

Lange  (M.).  Das  Schachspiel  und  seine  strategischen  Prinzipien.  (Aus 
Natur  und  Geisteswelt,  Band  281.)  2te  Auflage.  Leipzig,  Teubner, 
1914.    12mo.    4+108  pp.    Geb.  M.  1.25 

Lenz  (K.).  Die  Rechemnaschinen  und  das  Maschinenrechnen.  (Aus 
Natur  und  Geisteswelt,  Band  490.)  Leipzig,  Teubner,  1915.  12mo. 
6+114  pp.    Geb.  M.  1.25 

Masche  (W.).  Physikalische  Uebunsen.  Ein  Leitfaden  ftlr  die  Hand  des 
Schtllers.  Teil  3:  Akustik  una  Optik.  Leipzig,  Teubner,  1915. 
Gr.  8vo.    51  pp.  M.  0.80 

NXbauer  (M.).  GrundzUge  der  Geod&sie,  mit  Einschluss  der  Auscdei- 
chungsrechnung.  (Handbuch  der  angewandten  Mathematik,  ner- 
ausgegeben  von  H.  £.  Timerding,  3ter  Teil.)  Leipzig,  Teubner,  1915. 
8vo.     16+420  pp.    Geb.  M.  9.60 

Otzbn  (R.).  Praktische  Winke  zum  Studium  der  Statik  und  zur  Anwen- 
dung  ihrer  Gesetze.  Ein  Handbuch  fUr  Studierende  und  praktisch 
tatige  Ingenieure.  2te  vermehrte  und  verbesserte  Auflage.  Wies- 
baden, 1914.  M.  5.40 

PoTiNECKE  (R.).  Fallversuche  im  luftleeren  Raume.  Iter  Teil.  Magde- 
burg, 1914.    4to.     19  pp.  M.  1.50 

ScHLEE  (P.).  SchQlerUbungen  in  der  elementaren  Astronomie.  2te 
Auflage.    Leipzig,  1915.    Gr.  8vo.     15  pp.  M.  0.50 

ScHREiTER  (O.).  Das  exzentrische  Schub-Kurbelgetriebe,  eine  analytische 
Betrachtung.     (Diss.)    Rostock,  1914. 

ScHULZB  (F.  A.).    See  Weber  (R.  H.). 

Spanttth  (J.).  Untersuchung  eines  automatisch  geteilten  Kreises.  Leip- 
zig, 1913.    Gr.  8vo.    41  pp. 
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TiMERDiNO  (H.  E.).    See  Nabauer  (M.). 

TscHERNiovsKT  (A.).  La  mesure  des  hauls  potentiels  par  Temploi  d'^1- 
ectrom^tres  sous  pression.    Geneve,  1913.    8vo.    32  pp.        M.  1.60 

Valentiner  (S.).  Die  Grundlagen  der  Quantentheorie  in  elementarer 
Darstellung.    Braunschweig,  1914.  M.  2.G0 

.    Anwendungen  der  Quantenhypothese  in  der  kinetischen  Theorie  der 

festen  Korper  und  der  Gase.    In  elementarer  Darstellung.    Braun- 
schweig, 1914.  M.  2.60 

Weber  (R.  H.)  und  Gans  (R.).  Repertorium  der  Physik.  Iter  Band,  Iter 
Teil:  Mechanik,  Elektrizit&t.  Hydrodynamik  und  Akustik,  bearbeitet 
von  R.  Gans  und  F.  A.  Schulze.  Leipzig,  Teubner,  1915.  8vo. 
434  pp.    Cloth.  M.  8.00 

Weinreich  (W.).  Ueber  den  Temperaturverlauf  in  stromdurchflossenden 
Drfihten,  besonders  im  Fall  von  Wechselstrom.  Heidelberg,  1913. 
8vo.    68  pp.  M.  1.80 

Wbtrauch  (J.  J.).  Robert  Mayer  zur  Jahrhundertfeier  seiner  Geburt. 
Mit  zwei  Bildnissen  und  einer  Darstellung  der  Totenmaske  Robert 
Mayers.    Stuttgart,  K.  Wittwer,  1915. 

WiECHERN  (W.).  Experimentelle  und  theoretische  Untersuchungen  uber 
die  teilweise  Polarisation  des  im  Magnetfelde  emittierten  Lichtes. 
Gottingen,  1913.    8vo.    43  pp. +3  Tafehi,  M.  2.00 

ZoTH  (O.).  Ueber  die  Natur  der  Mischfarben  auf  Grund  der  Undular 
tionshypothese.    Braunschweig,  1914.  M.  2.80 
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CONCERNING  ABSOLUTELY  CONTINUOUS 
FUNCTIONS. 

BT  PBOFESSOR  M.  B.  PORTER. 

In  a  paper  ''Sulle  funzioni  integral! "  published  in  1905  in 
the  AtH  deUa  R.  Accademia  deUe  Scienze  di  Torino,  Vitali 
defined  an  important  class  of  functions  of  limited  variation 
to  which  he  gave  the  name  of  absolutely  continuous  functions. 
He  defines  these  functions  as  follows: 

Let  F{z)  be  a  finite  function  of  the  real  variable  x  in  an 
interval  (a,  b),  where  a  <  b,  and  let  (or,  )8)  be  a  partial  interval 
of  (a,  6),  a  ^  a  <  )8  ^  b.  Call  F(fi)  -  F{a)  the  increment 
of  F{x)  in  (a,  )8).  Call  the  sum  of  such  increments,  if  it  is 
finite  and  determinate,  over  a  group  of  distinct  (a,  i8)-intervals, 
the  incremerU  of  F{x)  in  this  group;  then,  if  for  every  <r  >  0 
there  exists  a  /i  >  0  such  that  the  modulus  of  the  increment  of 
F{x)  over  every  group  of  intervals  of  sum  less  than  /i  is  less 
than  a,  then  F{x)  is  said  to  be  absolutely  continuous  in  (a,  6). 
Vitah  then  shows  that  F(x)  is  a  continuous  function  of  limited 
variation,  while  continuous  functions  of  limited  variation  are 
not  all  absolutely  continuous,  and  establishes  among  others 
the  following  important 

Theorem.    F{x)  -  F(a)  =  j  AF{x)dx,    where    j  AF  de- 

notes  the  Lebesgue  integral  of  one  of  the  derivates  of  F(x);  and 
absoltUely  continuous  functions  are  the  only  ones  possessing 
this  property.* 

Lebesgue  had  already  shown  that  the  derivates  of  con- 
tinuous functions  of  limited  variation  are  summable  and  that 
in  certain  special  cases  the  Lebesgue  integral  is  the  primitive 
function.  Vitali's  necessary  and  sufficient  condition  completes 
Lebesgue's  theory  in  an  important  particular  and  shows  that 
absolutely  continuous  functions  constitute  an  important 
generalization  of  the  class  of  analytic  functions,  and  just  as 
analytic  functions  can  frequently  be  defined  by  general 
descriptive  properties  it  is  to  be  expected  that  such  properties 
might  exist  for  Vitali's  functions.  It  is  the  purpose  of  this 
paper  to  show  that 

*  For  a  proof  of  this  theorem  see  Vall^  Poussm's  Cours  d' Analyse, 
Tome  1,  §  265,  3d  edition. 
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Theorem  I:  A  contintums  function  of  limited  variation, 
whose  derivates  are  infinite  only  over  a  denumerable  point  set  E, 
is  absolutely  contimums. 

We  first  remark  that  in  virtue  of  a  theorem  of  W.  H.  Yomig* 
the  set  E  will  always  be  either  denumerable  or  of  the  power 
of  the  continuum.  The  inverse  theorem  is  not  true,  for  we 
shall  show,  by  means  of  examples,  that  absolutely  continuous 
functions  exist  with  infinite  derivates  over  any  assigned 
point  set  of  measure  zero. 

To  prove  Theorem  I,  first  consider  the  case  where  F(x)  is 
monotone  increasing.    Thenf 

tAJ{x) '^  A  r  AF{x)d^, 

so  that  A  I    AF(x)dx  is  finite  whenever  AF(x)  is  finite.    We 

have  now  but  to  apply  Valine  Poussin's  generalization  of 
Scheeffer's  theorem  (page  101,  ibid.)  to  see  that 


r 


AF(,x)dx  =  F(x)  -  F(a), 

which  proves  that  F(x)  is  absolutely  continuous. 
To  prove  the  general  case  we  have  but  to  note  that 

r  I  AF(x)  I  dx  ^  ('kF{x)dx  ^  -  r  I  A^(a;)  |  dx 

and  again  apply  Scheeffer's  theorem. 

As  a  corollary,  we  have  that  if  the  derivates  become  infinite 
over  a  reducible  set,  F{x)  is  absolutely  continuous. 

We  shall  now  show  that  no  further  generalization  is  possible. 
To  do  this  consider  the  function§  <f>(x)  defined  as  follows: 

Starting  with  any  null  set  E  and  a  number  c,  we  take  a 
set  of  intervals  atj  such  that 


Pi  =  E  OCiJ  ^ 


2»' 


•  Arkiv  f&r  Maiematikf  Asironomi  och  Fysikf  vol.  1,  Stockholm,  1903, 
or  see  Hobson's  Theory  of  Functions  of  a  Real  Variable,  p.  285,  for  an 
account  of  Young's  work. 

t  Cf.  Valine  Pouflsin:  Cours  d' Analyse,  vol.  1,  p.  275. 

t  AF  denotes  the  upper  right-hand  derivate  of  F(x), 

§  See  Vall^  Poussin,  loc.  cit.,  vol.  1,  p.  100,  bottom. 
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SO  that 

1 

The  points  of  E  are  now  enclosed  in  the  open  intervals  a»y, 
so  that  each  point  is  inside  of  an  infinite  number  of  intervals, 
and  <f>(x)  is  defined  to  be  the  sum  of  all  the  a-intervals  or  parts 
thereof  which  lie  to  the  left  of  x. 

Thus  <l>{x)  is  monotone  and  can  easily  be  shown  to  be 
absolutely  continuous  as  follows: 

Iti  +  j  =  Nis  chosen  suflSciently  large,  the  (l>jf{x)  formed 
for  this  finite  set  of  intervals  will  be  absolutely  continuous 
and  as  near  as  we  please  to  <l>(x)  for  all  values  of  x.  Hence 
<l>{x)  is  absolutely  continuous. 

If  the  set  E  is  not  an  inner  limiting  set,  the  set  E"  = 
E  +  E,  which  lies  inside  an  infinite  number  of  a  intervals, 
will  be  such  a  set,  and  <f>(x)  will  have  an  infinite  derivative  at 
all  the  points  of  E"  and  no  others.  _The  set  E  may  itself  be 
an  inner  limiting  set,  in  which  case  E  =  0. 

It  would  be  interesting  to  determine  whether  all  absolutely 
continuous  functions  are  of  the  form 

Fix)  +  4>{x\ 

where  F{x)  has  limited  derivates. 
Austin,  Texas. 

ON  THE  REPRESENTATION  OF  NUMBERS  IN  THE 
FORM  7?  +  f  +  7?-  Zxyz. 

BT  PROFE8SOB  B.  D.  CABMICHAEL. 

(Read  before  the  American  Mathematical  Society,  August  3,  1915.) 

If  by  g{x,  y,  z)  we  denote  the  form 
(1)    gi^s  y,z)  =  a^+y^  +  s?—  Zxyz 

=  (a  +  y  +  z){x'^  +  y^  +  z^  -  xy  -  yz  -  zx), 
then  it  is  well  known  that 

g{^f  y>  2)  •  giMf  ^i  ^)  =  ^(^  +  yw  +  zv,  Qcv  +  yu  +  zw, 

XW+  yv  +  zu). 
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By  interchanging  the  r61es  of  v  and  w,  we  also  have 
g(x,  y,  2)  •  giu,  «,  w)  =  g{xu  +  yv  +  zw,xw+  yu  +  zd, 

XV  +  yw  +  zu). 

Obviously  these  two  representations  of  the  product  are  iden- 
tical iiv  =  w.  Since  ^  is  a  symmetric  function  of  its  arguments 
it  is  easy  to  see  that  they  are  identical  in  each  of  the  following 
six  cases:  v  =  w,  v  =  u,  w  =  u,  x  =  y,  x  =  z,  y  =  z.  On 
the  other  hand  if  we  assume  that  the  two  representations  are 
identical  we  are  led  to  one  of  the  preceding  six  equalities. 
Thus  we  have  the  following  theorem:* 

Theorem  I.  //  r,  9,  t  haw  either  of  the  two  sets  of  values 
(fi,  81,  ti)  and  (r2,  8%,  fe),  where 

fi  =  a;w  +  yw?  +  zr,        r2  =  XU  +  yv-\-  zw, 

(2)  81^  OCV  +  yu-{-  zw,        82  =  xw  +  yu-\-  zv, 

ti=  xw  +  yv  +  zu,        t2  =  XV  +  yw  -\-  zu, 
then 

9(x,  y,  z)  '  g{u,  v,  w)  =  g{r,  8,  t). 

In  order  that  the  two  expressions  g{r,  s,  t)  shall  he  non-4dentical 
it  is  necessary  and  sufficient  that  each  of  the  two  sets  {x,  y,  z) 
and  {u,  V,  w)  shall  consist  of  distinct  members. 

It  may  be  observed  that  for  each  set  of  values  (r,  s,  t)  we 
have 

f  +  *  +  ^=  (ic  +  y  +  z){u  +  «  +  w). 

K  a  and  h  are  both  representable  in  the  form  g,  then  the 
product  ah  is  representable  in  the  same  form,  as  is  seen  from 
the  foregoing  theorem.  The  question  arises  as  to  whether 
all  the  representations  of  ah  are  obtained  by  means  of  The- 
orem I  from  the  representations  of  a  and  6.  That  this  is  to  be 
answered  in  the  negative  follows  from  the  simplest  examples. 
Thus  it  is  easy  to  show  that  2  is  represented  in  the  form  g 
in  only  one  way,  namely,  2  =  ^(1,  1,  0).  From  this  and 
Theorem  I  we  have  4  =  g{2,  1,  l),the  two  sets  (r,  s,  t)  being 
equivalent  in  this  case.  But  we  have  ajso  4  =  ^(1,  1,  —  1). 
lliat  is,  4  is  capable  of  a  representation  in  the  form  g  not 
obtainable  by  means  of  Theorem  I  from  the  representation  of 
its  proper  factors. 

*  The  result  in  this  theorem  is  well  known,  as  we  have  just  pointed  out. 
The  remaining  theorems  in  the  paper  are  believed  to  be  new. 
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From  these  two  representations  of  4  it  follows  that  a 
number  may  be  represented  in  two  ways  by  the  form  g  and 
yet  these  representations  not  result  from  writing  the  product 
of  its  factors  in  two  ways  in  the  form  g  by  means  of  Theorem  I. 
Two  other  examples  illustrating  this  are  afforded  by  the  follow- 
ing relations:  20  =  ^(3,  1,  1)  =  g{l,  7,  6);  91  =  ^(6,  4,  3) 
=  ^(31,  30,  30). 

We  observe  that  if  the  numbers  x,  y,  z,  u,  v,  w  in  Theorem  I 
are  all  non-negative  then  r,  8,  t  are  likewise  non-negative. 
This  leads  us  to  consider  the  problem  of  the  representation  of 
numbers  in  the  form  g  when  the  arguments  are  restricted  to 
be  non-negative.  The  fundamental  theorem  here  is  the  fol- 
lowing: 

Theorem  II.  Every  prime  number  p  other  than  3  is  rep- 
resentable  in  one  way  and  in  only  one  way  in  the  form 

(3)  p  =  g{x,  ysz)=a^  +  f  +  s?-  3xyz, 

where  the  arguments  x,  y,  z  are  restricted  to  be  nonHiegaUve. 
In  order  to  prove  this  let  us  seek  to  put  p  in  the  form 

p  =  ix  +  y+  zXs?  +  y^  +  ^  —  xy  —  yz  —  zx). 

Since  the  numbers  x,  y,  z  are  to  be  non-negative  it  is  clear  that 
this  equation  can  be  satisfied  only  when 

(4)  x  +  y  +  z  =  p,    a?  +  y^  +  s?  —  xy  —  yz  —  zx=l. 

Without  loss  of  generality  we  may  assume  that  «  ^  y  ^  z, 
and  this  we  do.    Let  us  write 

X  =  u  +  z,    y=«  +  z. 

Then  u,  v,  and  u  —  v  are  non-negative  numbers.     Equations 

(4)  may  now  be  written 

(5)  Sz  +  u  +  V  =  p,    u^  —  uv  -\-  rP  ==  1. 

From  the  latter  equation  we  have  (u—  v)^  +  uv  =  1.  From 
this  it  follows  that  w  =  «=l  ort^=l,  «  =  0.  From  the 
first  equation  in  (5)  we  see  that  the  former  set  must  be  used 
when  p  is  of  the  form  dk  +  2  and  the  latter  when  p  is  of  the 
form  3A:  +  1,  in  order  that  z  shall  be  an  integer.  In  either 
case  u,  V,  z,  and  therefore  x*  y,  z,  are  uniquely  determined. 
Hence  the  theorem. 
Now  g(2,  1,  0)  =  9.    From  this  fact  and  Theorems  I  and  II 
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it  follows  that  every  positive  number  is  representable  in  the 
form  g{Xy  y,  z)  with  non-negative  arguments  with  the  possible 
exception  of  tiiose  of  the  form  3t,  where  t  is  not  divisible  by  3. 
Now,  we  have 

g{x,  y,z)=^  (x  +  y  +  z){(x  +  y  +  z)^  -  Zixy  +  xz+yz)]. 

If  the  second  member  of  this  equation  is  divisible  by  3,  so  is 
x  +  y  +  z,  and  therefore  this  second  member  is  divisible  by 
9  (whatever  signs  x,  y,  z  may  have).  Hence  the  form  g{Xy  y,  z) 
does  not  contain  any  number  St  where  t  is  an  integer  prime  to  3. 
Thence  we  have  the  following  theorem: 

Theorem  III.  The  positive  integers  which  may  be  represented 
in  the  form  g{x,  y,  z)  include  all  positive  integers  with  the  sole  ex* 
ception  of  those  which  are  divisible  by  3  but  not  by  9.  In  every 
case  the  arguments  x,  y,  z  in  the  represerUation  may  be  chosen 
so  as  to  be  all  rwnrnegative. 

If  X,  y,  z  are  allowed  to  be  negative  it  is  no  longer  true  that 
primes  are  always  uniquely  represented  in  the  form  g{x,  y,  z). 
Thus  we  have  7  =  ^(3,  2,  2)  =  g(2,  -  1,  0),  13  =  ^(5,  4,  4) 
=  flf(2,  —  2,  1).  Then  let  us  consider  more  generally  the 
representation  of  a  prime  p  in  the  form 

P  =  9(x,  y,z)  =  {x  +  y  +  z){pf  +  y^  +  z^  —  xy  —  xz  —  yz). 

Writing  x  =  u+  z,  y  =  v  +  z,  we  have 

(6)  p=  (3z  +  w  +  i?)(w2- wtJ  +  t^). 

Now  4(w^  —  uv-\-  rP)  =^  (u  +  v)^  +  3(w  —  vy,  so  that  u^  — 
UV  +  rP  is  not  negative.  Hence  from  (6)  it  follows  that  this 
expression  has  the  value  1  or  the  value  p.  Therefore  we 
have  to  examine  the  following  two  cases: 

(a)  u^  —  uv  +  r?  =  1,    Sz  +  u  +  V  =  p; 

(6)  u^  --  uv  +  r^  =  p,    3z  +  t^  +  «  =  1. 

Now  the  equation  t^^—'U«+u^=l,  or  (w+tj)^+3(w— 1^)^=4, 
has  only  the  solutions  obtained  in  the  proof  of  Theorem  11. 
Hence  case  (a)  gives  rise  only  to  the  representation  by  means 
of  non-negative  arguments  x,  y,*z  treated  in  Theorem  II. 

Let  us  next  consider  case  (6) .    We  have 

(7)  4p  =  (w  +  vy  +  3(w  -  vy. 
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Since  p  +  3  it  follows  from  this  that  p  s  1  mod  3,  so  that  p 
is  of  the  form  6n  +  1.  Equation  (7)  has  a  ^solution  for  every 
prime  p  of  the  form  6n  +  1  such  that  u+  v  =  1  mod  3.* 
Furthermore  u  +  v  and  u  —  v  are  obviously  both  odd  or 
both  even,  so  that  u  and  v  are  themselves  integers.  From 
the  second  equation  in  (6)  it  follows  now  that  z,  and  hence 
X  and  y,  are  integers.  Thus  we  have  a  representation  of  p 
in  the  desired  form  g{x,  y,  z),  one  at  least  of  the  arguments 
X,  y,  z  being  obviously  negative.  Furthermore  it  is  clear  that 
tlus  representation  is  unique  provided  that  4p  has  only  one 
representation 

4p  =  a^  +  36^,    a  >  0,    6  >  0, 

in  which  a  s  1  mod  3,  since  u  +  v  must  have  a  value  congruent 
to  unity  modulo  3  in  order  that  z  shall  be  an  integer.  This 
latter  fact  concerning  4p  we  shall  now  prove.  Let  4p  have 
the  representation 

4p  =  a^  +  3/3^,    a  >  0,    jS  >  0. 

Then  we  have 

(8)  16p2  =  (oa  +  2bpy  +  3(aP  -  aby  =^  (aa-  Sbpy 

+  3(aj8  +  ab)^ 
and 

(9)  4p(a^  -  a«)  =  3(afc  +  afi){ab  -  ojS). 

Hence  p  is  a  factor  of  ab  +  a/S  or  of  ab  —  a/3.  Suppose  that 
p  is  a  factor  of  ab  +  afi,  the  complementary  factor  being  s. 
Then  from  (8)  it  follows  that  p  is  a  factor  of  aa  —  Sbfi;  let  the 
complementary  factor  be  t.    Then  from  (8)  we  have 

16  =  <«  +  3*2. 

whence  <  =  4,  «  =  0  or  <  =  *  =  2.  If  the  former  solution  is 
taken,  we  find  from  (9)  that  a  =  a  and  hence  that  the  two 
representations  of  4p  are  identical.  If  we  take  the  latter  we 
have 

ab  +  aP=  2p,     aa  -  36/8  =  2p; 
whence  it  follows  readily  that 

2a  =  a  +  36. 

*  See  Bachmann's  Kreistheilung,  pp.  138-141. 
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Since  a  ^  1  mod  3  it  follows  that  a  s  2  mod  8.  In  a  similar 
way  one  may  treat  the  case  when  ab  —  afi  is  divisible  by  p 
and  with  a  similar  result.  Therefore  4p  can  be  represented  in 
the  form  a*  +  36^  in  only  one  way  provided  that  a  is  restricted 
to  be  congruent  to  unity  modulo  3.* 

We  are  thus  led  to  the  following  theorem: 

Theorem  IV.  A  prime  number  p  of  the  form  6n  +  1  may 
be  represented  in  one  and  in  only  one  way  in  the  form 

where  one  at  least  of  the  arguments  x,  y,  zis  negative.  No  other 
prime  number  has  such  a  representation.     (Compare  Theorem 

Let  us  next  consider  the  representation  of  p*  in  the  form 
g(Zj  yyz),p  being  a  prime  number  diflFerent  from  3.t  Writing 
a:  =  t^  +  z,  y  =  «  +  2>  we  have 

2>^  =  {Zz  +  u  +  v){u^  —  uv  -\-  rP). 

Since  u^  —  uv-\-  rP  cannot  be  negative  it  follows  that  there  are 
three  cases  to  be  examined,  namely: 

(a)  3z  +  u  +  V  =  p^,        u^  —  UV  +  v^  =  1; 

(6)  3z  +  u  +  V  =  p,         u^  —  uv  +  7^  =^  p; 

(c)  Sz  +  u  +  V  =  1,         u^  —  UV  +  r?  ^  p^. 

These  may  be  treated  by  the  methods  already  employed.  We 
take  up  the  cases  in  order. 

The  second  equation  in  (a)  has  the  two  solutions  u  =  v  =1; 
u  =  l,v  =  0,  and  no  others  (if  we  take  t^  ^  «,  as  we  may  with- 
out loss  of  generaUty ) .  Since  z  must  be  integral  it  follows  from 
the  first  equation  in  (a)  that  we  must  take  t^  =  1,  «  =  0.  We 
are  thus  led  to  the  following  conclusion: 

There  is  a  unique  representaiion  of  pl^  (jp  ^  S)  in  the  form 
9(^9  Vi  2)  subject  to  the  condition  a:  +  y  +  2  =  P^« 

In  case  (fc)  it  is  easy  to  show  from  the  second  equation  that 
p  is  of  the  form  6n  +  1 .    Proceeding  as  in  the  proof  of  Theorem 

*  As  a  corollary  of  this  argument  we  have  the  following  result: 
If  p  is  a  'prime  number  of  the  form  6n  +  1  then  4i)  can  he  represented  in 
tXDO  and  in  only  two  ways  in  the  form  a*  +  36*,  a  and  0  being  positive,  and  in 
one  of  these  ways  a  is  congruent  to  1  and  in  the  other  a  is  congruent  to  2 
moduLo  3. 

t  For  the  excluded  case  we  have  9  ■=  ^(2,  1,  0). 
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rV,  we  find  that  there  is  a  unique  solution  of  equations  (b) 
subject  to  the  condition  that  z  is  integral.    We  thus  conclude: 

In  order  that  p^  (p  4=  3)  shall  be  representable  in  the  form 
g{x,  y,  z),  with  the  condition  x  +  y+z  =  p,  i<w  necessary  and 
sufficient  that  p  be  of  the  form  6?i  +  1  and  this  representation, 
when  it  exists,  is  unique. 

In  case  (c)  the  second  equation  has  the  obvious  solution 
1^  =  i;  =  p.  This  solution  mil  yield  integral  z  only  when  p 
has  the  form  Zk  +  2.  The  solution  is  unique  for  such  p 
since  it  follows  from  the  theory  of  binary  quadratic  forms  that 
such  a  prime  power  p^  can  be  represented  in  the  form  u^  —  uv 
+  1?  only  when  i^  =  t^  =  port^  =  p,  tJ  =  0,  the  latter  solution 
giving  z  non-integral  in  the  present  case.  If  p  is  of  the  form 
3i  +  1  then  the  second  equation  in  (c)  has  the  solution  u  =  p, 
«  =  0;  this  gives  rise  to  integral  z  and  hence  to  a  representation 
of  the  kind  sought.  The  representation  in  this  case  is  not 
necessarily  unique,  since  the  second  equation  in  (c)  may  have 
a  second  solution  giving  rise  to  integral  z.  We  have  the  fol- 
lowing result: 

The  prime  power  p^  (p  4=  3)  can  be  represented  in  the  form 
g(x,  y,  z)  subject  to  the  condition  a:  +  y  +  2  =  1. 
University  of  Illinois. 


ON  THE  LINEAR  CONTINUUM. 

BT  DB.  BOBEBT  L.  MOOBE. 

(Read  before  the  American  Mathematical  Society,  April  24,  1915.) 

§  1.  IrUrodu^ction. 

In  the  Annals  of  Maihematics,  volume  16  (1915),  pages 
123-133, 1  proposed  a  set  0  of  eight  axioms  for  the  hnear  con- 
tinuum in  terms  of  point  and  limit.  Betweenness  was  defined,* 
and  it  was  stated  that  the  set  G  is  categorical  with  respect  to 
point  and  the  thus  defined  betweenness. f  In  the  present  paper 
it  IS  shown  that,  although  this  statement  is  true,  nevertheless 

*  See  Definition  3,  loc.  cit.,  p.  125. 

t  This  statement,  which  is  proved  in  the  present  paper,  implies  that  if 
K  is  any  statement  in  terms  of  point  and  betweenness,  then  either  it  follows 
from  Axioms  1-^  and  Definition  3  that  K  is  true  or  it  follows  from  Ajdoms 
1-^  and  Definition  3  that  K  is  false. 


Digitized  by 


Google 


118  ON  THE  LINEAR  CONTINUUM.  [DeC, 

G  is  not  absolviely  categorical,'^  that  is  to  say  it  is  not  cate- 
gorical with  respect  to  point  and  limit,  the  undefined  symbols 
in  terms  of  which  it  is  stated. 

An  absolutely  categorical  set  is  obtained  if  Axiom  5  is 
replaced  by  the  following  axiom. 

Axiom  5'.  If  ri  and  f2  are  two  mviuaUy  excliLsive,  non- 
complementary  rays,^  then  every  infinite  set  of  points  lying  in 
8  —  (fi  +  f2)  has  at  least  one  limit  point. 

§  2.  On  the  NorirCategoricity  of  the  Set  0. 

That  0  is  not  categorical  is  shown  by  the  existence  of  the 
following  examples  E  and  E^^.  The  letter  K  will  be  used  to 
denote  the  statement  that  the  point  P  is  a  limit  poini  of  the 
point  set  M  whenever  every  segment  containing  P  contains 
at  least  one  point  of  M  distinct  from  P. 

E^.  Let  the  space  5  be  an  ordinary  linear  continuum 
(0  <  a;  <  1)  but  interpret  the  statement  that  P  is  a  limit  point 
of  M  to  mean  that  P  is  a  limit  point  in  the  ordinary  sense  of 
a  rational  subset  of  M.  Here  Axioms  1-8  are  satisfied}  but 
statement  K  is  false. 

£.    Let  S  be  an  ordinary  linear  continuum  and  let  limit 

*  For  definition  of  categoiicity  (in  the  absolute  sense)  see  O.  Veblen. 
''A  system  of  axioms  for  geometry/'  Transactions  of  the  American  Mathe- 
matical Society,  vol.  5  (1904),  pp.  343-384. 

t  If  P  is  a  point  and  S  is  the  set  of  all  points,  and  jS  —  P  =  Sp  +  Sp", 
where  Sp'  and  Sp"  are  mutually  exclusive  connected  point  sets  neither  of 
which  contains  a  limit  point  of  the  other  one,  then  Sp  and  Sp**  are  called 
rays.  If  B  is  a  point  of  the  ray  Sp'  then  the  ray  Sp'  is  denoted  by  PB. 
The  ray  Sp'  is  said  to  be  complementary  to  (or  the  complement  of)  the 
ray  Sp'^'. 

t  That  Axiom  5  is  satisfied  in  this  example  mav  be  proved  as  follows.  In 
this  proof  the  phrase  ''limit  point''  (unitalicized)  has  its  ordinary  meaning 
while  "limit  'Mini**  (in  italics)  is  to  be  interpreted  as  defined  in  Et. 

Suppose  that  S  ^  K\-)r  Kt  where  Ki  and  Kt  are  mutually  exclusive 
point  sets.    There  are  two  cases  to  be  considered. 

Case  I.  Suppose  Ki  contains  no  rational  subset.  Then  Kt  contains 
the  set  of  all  rational  points.  But  every  point  of  /S  is  a  limit  point  of  this 
set.    Hence  every  point  of  Xi  is  a  limit  point  of  Xj. 

Case  II.  Suppose  Ki  ^  Ri  +  I\  ana  Kt  =  Rt-\-  7i,  where  R\  and  Rt 
are  composed  entirely  of  rational  points,  while  Ik  {h  ^  \^  2)  either  is 
vacuous  or  is  composed  entirely  of  irrational  points.  Suppose  K\  contains 
no  limit  point  of  At  and  Kt  contains  no  limit  point  of  Ru  Then  one  of  the 
point  sets  I\  and  1%  mujst  contain  a  limit  point  of  the  other  one.  Suppose 
i  1  contains  a  limit  point  of  Ji.  Since  every  point  of  Is  is  a  limit  pomt  of 
Ri-Y  Rt  but  not  of  12i,  therefore  every  point  of  Is  is  a  limit  point  of  12s.  It 
follows  that  I\  contains  a  limit  point  of  R\  and  therefore  Ki  contains  a 
limit  point  of  Kt. 
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point  have  its  usual  significance.    In  this  example  also  Axioms 
1-8  are  all  satisfied.    But  here  the  statement  K  is  true. 

From  the  existence  of  these  two  examples  it  is  clear  that 
neither  K  nor  its  contradictory  is  a  consequence  of  Axioms 
1-8.  Hence  this  system  of  axioms  is  not  absolutely  cate- 
gorical. 

§  3.  Consequences  of  Axioms  l-^t  6,  7. 

Theorem  A.    No  point  is  a  limit  point  of  a  finite  set  of  points. 

Theorem  A  is  a  consequence  of  Axioms  2  and  3. 

Theorem  B.    Every  ray  contains  infinitely  many  points. 

Theorem  B  is  a  consequence  of  Theorem  A  and  Theorem  1.* 

Theorem  C.  Every  ray  contains  an  infinite  set  of  points 
that  has  no  limit  point. 

Proof.  By  Axiom  7  there  exists  a  countable  set  of  points  R 
such  that  every  point  either  belongs  to  jR  or  is  a  limit  point  of  it. 
If  the  ray  AB  did  not  contain  infinitely  many  points  of  R, 
then,  by  Theorem  B,  Axiom  2  and  Theorem  A,  AB  would 
contain  a  limit  point  of  AB\  its  complement.  But  this  is 
contrary  to  Definition  2.  Hence  AB  and  R  contain  infinitely 
many  points  in  common.  Let  Pi,  P2,  Pz  be  the  set  of  all  such 
common  points.  By  Theorem  11  there  exists  a  point  Xi 
such  that  APiXi.  There  exists  Ki  such  that  AXiKi.  By 
Theorem  2,  AXi  contains  XiKi.  But  AXi  is  the  same  as  AB. 
Thus  AB  contains  XiKi.  But,  by  Theorem  4,  XiPiA. 
Therefore  Pi  is  on  XiA.  Consequently  Pi  is  not  on  Zii^i. 
Thus  the  ray  XiKi  lies  in  AB  but  does  not  contain  Pi.  Simi- 
larly there  exists  a  ray  X2K2  lying  in  XiKi  (and  therefore  in 
AB)  and  not  containing  P2.  Continue  this  process,  thus 
obtaining  two  sequences  of  points  Xi,  X2,  •  •  •  and  Ki,  K2,  •  •  • 
such  that  AB  contains  XfJKn,  X^Kn  contains  Xn+iKn+i  and 
XnKn  contains  no  point  of  the  set  Pi,  P2,  •  •  •,  Pn>  Suppose 
the  infinite  set  of  points  Xi,  X2,  Xs,  •  •  •  has  a  limit  point  X. 
The  points  X»4.i,  Xn+2,  Zn+a,  •  •  •  all  lie  on  XnKn*  Hence 
for  every  n,  X  lies  on  XnKn.  Now  A  is  not  on  XnKn»  Hence 
it  is  not  on  XnX.  Therefore  AXnX  is  true  for  every  n. 
Hence  XA  contains  every  Zn.  But  XnA  is  the  complement 
of  XnKn9  and  therefore  contains  Pi,  P2,  P3,  •  •  •,  Pn.  Further- 
more XA  contains  XnA.    Therefore  XA  contains  all  the  points 

*  Arabic  numerals  are  used  for  theorems  and  definitions  contained  in 
my  paper  ''The  linear  continuum  in  terms  of  point  and  limit,"  loc.  cit. 
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-Pi,  Pif  •  • ',  Pn.  But  there  exists  a  point  Y  such  that  AXY. 
Tie  rays  XY  and  XA  are  complementary.  Therefore  XY 
contains  no  Pn.  But  ZF  is  a  subset  of  AB.  Therefore  XY 
contains  no  point  of  it.  Hence  Y  is  not  a  limit  point  of  R. 
Thus  the  supposition  that  the  set  of  points  Xi,  X2,  ••  •  has 
a  limit  point  leads  to  a  contradiction. 

§  4.  Consequences  of  Axioms  1-4,  B',  6,  7. 

Theorem  D.*  There  do  not  exist  three  mutually  exclusive 
rays. 

Theorem  D  is  a  consequence  of  Axiom  5'  and  Theorem  C. 

Theorem  E.  If  P  is  a  limit  point  of  M  then  every  segment 
containing  P  contains  at  hast  one  point  of  M  distinct  from  P. 

Proof.  Let  AB  denote  a  segmentf  containing  P.  There 
exist  points  C  and  D  such  that  ABC  and  BAD.  The  ray  BC 
is  the  complement  of  BA,  while  AD  is  the  complement  of  AB. 
If  the  point  X  does  not  belong  to  the  segmerit  AB,  then,  by 
Theorems  14  and  4  and  Definition  3,  X  is  not  common  to  the 
rays  AB  and  BA.  Hence  if  no  point  of  M  except  P  is  in  the 
segment  AB  then  M  =  Mi  +  M2,  where  no  point  of  Mi 
except  P  is  in  AB  and  no  point  of  M2  is  in  BA.  But  P  is  in 
both  AB  and  BA.  Hence  P  is  a  limit  point  of  neither  Mi 
nor  ilf2.  Therefore,  by  Axiom  2,  P  is  not  a  limit  point  of  M. 
But  this  is  contrary  to  hypothesis. 

Theorem  F.  There  exists  a  countable,  everywhere  denset 
set  of  points. 

Theorem  F  is  a  consequence  of  Axiom  7  and  Theorem  E. 

It  follows!  from  Theorems  4-14  and  Theorem  F  that  the 
set  of  Axioms  1-7 1|  is  categorical  with  respect  to  point  and 
betweenness  as  defined  in  Definition  3. 

Theorem  G.  //  every  segment  containing  P  contains  at 
least  one  point  of  M  distinct  from  P  then  Pis  a  limit  point  of  M, 

Proof.  Between  8  and  the  linear  continuum  (0  <  a:  <  1) 
there  is  a  one-to-one  reciprocal  correspondence  that  preserves 

*  See  Axiom  6,  loc.  cit.,  p.  126. 

t  The  segment  AB  is  the  set  of  all  points  [X]  such  that  AXB. 

t  A  set  of  points  M  is  said  to  be  everywhere  dense  if  every  segment 
contains  a  point  of  M, 

§  See  G.  Cantor,  "Zur  BegrQndung  der  transfiniten  Mengenlehre,  I," 
Mathemaliache  Annalen,  vol.  46  (1895)^.  510. 

jl  It  is  to  be  noted  that  Theorems  ff  and  F  are  both  consequences  of 
Axioms  1-7  as  well  as  of  Axioms  1-4,  5',  6,  7. 
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order.  It  follows  that  M  contains  an  infinite  set  of  points 
Pi,  P%,  Pi,  •  •  •  such  that  for  every  segment  r  containing  P 
there  exists  n  such  that  Pn+i,  Pn+2t  -P»i+3,  •  •  •  all  lie  in  r. 
It  follows,  with  the  help  of  Axiom  5^  that  the  set  of  points 
Pi,  P2,  Pz,  •  •  •  has  at  least  one  limit  point  0.  Suppose  that 
0  is  distinct  from  P.  Then  there  exist  points  A,  B,  and  C  in 
the  order  APBOC.  There  exists  n  such  that  Pn+i,  Pn^2, 
Pn+3i  •  •  •  all  lie  in  the  segment  AB.  Hence  not  more  than  n 
points  of  the  set  Pi  +  P2  +  Ps  •  •  •  lie  in  the  segment  BC. 
Therefore,  by  Theorem  E,  Axiom  2  and  Theorem  A,  0  is 
not  a  limit  point  of  Pi  +  P2  +  Pa  •  •  • .  Thus  the  supposition 
that  P  is  distinct  from  0  leads  to  a  contradiction.  It  follows 
that  P  is  a  limit  point  of  Pi  +  P2  +  Pa  +  •  •  •  and  therefore 
of  if. 

§  6.  Conclusion. 

Theohem  H.  The  set  of  Axioms  1-4,  J',  6y  7  is  an  ahso- 
lutely  categorical  set  of  axioms  for  the  linear  continuum. 

Proof.  It  has  been  shown  that  this  set  of  axioms  is  cate- 
gorical with  respect  to  point  and  betweeiiness  as  defined  in 
Definition  3.  But  every  statement  in  terms  of  point  and 
limit  point  of  a  point  set  is,*  in  the  presence  of  tTiese  axioms 
and  Definition  3,  equivalent  to  a  statement  in  terms  of  point 
and  betweenness.  It  follows  that  the  set  of  Axioms  1-4,  5', 
6,  7  is  categorical  with  respect  to  point  and  limit  point  of  a 
point  set. 

That,  in  the  set  of  Axioms  1-4,  5',  6,  7,  Axioms  2,  3,  4,  5', 
and  6  are  independent  is  shown  by  Examples  Ik-Ee  of  my 
paper  in  the  Annals.  That  1  and  7  are  independent  in  this 
set  is  shown  by  the  following  examples,  Ei  and  £7. 

El.  S  is  an  ordinary  linear  continuum.  The  point  P  is 
a  limit  point  of  the  point  set  M  if  and  only  if  P  is  a  limit  point 
of  M  in  the  usual  sense  but  M  is  not  the  set  of  all  points. 

E/.t  8  is  the  set  of  all  real  number  pairs  (x,  y)  such  that 
0  <  a:  <  1  and  0  ^  y  ^  1.  The  point  {x\,  yi)  is  a  limit  point 
of  the  point  set  M  if,  and  only  if,  it  is  true  that  corresponding 
to  each  preassigned  positive  number  c  there  exists,  in  the  set 

*  See  Theorems  £  and  G. 

t  llie  example  E7  was  constructed  with  the  assistance  of  an  example 
given  by  Veblen  in  connection  with  his  postulate  of  uniformity.  Cf.  O. 
Veblen,  "Definition  in  t^rms  of  order  alone  in  the  linear  continuum  and  in 
welUoraered  sets,"  Transactions  of  the  American  MathemaHcal  Society. 
vol.  6  (1906),  p.  169. 
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My  a  point  (x,  y),  distinct  from  {xu  yi),  such  that  1)  |  a:  —  ari  | 
<  €,  2)  X  —  xi  =  0  and  |  y  —  yi  |  <  €,  in  case  yi  is  distinct 
from  0  and  from  1,  3)  a:  ^  xi  if  yi  =  0,  4)  a:  ^  xi  if  yi  =  1. 
University  op  Pennstlvania. 


A  PROBLEM  IN  THE  KINEMATICS  OF  A  RIGID 

BODY. 


BT  PROFESSOR  PETER  FIELD. 


The  problem  of  finding  the  acceleration  of  any  point  in  a 
rigid  body  when  the  accelerations  of  three  points  are  given, 
and  incidentally  of  finding  what  is  by  this  means  determined 
regarding  the  velocities,  has  received  but  little  attention.  A 
theorem  due  to  Burmeister  solves  the  problem  of  finding  the 
acceleration  of  any  point  in  the  plane  of  the  three  points 
whose  accelerations  are  given.  The  theorem  states:  "If  at 
four  coplanar  points  Pi,  P2,  Ps,  P4  the  accelerations  be  drawn, 
their  extremities  lie  in  a  plane  and  form  a  quadrilateral  which 
is  aflBne  with  the  quadrilateral  formed  by  the  four  points." 

R.  Mehmke*  and  J.  Petersenf  have  considered  lie  general 
case,  but  their  results  do  not  agree,  owing  to  an  oversight  in 
Petersen's  treatment.  While  their  work  is  independent,  the 
proof  in  both  cases  depends  directly  on  the  fact  that  when  the 
distance  between  two  points  is  constant  the  projections  of 
their  velocities  on  their  joining  line  are  equal  and  the  projec- 
tions of  their  accelerations  on  this  line  differ  by  co^Z,  /  being 
the  distance  between  the  two  points  and  co  the  angular 
velocity  of  the  line.  The  purpose  of  this  paper  is  to  show  that 
the  problem  can  be  solved  very  simply  by  using  the  expressions 
for  the  accelerations  which  are  ordinarily  given  in  t«rt;  books 
on  mechanics,  and  by  this  method  the  kinematical  meaning 
of  the  solution  is  also  evident. 

Let  there  be  given  the  accelerations  at  three  points.  It  is 
proposed  to  find  what  can  be  determined  regarding  the  kine- 
matical state  of  the  body  at  the  given  instant.  As  the  accel- 
eration at  any  point  in  the  plane  of  the  three  points  can  be 

*  Festschrift  siir    Feier    des    50jahrigen    Bestehens  der  technischen 
Hochschule  Dannstadt,  page  77. 
t  Kinematik,  page  46. 
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found  by  Burmeister's  theorem,  it  is  no  restriction  to  assume 
that  the  points  (jxq,  yo,  zo),  {^u  Vu  21)*  i^f  ^>  22)  whose  accelera- 
tions are  given  have  at  the  given  instant  the  coordinates 
(0,  0,  0),  (1,  0,  0),  (0,  1,  0). 

The  general  formulas  for  the  components  (x,  jf,  2)  along  the 
fixed  axes  of  the  acceleration  of  any  point  {x,  y,  z)  of  the 
moving  body  may  be  written* 

£  =  £0  +  oJxd^xX  +  cjyy  +  ojmZ)  —  o^^a:  +  «y2  —  w^y, 

y  =  yo  +  COy(cO;r«  +  coyy  +  co^iZ)  —  co^y  +  «•«  —  a>»2, 

2  =  2o  +  ci>a(a>,a;  +  «yy  +  ojgz)  —  (jj^z  +  d)xy  —  <ayX, 

In  these  equations  <a  is  the  angular  velocity  of  the  body,  <b  the 
angular  acceleration,  and  (£0,  yo^  So)  is  the  acceleration  of 
that  point  in  the  body  which  at  the  given  moment  coincides 
with  the  origin  of  the  axes  of  reference.  These  formulas 
applied  to  the  points  {xu  yu  21)  and  {x%y  y^,  Z2)  give 

£\—  £fi—  («y*+W«*),      yi  =  ifo+WxC«>y+a>j,         2l=  20+COxCO,—  (dy, 
fe  =  iSo+<*'«Wy— ««,         g2=yo—  (cOx^+Wj*),      22=2o+«/«)y+cix. 

These  equations  determine  «  and  6i  when  the  accelerations  of 
the  three  points  are  given. 

It  is  more  convenient  to  say  that  one  of  the  possible  solu- 
tions gives  p,  9,  r  as  the  components  of  co  and  /,  m,  n  as  the 
components  of  ci.  Any  other  solution  must  satisfy  the  equa- 
tions 

5*+r*=coy^+co,^      P9+n=coxCOy+a)a,    pr— m=cojBW,— coy, 

It  follows  that  the  components  of  <a  and  w  may  be  any  one 
of  the  following: 

I.  (P,  9,  t),  (Z,  m,  n), 

II.  (-  p,  -  g,  -  r),  ft  m,  n), 

III.  (p,  g,  —  r),  (Z  +  2gf,  m  —  2pf,  n), 

IV.  (—  p,  —  g,  f),  (/  +  2gr,  m  —  2pr,  n). 

This  shows  that  the  absolute  value  of  co  is  determined,  but 

*  See  for  instance  Ziwet  and  Field,  Introduction  to  Analytical  Mechanics, 
p.  107. 
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the  direction  of  the  axis  of  spin  is  not.  The  two  axes  lie  in  a 
plane  perpendicular  to  the  zy  plane  and  they  make  equal 
angles  with  the  xy  plane.  The  two  values  of  the  angular 
acceleration  have  the  same  projection  along  the  z  axis  but 
their  projections  on  the  xy  plane  differ  by  a  vector  which 
is  perpendicular  to  the  projection  of  (a  on  tins  plane  and  equal 
to  2r  times  this  projection.  [It  might  be  more  convenient 
to  view  the  two  values  of  «  as  having  the  components 
l'\'  qr  dtqr,    m  —  pr  dz  pr,  n.] 

For  I  or  II  the  components  of  the  acceleration  of  any  point 
{x,  y,  z)  are 

x  =  xo—  {q^+  r^)x+  {pq  —  n)y  +  (pr  +  m)z, 

(1)  y  =  i/o+  (p(7  +  n)a:-  (p2+r2)y+  {qr  -  l)z, 
S  =  20  +  (pr  -  m)x  +  {qr  +  Z)y  -  (p^  +  (f)z] 

for  III  or  IV  they  are 

:r  =  f  0  -  {(f  +  r^)x+{pq  —  n)y  +  (m  —  3pr)z, 

(2)  y  =  yo+(p(7  +  n)x-  (p^+r^)^-  (/+3gr)z, 

2  =  2o  +  (pr  -  m)x  +  (/  +  qr)y  -  (p^  +  (f)z. 

It  is  no  restriction  to  take  the  axis  of  rotation  in  the  yz 
plane,  i.  e.,  p  =  0.  In  place  of  (1)  and  (2)  we  then  have 
(10  and  (20 

a;  =  Xo  —  (g^  +  r^)x  —  ny  +  mz, 

(10  y  =  yo  +  no:  -  r^y  +  (gr  -  Z)z, 

g  =  2o  —  ma;  +  (gr  +  /)y  —  (fz, 
and 

ig  =  f  0  —  (?^  +  r*)a:  —  ny  +  mz, 

(20  y  =  yo  +  wo:  -  rV  -  (/  +  3(7r)z, 

z  =  Zo  —  ma;  +  (Z  +  gr)y  —  g^z. 

These  equations  show  that  there  are  two  possible  values  for 
the  acceleration  of  any  point  not  in  the  xy  plane.  These 
values  become  equal  if  either  g  or  r  is  equal  to  zero;  i.  e.,  if 
the  axis  of  spin  is  either  parallel  or  perpendicular  to  the  plane 
of  the  three  points.  If  neither  q  nor  r  is  equal  to  zero,  the 
center  of  acceleration  is  different  for  the  two  cases  unless  it 
should  happen  to  lie  in  the  xy  plane. 
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Summary. — When  the  accelerations  of  three  points  in  a  rigid 
body  are  given,  the  acceleration  of  any  point  in  the  plane  of 
the  given  points  is  determined  uniquely.  The  acceleration 
of  a  point  not  in  the  plane  of  the  given  points  is  in  general 
two  valued.  Moreover,  there  are  in  general  four  sets  of 
values  of  co  and  <a  which  give  the  same  values  for  the  accelera- 
tions of  the  points  in  a  given  plane.  For  a  given  value  of  co 
there  can  be  determined  the  value  of  the  spin  for  the  line 
joining  a  given  pair  of  points  and  hence  the  relative  velocity 
of  the  two  points  can  be  found. 

Univbrsitt  op  Michigan, 
September,  1915. 
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It  was  in  the  latter  part  of  1900  that  M.  E.  Maillet  wrote  as 
follows:*  "Messieurs  les  R6dacteurs,  II  y  aurait,  ce  me 
semble,  une  tentative  k  faire,  pour  laquelle  VEnseignement 
MathematiqiLe  est  £l  mon  avis  tout  k  fait  d^ign6,  et  dont  le 
succes  pourrait  rendre  de  bien  grands  services  aux  jeunes 
math^maticiens.  EUe  consisterait  k  ouvrir  une  sorte  d'en- 
quSte  aupres  de  savants  connus;  il  s'agirait  d'obtenir  de  chacun 
d'eux  quelques  renseignem^nts  personnels  sur  sa  m6thode  de 
travail  et  de  recherche,  ses  habitudes,  ThygiSne  g6n6rale  qu'il 
juge  la  plus  propre  k  faciliter  son  travail  intellectuel,  la  maniSre 
de  conduire  le  plus  efficacement  ses  lectures  et  d'en  tirer  le 
meilleur  parti,  etc.,  etc.    Je  me  borne  ici  k  indiquer  les  grandes 

*  UEnseignemeni  McUhSmaHquef  1901,  tome  3,  p.  58. 
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lignes,  tout  en  reeonnaissant  que,  si  mon  id^  6tait  mise  en 
execution,  il  y  aurait  lieu  de  pfinltrer  un  peu  plus  dandle  detail." 

As  an  outcome  of  the  letter  of  which  this  is  the  first  para- 
graph, thirty  questions  were  formulated  and  published,*  and 
copies  were  distributed  among  mathematicians  at  the  interna- 
tional congresses  in  Heidelberg  and  St.  Louis;  a  certain  niun- 
ber  of  copies  were  also  addressed  to  savants  of  different 
countries.  By  1905  a  considerable  body  of  material  had  been 
collected  with  reference  to  the  questionnaire,  and  during 
the  years  1905-1908t  this  material  was  published  in  suitable 
synoptic  form.  The  whole  was  collected  and  first  issued  as  a 
pamphlet  in  1909. 

The  results  of  the  pamphlet  are  deduced  from  documentary 
evidence  of  more  than  a  hundred  mathematicians  who  are^ 
for  the  most  part,  living;  about  a  score  preferred  to  have  their 
testimony  published  anonymously.  In  the  inquiry  America 
is  represented  by  statements  of  such  men  as  Professors  Cool- 
idge,  E.  W.  Davis,  Dickson,  Emch,  F.  R.  Moulton,  Rietz, 
Snyder,  J.  W.  Young,  and  Mr.  Escott. 

Here  are  some  illustrations  of  the  questionnaire  and  of  the 
responses: 

Question  1  (a);  At  what  period  of  your  recollection  and  under 
what  circumstances  did  the  taste  for  mathematics  take  pos-. 
session  of  you?  To  this  question  93  replies  were  received; 
35  placed  the  period  before  10  years  of  age,  43  from  11  to  15 
years  of  age,  11  from  16  to  18  years,  3  from  19  to  20  years,  and 
1  at  26  years  of  age.  M.  Lecat  reported,  "At  3^  my  attention 
was  strongly  fixed  on  the  idea  of  number;"  Professor  Dickson 
replied,  "  At  the  age  of  5.  .  .  .  At  12  years  of  age  I  had 
decided  to  pursue  mathematical  study."  The  well-known 
facts  concerning  such  infant  mathematical  prodigies  as  Clairaut, 
Gauss,  Ampere,  and  Bertrand  are  also  recalled.  While  Steiner 
showed  early  aptitude  for  oral  calculation  and  astronomy,  it 
was  not  till  18  years  of  age  that  he  even  learned  to  write. 

Question  6:  Have  you  sought  to  learn  the  genesis  of  the 
truths,  discovered  by  you,  to  which  you  attach  the  greatest 
importance?  Question  7:  To  what  extent,  in  your  opinion, 
do  chance  and  inspiration  play  a  part  in  mathematical  dis- 
covery?   Is  this  part  always  as  large  as  it  appears?    Question 

*  UEnseignemeni  MatfUmcUique,  1902,  tome  4,  pp.  208^211;  tome  6, 
1904,  pp.  376-378,  481. 

t  VEnaeignemerU  MatMmatique.  A  complete  list  of  references  is  given 
in  tome  10,  1908,  p.  172. 
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8(a):  Have  you  sometimes  remarked  that  discoveries  or 
solutions  in  subjects  entirely  foreign  to  your  researches  of  the 
moment  have  presented  themselves  to  you,  and  that  they  cor- 
responded to  research  formerly  fruitless?  Qriestion  8(b): 
Have  you  ever  calculated  or  solved  problems  in  a  dream? 
Or  have  solutions  and  discoveries  appeared  to  you  in  their 
completeness  on  waking  up  in  the  morning,  when  they  were 
vainly  sought  in  the  evening  or  days  previously?  Question  9: 
Do  you  estimate  that  your  principal  discoveries  have  been  the 
residt  of  a  voluntary  endeavor  directed  in  a  definite  way,  or 
have  they  occurred  to  you  spontaneously,  so  to  speak? 

The  replies  are  summed  up  as  follows  (pages  47-48) :  "Mathe- 
matical discoveries — small  or  great,  and  whatever  their  content 
(new  subjects  of  research,  divination  of  methods  or  of  lines  to 
follow,  presentiments  of  truths  and  of  solutions  not  yet  de- 
monstrated, etc.) — are  never  born  by  spontaneous  generation. 
They  always  presuppose  a  ground  sown  with  preliminary 
knowledge  and  well  prepared  by  work  both  conscious  and  sub- 
conscious. On  the  other  hand  every  discovery  by  its  very 
novelty  and  originality  contrasts  forcibly  with  such  a  state- 
ment and  appears  all  the  more  surprising  when  it  leaps  forth 
unexpectedly  from  a  very  prolonged  incubation.  We  learn, 
then,  that  according  to  the  cases  and  the  individuals  it  is 
sometimes  the  imlooked  for  character,  and  sometimes  the 
dependence  on  previous  work  which  strikes  the  author  most 
when  he  reflects  retrospectively.  Whence  so  many  varieties  of 
estimate  and  equal  truth  of  these  two  celebrated  aphorisms, 
contradictory  in  appearance,  but  expressing  the  two  aspects 
indissolubly  bound  together,  although  of  relief  often  very 
unequal,  of  the  same  process:  le  g6nie,  c'est  inspiration;  le 
gfinie,  c'est  une  longe  patience." 

In  connection  with  Question  8  (6),  reference  might  have  been 
made  to  the  composition  of  Maria  Agnesi's  Instituzioni 
Analitiche  (1748).  "To  this  difficult  task,"  H.  J.  Mozans 
writes,*  "  she  devoted  ten  years  of  arduous  and  uninterrupted 
labor.  And  if  we  may  credit  her  biographer,  she  consecrated 
the  nights  as  well  as  the  days  to  her  herculean  undertaking. 
For  frequently,  after  working  in  vain  on  a  difficult  problem 
during  the  day,  she  was  known  to  bound  from  her  bed  during 
the  night  while  sound  asleep,  like  a  somnambulist,  make  her 
way  through  a  long  suite  of  rooms  to  her  study,  where  she  wrote 

*  Woman  in  Science,  New  York  and  London,  1913,  pp.  144-146. 


Digitized  by 


Google 


128  JULES  HENHI  POINCAKf .  [DeC, 

out  the  solution  of  the  problem  and  then  returned  to  bed. 
The  following  morning,  on  returning  to  her  desk,  she  found  to 
her  great  surprise,  that  while  asleep  she  had  fully  solved  the 
problem  which  had  been  the  subject  of  her  meditations  during 
the  day  and  of  her  dreams  during  the  night." 

Poincar6's  "  Note  "  on  Mathematical  Discovery  is  of  extra- 
ordinary interest.  It  was  delivered,  in  a  conference  at  the 
Institut  g6n6ral  psychologique  in  May,  1908,  and  was  first 
published  in  the  Institutes  Bulletin  for  June  of  the  same  year. 
A  few  months  later  it  was  included  in  the  volume  entitled 
Science  et  M6thode.*    The  opening  sentences  are  as  follows: 

"  The  genesis  of  mathematical  discovery  is  a  problem  which 
must  inspire  the  psychologist  with  the  keenest  interest.  For 
this  is  the  process  in  which  the  human  mind  seems  to  borrow 
least  from  the  exterior  worid,  in  which  it  acts,  or  appears  to 
act,  only  by  itself  and  on  itself,  so  that  by  studying  the  process 
of  geometric  thought  we  may  hope  to  arrive  at  what  is  most 
essential  in  the  human  mind. 

"  This  has  long  been  understood,  and  a  few  months  ago  a 
review  called  rEnseignement  MathSmatique  .  .  .  instituted  an 
inquiry  into  the  habits  of  mind  and  methods  of  work  of  differ- 
ent mathematicians.  I  had  outlined  the  principal  features  of 
this  article  w^hen  the  results  of  the  inquiry  were  published, 
so  that  I  have  hardly  been  able  to  make  any  use  of  them,  and 
I  will  content  myself  with  saying  that  the  majority  of  the 
evidence  confirms  my  conclusions.'' 

The  article  deals  mainly  with  just  such  topics  as  are  sug- 
gested by  questions  quoted  above.  In  the  first  of  its  five 
sections  the  author  considers  the  following  questions  and  an- 
swers: How  does  it  happen  that  there  are  people  who  do  not 
understand  mathematics?  How  is  error  possible  in  mathe- 
matics? What  is  mathematical  discovery?  Poincar6  points 
out  that,  especially  in  connection  with  discovery,  intuition  of 
mathematical  order  is  fundamental.  ''A  mathematical  dem- 
onstration is  not  a  simple  juxtaposition  of  syllogisms;  it  con- 
sists of  syllogisms  placed  in  a  certain  order,  and  the  order  in 
which  these  elements  are  placed  is  much  more  important  than 
the  elements  themselves.  If  I  have  the  feeling,  the  intuition 
so  to  speak,  of  this  order  so  that  I  can  perceive  the  whole  of 

*  Cf.,  for  example,  the  English  translation  by  Francis  Maitland  with  a 
preface  by  B.  Russell,  London,  1914,  pp.  46-63. 


Digitized  by 


Google 


1915.]  JULES  HENKI  POINCARE.  129 

the  argument  at  a  glance,  I  need  no  longer  be  afraid  of  for- 
getting one  of  the  elements;  each  of  them  will  place  itself 
naturally  in  the  position  prepared  for  it,  without  my  having 
to  make  any  eiBfort  of  memory."  "Discovery  is  discernment, 
selection,"  and  selection  is  made  by  the  intuition  for  order. 

"  But  what  I  have  said  up  to  now,"  Poincar6  remarks  in 
commencing  th^  second  section,  "is  only  what  can  be  ob- 
served or  inferred  by  reading  the  works  of  geometers, 
provided  they  are  read  with  some  reflection.  It  is  time  to 
penetrate  further,  and  to  see  what  happens  in  the  very  soul 
of  the  mathematician."  And  Poincari  recounts  his  recollec- 
tions of  how  he  wrote  his  first  treatise  on  Fuchsian  functions. 
Some  of  the  underlying  ideas  are  developed  in  the  following 
section.  Then  there  is  a  summing  up  in  section  four.  "  The 
result  of  all  that  precedes  is  to  show  that  the  unconscious  ego 
or,  as  it  is  called,  the  subliminal  ego,  plays  a  most  important 
part  in  mathematical  discovery." 

Poincar6  considers  as  a  first  hypothesis:  "The  subliminal 
ego  is  in  no  way  inferior  to  the  conscious  ego;  it  is  not  purely 
automatic;  it  is  capable  of  discernment;  it  has  tact  and  light- 
ness of  touch;  it  can  select,  and  it  can  divine.  More  than  that, 
it  can  divine  better  than  the  conscious  ego,  since  it  succeeds 
where  the  latter  fails.  In  a  word,  is  not  the  subliminal  ego 
superior  to  the  conscious  ego?  "  Poincar6  explains  why  he  is 
loth  to  give  an  affirmative  answer  to  this  question.  He  prefers 
rather  to  consider:  "  Of  the  very  large  number  of  combinations 
which  the  subliminal  ego  blindly  forms,  almost  all  are  without 
interest  and  without  utility.  But,  for  that  very  reason,  they 
are  without  action  on  the  esthetic  sensibility;  the  conscious- 
ness will  never  know  them.  A  few  only  are  harmonious,  and 
consequently  at  once  useful  and  beautiful,  and  they  will  be 
capable  of  affecting  the  geometer's  special  sensibility  I 
have  been  speaking  of;  which,  once  aroused,  will  direct  our 
attention  on  them,  and  will  thus  give  them  the  opportunity  of 
becoming  conscious."  "  The  conscious  ego  is  strictly  limited." 
Limitations  and  characteristics  of  the  subliminal  ego  are  con- 
sidered in  the  last  section. 

Such  in  barest  outline  are  some  of  the  thoughts. 

M.  Lebon's  "  Notice  "  is  a  reprint  in  pamphlet  form  of  the 
introduction  to  the  second  edition  of  Poincar6's  Hypotheses 
Cosmogoniques.    The  first  half  of  the  memoir  is  "  Sur  la  vie 
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de  Henri  Poincarfe/'  the  latter,  "  Sur  les  travaux  seientifiques 
de  Henri  Poincar6  "  and  here  M.  Lebon  tells  us  that  his  aim 
has  only  been  to  **  signaler  les  beaux  rfeultats  des  recherches 
originales  de  Henri  Poincar6  et  les  demonstrations  rigoureuses 
qu'il  donne,  en  insistant  surtout  sur  les  id6es  directrices  de 
ses  profondes  fetudes.  D'une  part,  je  souhiiite  avoir  rfeussi  H 
indiquer  nettement  comment  son  esprit  f^ond  et  imiversel 
est  parvenu  H  flucider  les  theories  obscures,  H  6tendre  le 
domaine  des  theories  naissantes  ou  H  en  signaler  les  d^auts. 
D'autre  part,  j'espSre  donner,  si  ceux  qui  ont  en  vue  de  faire 
progresser  la  Science,  Tidfe  de  lire  avec  attention  tous  ses 
ficiits,  qui  leur  montreront  soit  la  meilleure  marche  k  suivre, 
soit  les  points  qu'il  jugeait  dignes  d'Stre  encore  approfondis." 

The  first  part  of  the  "  Notice  "  is  especially  interesting. 
As  the  topic  is  less  dwelt  upon  in  memorial  sketches,  a  few 
quotations  may  be  appropriately  given  in  illustration  of  the 
whole. 

"  Henri  Poincar6  possessed,  to  a  high  degree,  intuition  of 
mathematical  nature.  At  the  Nancy  lycfe  his  comrades 
were  struck  by  it.  M.  Paul  Appell,  his  codisciple  in  Mathg- 
matiques  Sp6ciales,  affirms  that  he  already  had  '  le  don  gonial 
d'appercevoir  intuitivement,  avec  le  detail  particulier  de 
chaque  question,  Tidee  g6n§rale  dont  elle  procMe,  et  la  place 
qu'elle  occupe  dans  Tensemble.'  From  his  first  year  at  the 
lycfee,  Henri  Poincar6  had  a  method  of  working  all  his  own. 
He  had  to  force  himself  to  sit  at  a  study  table,  and  neither 
noise  nor  conversation  disturbed  the  working  of  his  mind. 
To  fix  his  thought  on  a  subject  there  was  no  need  for  auxiliary 
material;  it  sufficed  that  a  logical  thread  pervaded  it,  in  order 
that  it  could  not  escape  him.  .  .  . 

"  Mathematician,  philosopher,  poet,  artist,  Henri  Poincarfe 
had  to  be  also  a  great  writer.  His  only  aim  was  to  express  his 
thought  with  all  his  sincerity  and  to  communicate  to  his 
readers  his  emotions  and  noblest  enthusiasms.  He  wrote  with 
a  dash  of  the  pen,  for  his  ideas  were  of  such  a  delicate  nicety, 
his  thoughts  so  excessively  active,  they  almost  always  found 
immediately  their  perfect  expression.  .  .  . 

"  The  style,  infinitely  supple  and  varied,  is  now  the  style  of 
the  savant,  then  that  of  the  scholar  or  of  the  poet:  it  is  also  that 
of  a  writer  truly  French  and  of  the  line  of  the  Montaignes,  of  the 
Molieres,  and  of  the  Pascals.  Elegant,  simple,  limpid,  of  great 
conciseness,  this  style  abounds  in  amusing  sallies,  in  an  irony 
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occasionally  cutting,  but  these  sallies  were  aimed  at  ridiculous 
things,  never  at  persons.  It  abounds  also  in  pleasing  and 
picturesque  imagery  set  forth  in  ordinary  language.  But 
Henri  Poincarfe  often  happily  rejuvenated  the  common  ex- 
pression by  carrying  to  a  conclusion  the  comparison  that  it 
implies  or  by  imbuing  a  figure  employed  with  originality, 
freshness,  appealing  power.  .  .  . 

"In  scientific  matters  his  only  preoccupation  was  the 
search  for  truth.  He  concerned  himself  little  with  glory.  He 
preferred  that  his  name  should  not  be  given  to  any  of  his  dis- 
coveries: to  contemplate  truth  for  an  instant  face  to  face  was 
the  only  reward  which  appeared  to  him  worthy  of  emulation. 
In  acting  thus  he  was  certainly  obedient  to  considerations  of 
a  lofty  order,  of  an  cesthetic  order  if  one  may  so  express  it; 
but  he  was  swayed  by  an  impetuous  sense  of  justice.  To 
him  the  savants  were  all  soldiers  of  one  army.  If  in  the 
common  contest  to  ravish  nature  of  her  secrets  some  brilliant 
captains  organize  victory,  it  is  nevertheless  owing  to  the  dis- 
ciphne,  to  the  courage,  to  the  endurance  of  the  troops,  that 
they  win  so  completely.  But,  in  the  combat,  how  many 
brave  soldiers  fall  '  sans  laisser  de  noms,  et  apr^s  avoir  utile- 
ment  aid6  k  la  victoire  "M  .  .  . 

"  He  had  the  happiness  to  unite  his  life  to  that  of  an  in- 
telligent companion,  discreet  and  devoted,  who  embellished 
his  existence  and  facilitated  his  tasks;  for  as  M.  Appell  has  ex- 
pressed it,  '  elle  entourait  son  mari  de  I'atmosph^e  familiale, 
profond^ment  unie  et  calme,  qui  seule  permet  les  grands  tra- 
vaux  de  la  pens6e.'  Henri  Poincare  was  the  most  tender  and 
happy  of  fathers.  He  saw  growing  about  him  the  children 
whom  he  loved  profoundly  and  who  recompensed  him  by  their 
care  always  to  have  lurking  about  their  lips  the  sweet  smile  of 
their  affection  and  their  joy.  .  .  . 

"  As  supreme  consolation  to  those  who  loved  him,  Henri 
Poincar6  has  bequeathed  to  the  centuries  to  come,  with 
the  example  of  a  life  as  simple  as  it  was  beautiful  and  nobly 
completed,  sa  rSconfortaute  pens6e,  sa  f oi  en  la  grandeur,  en  la 
beautg  de  ThumanitS.  Son  exemple  et  son  oeuvre  ont  vaincu 
le  n6ant. 

"  *  Recevant  d'&ge  en  &ge  une  nouvelle  vie, 
Ainsi  s'en  vout  k  Dieu  les  j^oires  d'autrefois; 
Ainsi  le  vaste  ^cho  de  la  voix  du  g^nie 
Devient  du  genre  humain  runiverselle  voix. . . .'  " 
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Although  the  new  edition  of  Lebon's  bio-bibliographical 
work  is  about  a  half  larger  than  the  old  one*  its  general  plan 
and  appearance  is  the  same.  To  the  section  on  Biography  have 
been  added:  (1)  Darboux's  reply  to  Poincar6's  discourse  at 
Darboux's  Jubilee;  (2)  corrections  and  additions  to  the  list 
of  degrees,  honorary  titles,  decorations,  etc.;  (3)  titles  of 
articles  and  works  on  Poincare.  The  bibliographical  part  of 
Section  II,  on  Mathematical  Analysis,  has  been  increased  in 
size  by  9  pages  through  the  addition  of  details  concerning  new 
editions,  reviews  and  new  titles.  In  a  similar  way  5  pages 
have  been  added  to  Section  III,  on  Analytical  Mechanics  and 
Celestial  Mechanics,  6  pages  to  Section  IV,  on  Mathematical 
Physics,  and  2  pages  to  Section  V,  on  Scientific  Philosophy. 
History  of  Sciences  is  the  title  of  Section  VI,  instead  of  "  Ne- 
crology "  in  the  old  edition;  the  bibliography  has  been  in- 
creased fourfold.  Section  VII  is  much  the  same.  The  total 
number  of  titles -is  495,  an  increase  of  59. 

This  work  has  been  most  admirably  carried  out  and  is 
beautifully  printed  and  arranged.  Errors  and  omissions  at 
the  date  of  publication,  May  25,  1912,  are  probably  very  few. 
The  error  (page  85)  in  the  page  numbers  (583  for  593)  of 
Poincar6's  note  on  non-euclidean  geometry  in  the  Traite  de 
g6om6trie  of  Rouche  and  Camberoussef  still  persists.  And 
Russian  editions!  of  the  conference  on  "  L'6volution  des  lois  " 
(page  92)  are  overlooked. 

As  practically  no  reference  has  been  made  in  this  Bulletin 
to  recent  memoirs  on  Poincar6,  I  append  herewith  a  list  of 
titles  which  I  have  met  with,  and  which  supplement  Lebon's 
work.  Those  memoirs  which  are  signed,  are  arranged  al- 
phabetically according  to  authors.  It  will  be  generally  con- 
ceded, I  believe,  that  Hadamard's  memoir,  on  Poincarfi  as  a 
mathematician,  is  of  unsurpassed  excellence. 

R.  d'Adh^mar,  (1)  Revice  des  questions  scientifiqueSy  Brussels, 
vol.  22  (3),  1912,pp.|349-385;  (2)  Henri  Poincarg  ("  Philosophes 
et  Penseurs  "  s6rie),  Paris,  Bloud  et  Gay,  1914.     12  mo.    64  pp. 

*  Reviewed  by  J.  W.  Young  in  this  Bulletin,  October,  1910,  vol.  17 
(2),  pp.  42^3. 

t  There  are  the  same  page  numbers  (581-693)  for  this  note  in  the  8®  6d. 
of  the  Traits,  Paris,  1912. 

X  Kagan's  Bote  (formerly  Spdczinski's  Boie)^  Nr.  544,  pp.  81-89  and  Nr. 
545,  i^p.  105-112,  1911.  Also  separat^ljr  printed  with  E.  Kohn's  "Space 
and  time  from  the  standpoint  of  physics"  under  the  title,  in  Russian, 
"Kohn  and  Poincar6:  Space  and  time  from  the  standpoint  of  physics." 
Odessa,  MalhesiSj  16mo.,  81  pp. 
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—P.  Appell,  (1)  Revue  du  mois,  vol.  14,  1912,  pp.  129-132; 
(2)  Annuaire  Bureau  des  longitudes,  1913,  D.  14-18;  (3)  Revue 
scientifiqvs,  vol.  19,  1913,  pp.  475-476,  vol.  20,  1913,  pp.  144- 
146. — K.  Bajev,  NouveUea  de  la  sodMS  russe  d'astronomie  (Rus- 
sian), vol.  7, 1912,  pp.  263-269.— R.  Berthelot,  Un  romantisme 
utilitaire;  6tude  sur  le  mouvement  pragmatiste.  Tome  1:  Le 
pragmatisme  chez  Nietzsche  et  chez  Poincar6.     Paris,  Alean, 

1911.  (Deuxieme  part ie ;  un  pragmatisme  scientifique .  le  prag- 
matisme fragmentaire  et  mitig6  de  PoincarS,  pp.  195-416.) — 
Bigourdan,  Annuaire  Bureau  des  longitudes,  1913,  D.  19-23. 
— E.  Boutroux,  Reme  de  Paris,  vol.  20i,  pp.  673-702,  vol.  2O2, 
pp.  77-91, 1913;  also  reprinted  in  pamphlet  form,  Coulomniers, 
1913,  47  pp. — P.  Boutroux,  Rente  du  mois,  vol.  15,  1913,  pp. 
155-183. — H.  C.  Brown,  Journal  of  Philosophy,  Psychology  and 
Scientific  Methods,  New  York,  vol.  11,  1914,  pp.  225-236.— 
L.  Brunsehvicg,  "  Poincar6  le  philosophe,"  Revue  de  meta- 
physique  et  de  morale,  vol.  21,  1913,  pp.  585-616  (portrait  of 
Poincar6  in  1887.) — A.  Buhl,  UEnseignement  Mathimatiqu^e, 
vol.  15,  1913,  pp.  9-32  (portrait  of  Poincar6  in  his  study). — 
R.  H.  Chass6riaud,  Elektrotechnische  Zeitschrift,  Berlin,  vol.  33, 

1912,  p.  883. — J.  Claretie,  Annu/iire  Bureau  des  longitudes,  1913, 

D.  3-7. — Cornille,  Annuaire  Bureau  des  longitudes,  1913,  D.  23- 
25. — S.  Diekstein,  Wiadomosci  matematycne,  Warsaw,  vol.  16, 
1912,  pp.  249-260  (portrait).— J.  Echegazay,  Revista  Soc. 
matem.  espanola,  Madrid,  vol.  2, 1912,  pp.  33-39  (portrait). — G. 
Eichhorn,  Jahrlmch  der  drahtlosen  Telegraphie,  Leipzig,  1912, 
vol.  6,  pp.  109-113. — H.  Fehr,  L'Ensefgnement  Mathhnatique, 
vol.  14,  1912,  pp.  391-392.— M.  Fouch6,  "  La  philosophie 
d'Henri  Poincar^,"  Bulletin  de  la  Socim  Astronomique  de 
France,  Paris,  vol.  27,  1913,  pp.  299-306.  (Conference  faite 
d  la  stance  du  2  Octobre,  1912.) — Galazine,  Bulletin  de  VAcad, 
Impiriale  des  Sciences  de  St.  Petersbourg  (Russian),  1912,  pp. 
819-820. — Gust'HsiU,  Annuxiire  Bureau  des  longitudes,  1913,  D. 
1-3. — J.  Hadamard,  (1)  "  Poincar6  le  math6maticien,"  Revue 
de  mHaphysique  et  de  morale,  vol.  21, 1913,  pp.  617-658  (portrait 
of  Poincar6  in  1908);  (2)  "Henri  Poinear6  et  le  probleme 
des  trois  corps,''  Revue  du  mois,  vol.  16, 1913,  pp.  385-418. — S. 
C.  Haret,  Bulletin  (section  scientifique)  Acad,  roumaine,  Bu- 
charest, vol.  1,  1912-13,  pp.  50-65. — G.  Humbert,  La  Nature, 
vol.  4O2, 1912,  pp.  143-144  (1887  portrait,  photo  by  Pirou).— P. 

E.  B.  Jourdain,  The  Monist,  vol.  22,  1912,  pp.  611-615.— A. 
Korn,  Sitzungsberichte  d.  mathem.  Ges.,  Berlin,  vol.  12,  1913,  pp. 
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2-13  (portrait). — ^E.  Lampe,  NcUurimssenschaftliche  Rundschau, 
Braunschweig,  vol.  27,  1912,  pp.  476-479.— P.  Langevin, 
"  Poincarfi  le  physicien,"  Rerme  de  mitaphysique  et  de  morale, 
vol.  21,  1913,  pp.  675-718;  the  same  in  Reme  du  mois,  vol. 
16, 1913,  pp.  419-463.— A.  Lebeuf,  "  Poincarfi  I'astronome," 
Revue  de  rnitaphysique  et  de  morale,  vol.  21,  1913,  pp.  659-674. — 
lippmann,  (1)  Annuaire  Bureau  dee  longitudes,  1913,  D.  7-9; 
(2)  Comptes  rendus  de  VAcad.  d.  Sciences,  Paris,  vol.  155, 1912, 
pp.  1280-1283.— A.  E.  H.  Love,  Proceedings  of  the  London 
Math.  Society,  vol.  11  (2),  1913,  pp.*  xli-xlviii. — P.  Mansion, 
Mathesis,  vol.  2  (4),  1912,  pp.  233-238.— L.  Margaillan,  Inter- 
nationale Monatsschriftfiir  Wissenschaft,  vol.  7, 1912,  pp.  546- 
555, — ^F.  Masson,  Rmis  sdentifique,  vol.  18  (5),  1912,  pp.  628- 
629. — C.  Meyer,  Anales  Soc.  scientif.  Argentina,  Buenos 
Ayres,  vol.  74, 1912,  pp.  125-147.— A.  Mieli,  Rivisia  difilosofia, 
vol.  5,  1913,  pp.  44-48.— G.  A.  Miller,  Science,  New  York, 
vol.  36  (2),  1912,  pp.  425-429.— K.  Mittenzwey,  Nord  und  Sud, 
Beriin,  vol.  147,  1913,  pp.  53-58.— Morduchaj-Boltovskoj, 
Bulletin  de  VUniversiU  Imp6riale  de  Varsovie  (Russian),  vol. 
24,  1913,  pp.  27-80.— L.  T.  More,  "  Poinear6  and  the  Phi- 
losophy of  Science,"  The  Nation,  New  York,  vol.  95, 1912,  pp. 
242-244.— F.  R.  Moulton,  Popular  Astronomy,  vol.  20,  1912, 
pp.  621-634. — C.  Nordmann,  Revue  des  deux  mondes,  vol.  445, 

1912,  pp.  331-368. — L.  Octavio  de  Toledo,  Revisia  soc.  matem. 
espaghola,  Madrid,  vol.  2,  1912,  pp.  26-27.— P.  Painlevg,  (1) 
Revue  du  mois,  1912,  pp.  132-134;  (2)  Annuaire  Bureau  des 
hngitvdesy  1913,  D.  9-43. — E.  Pascal,  (1)  Giornali  di  matem., 
vol.  3  (3),  1912,  pp.  303-309;  (2)  Rendiconto  Accad.  d.  Sc, 
Naples,  vol.  18  (3),  1912,  pp.  309-313.— E.  Picard,  Annates 
scientif.  de  VEcolenormahsup.,  Paris,  vol.  30  (3),  1913,  pp.  463- 
482;  also  printed  separately. — G.  Rageot,  Les  savants  et  la 
philosophic.  Paris,  AJcan,  1 908.  (Chapter  2 :  Le  n6o-criticisme 
d'un  g6omStre  Henri  Poincar6.) — ^L.  Rougier,  Henri  Poincar6  et 
la  mort  des  v6rit6s.  Paris,  La  phalange,  1913, 22pp. — G.  Sarton, 
(1)  Ciel  et  terre,  Brussels,  1913,  25pp.  (portrait);  (2)  7^,  vol. 
1, 1913,  pp.  95-97  (portrait).— J.  B.  Shaw,  "  Poincarg  as  an 
Investigator,"  Popular  Science  Monthly,  New  York,  vol.  82, 

1913,  pp.  209-224.— E.  E.  Slosson,  "Major  Prophets  of 
to-day,"  IndependerU,  vol.  71, 1911,  pp.  729-741  (portrait) ;  also 
in  volume:  Major  Prophets  of  to-day,  Boston,  1914,  pp.  104- 
146.— W.  B.  Smith,  The  Monist,  vol.  22, 1912,  pp.  615-^17.— 
C.  Somigliana,  AUi  delta  Reale  Accademia  delta  Scienze  di 
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Torino,  vol.  49,  1914,  pp.  45-54.— J.  W.  N.  Sullivan, 
Scientific  American,  vol.  107,  1912,  p.  78  (portrait). — 
I.  Tschistiakov,  L'Enseignement  MathSmatique  (Russian), 
vol.  5,  1912,  pp.  197-199. — G.  Tzitzgica,  Gazeta  mateniatica, 
Bucharest,  vol.  17, 1912,  pp.  441-445. — O.  Veblen,  Proceedings 
of  the  American  Philosophical  Society,  vol.  51,  1912,  9  pp. — 
V.  Volterra,  "  Henri  PoinearS:  TOeuvre  mathfimatique," 
Bsme  du  mms,  vol.  15,  1913,  pp.  129-154.*— A.  G.  Webster, 
"Poinear6  as  a  mathematical  physicist,"  Science,  vol.  38  (2), 
1913,  pp.  901-908. — H.  Weyl,  Mathernatischrnaturvnsserischaft-' 
liche  Blotter,  vol.  9,  1912,  pp.  161-163.t 

A  few  anonymous  notes  and  sketches  are  to  be  found  in: 
Bulletin  of  the  American  Mathematical  Society,  vol.  19  (2), 

1912,  p.  43.— Nature,  vol.  90, 1912,  pp.  353-356  (portrait  plate 
supplement  and  autograph). — Remie  g6n6rale  des  Sciences, 
vol.  23,  1912,  p.  533.—Remie  scientifique,  vol.  17,  1912,  p.  90. 
— Sammlung  und  Mitteilungen  und  Protokolle  der  Math. 
OeseUschaft  in  Charkow  (Russian),  vol.  13  (2),  pp.  4-5. — Sup- 
plemento  ai  Rendiconti  del  circolo  rruxtematico  di  Palermo,  vol.  8, 

1913,  pp.  13-32  (reprint  of  extracts  from  Lebon's  work  together 
with  a  facsimile  of  a  Poincar6  letter). — Times,  London,  July 
18,  1912,  p.  9,  col.  c. 

In  addition  to  the  portraits  listed  above  there  is  a  full-page 
portrait  and  autograph  in  the  American  Journal  of  Mathe- 
matics, vol.  12, 1890;  this  is  the  1887  portrait  reproduced  in  the 
Remis  de  mUaphysique  et  de  morale  and  La  Nature.  An  early 
portrait  is  reproduced  in  Acta  Mathematica,  1882-1912, 
Tables  ginSrale  des  Tomes  l-SS,  Upsala  et  Stockholm,  1913, 
p.  164.  In  Popular  Science  Monthly,  vol.  82,  1913,  p.  412, 
there  is  a  poor  reproduction  of  the  admirably  life-like  helio- 
gravure frontispiece  to  Lebon's  bio-bibliographical  work. 

Of  the  portraits  above  noted  the  best  are  those  in  the 
American  Journal  etc.,  L'EnseignemerU  Math&matique,  Revue 
de  mitaphysique  etc..  Nature,  and  Lebon's  work. 

*The  four  memoirs  by  P.  Boutroux,  Hadamard,  Langevin  and  Vol- 
terra, published  in  La  revue  du  mois,  have  also  been  issued  in  book  form 
with  five  pages  of  supplementary  matter.  Paris,  Alcan,  1914.  12mo. 
2  +  265  pp. 

t  It  may  be  of  interest  to  add  a  reference  to  a  sketch  of  Poincar6  pre- 
pared by  Goursat.  This  consists  mainly  of  extracts  from  the  writings, 
mentioned  above,  of  Lebon,  Masson,  P.  Boutroux,  V.  Volterra,  Humbert 
and  Painlev6.  The  sketch  is  to  be  found  in  La  vie  et  les  travaux  des 
savants  modemes  par  A.  Rebi^re;  troisi^me  Edition  revue  et  augment^e 
par  E.  Goursat.    Paris  [1913],  pp.  188-203. 
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It  is  to  be  hoped  that  in  the  next  edition  of  this  work  M. 
Lebon  may  be  moved  to  give  a  list  of  papers  and  books  which 
have  been  inspired  by  Henri  Poincarfi's  suggestions  and 
discoveries. 

R.  C.  Archibald. 
Brown  University, 
Providence,  R.  I. 


SHORTER  NOTICES. 

First-Year  Mathematics  for  Secondary  Schools.    By  Ernst  R. 

Breslich.     Chicago,   The   University  of  Chicago  Press. 

1915.     344  pp. 

About  six  hundred  fifty  years  ago  Roger  Bacon  gave  voice 
to  his  feelings  with  respect  to  the  teaching  of  mathematics, 
and  this  voice  was  in  no  respect  uncertain  nor  was  it  at  all 
lacking  in  emphasis.  His  words  may  be  found  in  the  Opus 
Majus,  in  the  Opus  Tertium,  and  in  the  manuscripts  as  yet 
unpublished  of  his  De  Communia  Mathematicse.  In  the 
last-mentioned  work  Bacon  says  that  students  are  burdened 
with  unnecessary  difficulties  to  such  a  degree  that  they  come 
to  despise  mathematics,  whereas,  if  properly  taught,  the  sub- 
ject could  be  imderstood  without  any  unreasonable  expendi- 
ture of  time;  and  that  the  first  course  in  mathematics  should 
not  be  designated  as  geometry,  arithmetic,  and  so  on,  but  as 
the  elements  of  mathematics,  a  preliminary  to  the  special 
branches. 

What  Bacon  had  to  say  on  this  phase  of  teaching  was  not 
new;  others  had  said  it  before,  and  thousands  have  said  it 
since,  and  after  a  fashion  many  have  put  the  idea  into  prac- 
tice. And  so  the  effort  of  Mr.  Breshch  comes  to  the  teaching 
profession  as  merely  an  ancient  one  clad  in  new  guise.  This 
does  not  in  the  least  detract  from  the  laudable  nature  of  the 
effort,  but  it  serves  to  give  the  work  a  kind  of  historical  setting 
w^hich  assists  us  in  judging  of  its  novelty  and  its  probable 
effect  upon  education. 

The  central  idea  of  the  work  seems  to  be  to  select  those 
features  of  secondary  mathematics  which  are  easily  within 
the  reach  of  beginners,  postponing  the  consideration  of  the 
more  difficult  ones  to  a  later  period.  As  the  author  puts  it, 
"The  simpler  principles  are  best  suited  for  beginners,  and 
may  therefore  be  brought  together  in  an  introductory  course." 
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In  the  pursuit  of  this  idea  the  author  proposes  to  treat  of 
algebra  and  geometry  at  the  same  time,  thus  canying  out 
the  ancient  idea  of  fusion  to  which  reference  has  been  made 
above.  He  also  proposes  to  consider  those  "subjects  in 
which  practical  values  are  most  clearly  exhibited,"  to  intro- 
duce a  certain  amount  of  trigonometry,  to  avoid  "formalism 
in  mode  of  presentation,"  and  to  give  the  student  a  "  broader 
mathematical  preparation." 

With  most  of  this  ideal  the  educational  world  is  generally 
in  sympathy — perhaps  with  all  of  it  except  the  mixing  of 
algebra  and  geometry  with  no  definite  system.  The  following 
questions,  however,  will  naturally  arise  in  the  minds  of  all 
who  have  to  consider  the  book:  Has  the  author  carried  out 
the  plan  successfully?  That  is,  does  the  book  meet  the  ideals 
which  he  has  himself  laid  down?  Given  the  average  teacher, 
will  the  student,  at  the  end  of  his  work  in  the  high  school,  be 
as  well  grounded  in  mathematics  as  he  would  have  been  if 
the  work  had  been  arranged  on  some  other  plan?  Will  he 
appreciate  the  subject  as  well  or  be  as  apt  to  continue  his 
study  of  its  higher  branches? 

In  answer  to  the  first  question  the  reader  is  likely  to  hesitate 
before  committing  himself  to  an  affirmative.  He  will  find 
fully  as  much  formalism  in  the  early  pages  (for  example,  pages 
5, 12,  20,  23)  as  he  will  find  in  any  of  the  older  types  of  algebra 
or  geometry;  he  will  find  the  commutative  and  associative 
laws  given  much  earlier  than  the  experience  of  teachers 
generally  sanctions;  he  will  find,  for  a  work  of  this  nature,  an 
excessive  number  of  definitions;  he  will  find  the  rules  of  opera- 
tion as  formally  stated  as  in  the  more  common  type  of  text- 
book; he  will  find  the  euclidean  form  of  greatest  common 
measure,  with  applications  to  numbers  as  large  as  those  in 
the  text-books  of  two  generations  ago;  he  will  find  such  prob- 
lems as  the  division  of  $2,400  into  two  jmrts  having  the  ratio 
of  2  :  1  quite  as  he  would  find  them  in  other  books;  he  will 
find  the  simple  made  difficult  in  various  cases,  as  in  such 
products  as  (a  —  b)c,  (a  +  ft)(a  —  b),  (a  —  b){c  +  d),  and 
(a  —  by,  and  in  the  law  of  signs  in  multiplication  as  based 
on  the  "turning-tendency"  idea;  and  he  will  find  much  the 
same  type  of  problem  that  has  come  down  to  us  from  the  past, 
as  about  a  field  that  is  twice  as  long  as  wide,  and  if  it  were  20 
rd.  longer  and  24  rd.  wider  the  area  would  be  doubled.  And 
when  the  serious  inquirer  has  finished  his  reading  of  the  book 
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he  will  have  a  feeling  of  doubt  as  to  whether  the  plan  of  im- 
proving the  first  steps  in  mathematics  has  been  as  successfiil 
as  he  had  hoped  it  would  be. 

And  similarly  as  to  the  second  question.  Of  course  the 
book  can  be  successfully  taught;  that  is  true  of  any  book, 
provided  the  right  teacher  is  available.  But  that  a  book 
with  what  seems  to  be  a  forced  fusion  of  essentially  different 
branches  of  a  science,  based  solely  upon  the  theory  of  ease  of 
presentation,  which  theory  does  not  seem  to  have  been  carried 
out — that  such  a  book  can  be  generally  successful  can  hardly 
be  expected. 

It  seems  unfortunate  that  there  should  be  in  the  book  such 
statements  as  that  "Pacioli  in  1494  was  the  first  to  give  rules 
for  all  processes  of  addition,  subtraction,  multiplication,  and 
division"  (page  20);  that  Tartaglia  should  be  spoken  of  com- 
monly as  Fontana  (facing  page  158),  when  he  himself  preferred 
the  former  name,  as  the  titles  of  his  books  prove;  that  Vieta 
or  Yihte  should  appear  as  Vidta  (page  210);  that  the  title  of 
Fibonacci's  work  should  be  given  as  Algebra  et  almuchabala, 
when  the  manuscript  actually  begins  "Incipit  liber  Abaci  a 
leonardo  filio  Bonacij  Pisano";  that  the  student  should  meet 
with  the  name  Alkarismi  (facing  page  213)  and  with  the  in- 
excusable transliteration  (unless  with  diacritical  marks)  of 
Al  Hovarezmi  a  few  pages  later  (page  255) ;  that  he  should  be 
told  (page  20)  that  Diophantus  lived  about  250,  and  later 
(page  281)  that  he  lived  in  the  fourth  century;  and  that 
numerous  other  slips  of  this  kind  should  have  been  made  in 
preparing  the  text. 

The  statement  that  "the  coefficient  of  any  factor  in  a  term 
is  the  product  of  all  the  other  factors  of  the  term  "  will  not  seem 
very  dear  to  a  student  who  is  told  that  2  is  the  coefficient  of  x  in 
the  term  2x.  The  treatment  of  negative  numbers  in  Chapter 
XII  will  probably  not  seem  to  most  teachers  as  clear  as  those  to 
be  found  in  our  common  algebras.  The  assertion  that  a  X  0  = 
0  X  a  (page  195)  will  not  seem  warranted  to  those  who  may 
use  the  book,  since  the  commutative  law  has  not  been  re- 
ferred to  with  respect  to  zero.  Such  problems  as  Example  31 
on  page  251,  Example  10  on  page  257,  and  numerous  others 
of  this  type,  will  not  lead  teachers  to  feel  that  the  author 
has  broken  away  from  the  poorest  type  of  inherited  puzzles. 
These  and  criticisms  like  these  will  doubtless  strike  even  the 
casual  reader,  and  the  causes  for  them  will  be  regretted  by 
all  who  wish  success  to  any  venture  of  this  nature. 
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In  the  matter  of  skillful  mathematical  typography  the  book 
leaves  more  to  be  desired  than  is  usually  the  case. 

David  Eugene  Smith. 

Les  Coordonnies  inirinsiques,   ThSorie   et  Applications.    Par 

L.  Braude.     (Sdentia,  s6rie  physico-mathfimatique,  no.  34.) 

Paris,  Gauthier-Villars,  1914.     100  pp.    Price  2  francs. 

In  1849  and  1850  William  Whewell  read  two  memoirs*  on 

the  intrinsic  equation  of  a  curve  and  its  applications,  before 

the  Cambridge  Philosophical  Society.    The  opening  paragraph 

of  the  first  memoir  is  as  follows: 

"Mathematicians  are  aware  how  complex  and  intractable 
are  generally  the  expressions  for  the  lengths  of  curves  referred 
to  rectilinear  coordinates,  and  also  the  determinations  of 
their  involutes  and  evolutes.  It  appears  a  natural  reflexion 
to  make,  that  this  complexity  arises  in  a  considerable  degree 
from  the  introduction  into  the  investigation  of  the  reference 
to  the  rectilinear  coordinates  (which  are  extrinsic  lines);  the 
properties  of  the  curve  lines  with  relation  to  these  straight 
lines  are  something  entirely  extraneous,  and  additional  with 
respect  to  the  properties  of  the  curves  themselves,  their 
involutes  and  evolutes;  and  the  algebraical  representation 
of  the  former  class  of  properties  may  be  very  intricate  and 
cumbrous,  while  there  may  exist  some  very  simple  and 
manageable  expression  of  the  properties  of  the  curves  when 
freed  from  these  extraneous  appendages.  These  considera- 
tions have  led  me  to  consider  what  would  be  the  result  if 
curves  were  expressed  by  means  of  a  relation  between  two 
simple  and  intrinsic  elements;  the  length  of  the  curve  and 
the  angle  through  which  it  bends:  and  as  this  mode  of  express- 
ing a  curve  much  simplifies  the  solution  of  several  problems, 
I  shall  state  some  of  its  consequences."  He  then  considers 
the  curve  defined  by  the  equation 

(1)  ^  =  /(^), 

points  out  that  the  radius  of  curvature  follows  at  once  from 
the  relation 

(2)  P  =  I  =  Fi<p). 

*  Transactions  of  the  Cambridge  Philosophical  Society,  vol.  8,  part  5 
(1849),  pp.  659,  671;  vol.  9,  part  1  (1850),  pp.  160,  166. 
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whence  the  equation  of  the  evolutes, 

dip 

Similar  relations  result  for  successive  evolutes  and  involutes. 

Whewell  then  applies  his  discussion  to  the  circle,  equiangular 
spiral,  cycloid,  epicycloid,  hypocycloid,  "running  pattern 
curves,"  catenary,  and  tractrix.  He  also  derives  some  general 
properties,  such  as  the  derivation  of  the  intrinsic  equation 
of  a  curve  when  given  its  equation  in  rectangular  coordinates 
and  vice-versa,  with  applications  to  the  parabola,  ellipse,  and 
semi-cubical  parabola. 

The  second  memoir  contains  further  applications. 

In  connection  with  his  first  memoir  Whewell  remarks: 
"After  writing  this  paper  I  found  that  Euler  had,  in  the  solu- 
tion of  a  particular  problem,  expressed  curves  by  means  of  an 
equation  between  the  arc  and  the  radius  of  curvature.  This 
equation  is,  as  is  shown  in  the  paper,  the  differential  of  my 
"intrinsic  equation,"  and  has  an  equally  good  right  to  the 
name.  My  equation  being  the  integral  of  Euler's  has,  of 
course,  one  more  arbitrary  constant  than  his.  There  may 
very  possibly  be  other  modes  of  expressing  curves  which  may 
be  fitly  described  as  "intrinsic  equations"  to  the  curves. 
I  was  not  able  to  find  any  other  name  for  the  equation  which 
I  employed."  No  definite  reference  is  given  to  Euler's  works; 
but  complete  data  of  this  nature,  in  connection  with  eight 
different  papers,  the  first  published  in  1738  and  the  last  in 
1824,  are  given  in  WolflSng's  bibliography.* 

It  may  be  remarked  that  while  Whewell's  memoirsf  un- 
doubtedly served  to  inspire  the  later  elaborate  developments 
of  intrinsic  geometry,  and  while  French  and  Italians  adopted 
WhewelFs  name  "intrinsic,"  the  same  system  of  coordinates 
was  also  used,  without  special  indication  of  its  applications, 
by  the  German  philosopher  K.  C.  F.  Krause  (1802,  1804, 

*  E.  Wolffing,  "  Bericht  iiber  den  gegenwartigen  Stand  der  Lehre  von 
den  nattirlichen  Koordinaten"  [in  two  dimensions).  Biblioiheca  McUhe- 
maiica,  vol.  1(3)  (1900),  pp.  142-159.  References  are  given  to  papers  and 
books  of  nearly  90  different  authors.  M.  Braude  gives  (p.  12)  an  incorrect 
reference  to  Bihliotheca  Maihemaiica^  vol.  2(3)  (1901). 

Intrinsic  coordinates  are  discussed  in  the  Encyklqpadie  der  Math. 
Wissenschaften,  Bd.  Ill,  379  ff.;  and  Bd.  III-3,  pp.  34  flf.,  84  ff.,  198,  etc. 

t  These  memoirs  were  translated  into  German  by  A.  Walter,  Jahres- 
bericht  1907  der  k.  k.  ersten  Staatsoberrealschule,  Graz. 
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1835)  and  by  A.  Peters  (Neue  Curvenlehre,  1838),  who  is  said 
to  have  introduced  (Braude,  page  9)  the  (Jennan  term  "natiiiv 
Kche  Koordinaten"  as  opposed  to  Cartesian  coordinates. 

If  equation  (2)  be  looked  upon  as  the  polar  equation  of  a 
curve,  this  curve  is  said  to  be  the  "radial  curve"  or  radial  of 
the  original  curve.  These  curves  were  so  named  by  Robert 
Tucker  who  commenced  their  study  in  1863.  Foiu"  of  his 
five  papers  on  the  subject  are  listed  by  Wolffing.*  Tucker's 
definition  was:  "If  from  a  point  straight  lines  are  drawn  equal 
and  parallel  to  the  radii  of  curvature  at  successive  points  of  a 
curve,  their  extremities  will  trace  out  the  Radial  Curve 
corresponding  to  the  given  curve." 

The  usual  form  of  the  intrinsic  equation  now  employed  is 

(3)  f{s,  p)  =  0, 

where  p  is  the  radius  of  curvatiu'e  at  a  point  of  the  curve 
defined  by  a  given  s.  In  a  paper  published  in  1741  Euler 
discussed  when  an  equation  of  tiiis  form  defines  an  algebraic 
curve.  If  8  and  p  be  regarded  as  the  rectangular  coordinates 
of  a  point  we  get  what  WolflHing  has  called  (1899)  the  Mann- 
heim curve  of  the  primitive  curve,  since  it  was  in  a  memoir  of 
1859  that  Mannheim  remarked,  among  other  properties,  that 
the  locus  of  the  centers  of  curvature  of  the  points  of  contact 
of  this  curve  as  it  is  rolled  along  a  straight  line  is  the  curve 
defined  by  the  intrinsic  equation  (3). 
Again,  if  we  consider  the  envelope  of  the  line 

x  +  y  tan  ^  —  ^  =  0, 

where  s  is  the  portion  of  the  a:-axis,  measiu'ed  from  the  origin, 
which  is  cut  off  by  the  given  line,  and  <p  the  complement  of 
the  angle  which  the  line  makes  with  the  a:-axis,  we  get  the 
tangential  equation  of  the  curve  in  the  form  of  equation  (1). 
Such  a  tangential  equation  has  been  studied  at  length  by 
Casey  and  others.  In  a  recent  thesis  by  KoestKn,t  however, 
this  curve  has  been  considered  in  its  relation  to  the  curve  whose 
intrinsic  equation  is  (1)  and  he  has  called  it  the  "arcuide" 
of  the  curve  (1). 

*  The  paper  which  Wdlffing  missed  is  in  Mathematical  Questions  with 
their  Solutions  from  the  Educational  Times,  vol.  4,  1866,  pp.  22-28. 

t  Koestlin,  Ueber  eine  Deutung  der  Gleichung,  die  zwiscmen  dem  Bogen 
einer  Kurve  und  dem  Neigun^winkel  der  Tangente  im  Endpunkte  dee 
Bogens  einer  Kurve  besteht.    Tubingen,  1907. 
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The  semi-intrinsic  equations 

between  the  length  of  arc  of  a  curve  and  the  abscissa  or  the 
ordinate  of  the  variable,  have  been  discussed  by  several 
writers. 
Sylvester  and  others  have  studied  the  analogous  equation 

/(*,  r)  =  0 

between  the  arc  and  the  radius  vector. 

Such  are  some  of  the  principal  forms  of  intrinsic  equations 
used  in  the  discussion  of  plane  curves  and  their  relations  with 
one  another. 

The  special  importance  of  intrinsic  coordinates  was  first 
brought  out  by  Sophus  Lie  in  his  discussion  of  certain  differ- 
ential invariants  in  the  theory  of  groups.*  But  this  subject, 
as  well  as  many  applications  of  the  coordinates  to  problems 
in  differential  and  other  geometry  of  curves  and  surfaces,  is 
not  considered  in  Braude's  booklet.  For  these  the  reader 
must  turn  for  guidance  to  the  Encyklopadie  or  to  the  elaborate 
work  of  Cesdro:  Lezioni  di  Geometria  Intrinseca,  first  pub- 
lished at  Naples  in  1896.t 

In  the  first  43  pages  Braude  gives  "dfiveloppements  et 
mSthodes"  with  numerous  illustrative  examples.  Some  sub- 
jects treated  are:  asymptotes,  envelopes,  successive  evolutes, 
osculating  curves,  contact  of  higher  orders,  systems  of  curves 
and  invariants  of  a  system,  and  parallel  curves.  Special 
curves  such  as  the  epicycloids  and  hypocycloids,  conies, 
logarithmic  spiral,  and  causticoide  are  introduced  in  the  ex- 
amples. 

The  second  section  (pages  43-68)  of  the  little  book  is  taken 
up  with  a  discussion  of  La  Courbe  de  Mannheim.  It  is  first 
introduced,  as  above,  with  a  straight  line  as  base;  the  general- 
ization to  a  circle  as  base  by  Wieleitner  and  others  is  also 
developed  with  examples.  And  finally  the  circle  is  replaced 
as  base  by  any  plane  curve.     Another  form  of  generalization 

*  Lie-Scheffers,  Differentialgleichuiigen  mit  bekannten  infinitesimalen 
Transformationen,  Leipzig,  1891. 

t  M.  Braude  gives  this  date  incorrectly  (p.  6)  as  1895.  A  German 
edition  by  G.  Kowalewski:  Vorlesungen  iiber  natiirliche  Geometrie,  was 
published  at  Leipzig  in  1901 .  Both  editions  were  reviewed  in  this  Bulletin, 
vol.  9,  Apr.  1903,  pp.  349-357,  by  V.  Snyder.  The  Italian  edition  was  also 
reviewed  by  E.  O.  Lovitt,  vol.  5  (March,  1899),  pp.  303-306. 
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of  Mannheim's  curve  was  treated  by  that  geometer  himself 
and  consists  in  seeking  "the  locus  Jf  ^*^  of  the  centers  of  curva^ 
tiure  of  order  n";  M^^^  woiild  be  the  locus  of  the  centers  of 
curvatiu'e  of  order  2,  that  is,  the  evolute  of  M^^\  the  (first) 
Mannheim  curve  of  the  rolling  curve.  Then  the  general 
Mannheim  curve  Jf  ^*^  (C,  T)  of  a  curve  C,  and  with  any 
plane  curve  T  as  base,  is  also  discussed.  Paragraphs  on 
"intermediate  evolutes/'  radials  and  the  comparison  of 
singularities,  of  corresponding  radials  and  the  curves  of 
Mannheim,  conclude  the  section.  Again  in  the  numerous 
examples  many  special  curves  are  introduced.  For  example: 
(1)  with  a  straight  line  as  base,  the  Mannheim  curve  of  a 
catenary  is  a  parabola;  (2)  when  the  pseudo-cycloid  or  the 
logarithmic  spiral  is  rolled  on  a  curve  T,  we  get  as  if  ^^"^  (C,  T) 
the  curve  T  itself;  Jf (4»+3)  (^q^  y)  is  an  involute  of  T. 

The  third  section  (pages  68-80)  deals  with  the  arcuide.  In 
particular  there  are  sections  on  arcuides  of  algebraic  curves, 
generation  of  the  arcuides  as  glissettes,  and  on  the  generaliza^ 
tion  of  the  arcuide  by  replacing  the  straight  line  by  a  curve 
as  base  (as  in  the  case  of  Mannheim's  curve). 

The  last  section  is  entitled  Les  Roulettes,  but  without  taking 
up  too  much  space  it  is  scarce  possible  to  indicate  further  the 
nature  of  the  discussion.  Several  theorems  of  Besant's 
Notes  on  roulettes  and  glissettes  are  recalled.  M.  Braude 
would  have  found  still  other  interesting  examples  in  the 
notable  memoir  written  by  the  physicist  J.  Clark  Maxwell 
at  the  age  of  seventeen:  "On  the  theory  of  rolling  curves."* 

The  work  is  highly  accurate  and  takes  account  of  recent 
developments  of  the  subject,  many  of  which  are  due  to  the 
author  himself.  The  figures  are  admirably  clear,  although 
their  face  is  sometimes  hardly  in  keeping  with  the  letter  press. 
The  style  is  concise  but  the  numerous  illustrative  examples 
simplify  the  presentation  of  the  theory  which,  in  the  very 
nature  of  the  case,  gives  one  the  impression  of  being  somewhat 
scrappy. 

The  volume  is  a  very  useful  addition  to  the  Scientia  series 
and  constitutes  a  pleasant  introduction  to  Cesfiro's  great  work. 

R.  C.  Archibald. 

*  Proc.  Royal  8oc.  Edinb.y  vol.  Id,  Feb.,  1849,  pp.  519-540;  Collected 
Works,  edited  by  Niven,  1890,  vol.  1,  pp.  4-29. 
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Legona  sur  la  ThSorie  des  Nombres.  Par  A.  Chatelet.  Paris, 
Gauthier-Villars,  1913.    x+156  pp. 

This  little  volume  consists,  as  the  preface  tells  us,  of  the 
Peccot  Foundation  lectures  in  form  substantially  as  delivered 
at  the  College  de  France  in  the  second  semester  of  the  year 
1911-12.  Following  the  hne  of  development  given  in  his 
thesis,  "  Sur  certains  ensembles  de  tableaux  et  leur  application 
a  la  thfiorie  des  nombres  "  {AnncUes  scientifiques  de  VEcole 
Normale  SupSrieure,  1911),  the  author  bases  his  exposition  of 
the  Dedekind  theory  of  moduli  and  ideals  largely  upon  the 
geometrical  ideas  of  Minkowski  and  the  so-called  method  of 
continued  reduction  of  Hermite. 

In  the  first  chapter  the  algebraic  foundation  is  laid  by  giving 
some  necessary  theorems  concerning  matrices  and  their  relation 
to  sets  of  forms,  together  with  an  all  too  brief  account  of 
Minkowski's  theory  of  generalized  distance.  As  in  the  thesis 
the  term  "  tableau  "  is  used  throughout  for  a  square  matrix 
and  the  term  matrix  is  employed  to  denote  a  rectangular 
array. 

In  the  four  following  chapters  the  theory  of  Dedekind's 
moduli  with  its  applications  is  studied  in  detail.  If  the  sum 
and  difference  of  two  points  be  defined  as  in  vector  addition 
so  that 

(PU  P2,    •  •  •,  Pn)  ±  {qu  ?2,   •  •  •,  ?n) 

=    (Pl  =t  qu  P2  =t  92,    •  •  •,  Pn  =t  ?n), 

the  definition  of  a  modulus  of  points  in  agreement  with 
Dedekind's  definition  of  a  modulus  of  numbers  follows  natu- 
rally. It  is  then  easy  to  show  that  the  coordinates  of  the 
points  of  the  simplest  modulus  of  dimension  m  in  a  space  of 
dimension  n  are  given  by  the  matrix  equation 

IIPI,  P2,   •  •  •,  Pn\\   =   \\XU  X2,    '  '  ',  Xn\\XA, 

where  the  x*s  are  integers  and  ^  is  a  matrix  with  m  rows  and  n 
columns.  The  modulus  is  said  to  be  "  type  "  if  A  exists  with 
the  elements  of  each  row  coordinates  of  a  point  of  the  modulus 
such  that  every  point  of  the  modulus  is  given  by  the  matrix 
equation.  The  matrix  A  is  called  a  "  base  "  of  the  modulus. 
The  criterion  for  a  type  modulus  is  that  it  has  only  a  finite 
number  of  points  all  of  whose  coordinates  are  less  in  absolute 
value  than  a  given  number.    In  general  there  are  only  a  finite 
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number  of  points  whose  distance  from  a  given  point  of  the 
modulus  is  finite.  The  points  of  the  modulus  form  a  lattice 
work. 

Passing  to  realms  of  algebraic  numbers.Jthe  author  inter- 
prets the  n  conjugate  values  of  a  number  o)  in  a  realm  K{(jc) 
as  the  coordinates  of  a  point  in  space,  real  or  semi-real,  of  n 
dimensions.  The  elementary  theorem  which  affirms  that  co 
may  be  expressed  as  a  linear  integral  function  with  rational 
coefficients  of  the  n  powers  of  a  primitive  element  w  of  K^cS), 
gives  the  matrix  equation 

||wi,  c52,  •  •  •,  Wnll  =  ||ao,  au  •  •  •,  an-i||X  Q, 

where  the  a's  are  rational  and  Q  is  the  square  root  of  the  dis- 
criminant of  w.  The  numbers  of  the  realm  therefore  give  rise 
to  a  modulus  R  within  which  the  integers  of  the  realm  form  a 
type  modulus  C,  The  sub-modulus  C  is  then  according  to 
Dedekind  a  multiple  of  R. 

In  the  matrix  equation  for  the  conjugate  values  of  an  alge- 
braic integer,  the  table  Q  may  be  replaced  by  any  other  table 

n  =  Ra, 

where  the  elements  of  R  are  rational  and  its  determinant  is 
not  zero.  It  is  then  possible  to  determine  x  to  a  factor  pr^ 
in  such  a  way  as  to  estabUsh  an  isomorphism  between  the 
nimibers  of  the  realm  and  the  abelian  system  of  tables 

Zsr  =  T[a5i,  a>2,  •  •  •,  con]^"^ 

with  rational  elements,  where  the  bracket  denotes  a  canonical 
table,  i.  e.,  a  table  in  which  the  numbers  Wioccupy  the  principal 
diagonal  and  all  other  elements  are  zero. 

Similarly,  when  the  integers  of  a  realm  are  studied,  it  is 
easily  shown  that  the  integers  of  any  ideal  of  the  realm  form 
a  sub-modulus  A  of  C  which  is  again  type  and  which  is  given 
by  the  matrix  equation 

||/3l,  ft,   •  •  •,  ftll   =   \\XU  X2,   •  •  •,  Xnll  X  Pr, 

where  the  x's  are  integers,  T  is  a  base  of  the  realm,  and  P  is  a 
table  with  rational  elements.  The  table  PT  will  be  "  a  base 
relative  to  an  ideal  "  if,  and  only  if,  the  elements  of  the  table 

{PT)[aua2,  ...,an](Pr)-' 

are  integers  for  every  integer  a  of  the  realm. 
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In  the  two  remaining  chapters,  devoted  to  continual  re- 
duction and  the  theorems  of  Minkowski  and  to  the  reduction 
of  a  base  of  a  realm,  geometrical  ideas  are  brought  even  more 
clearly  into  evidence.  In  a  modulus  of  points  of  dimension  n 
in  space  of  n  dimensions,  the  points  give  rise  to  a  totality  of 
tables  each  of  which  is  formed  of  the  coordinates  of  n  linearly 
independent  points.  Among  the  tables  of  such  a  totality  it  is 
natural  that  we  shoidd  seek  for  the  simplest.  But  what  shall 
be  the  criterion?  Geometrical  intuition  suggests  at  once  that 
we  choose  those  tables  whose  points  lie  as  near  as  possible  to 
the  origin.  But  here  a  diflSiculty  confronts  us,  for  it  may  be 
that  several  points  are  equally  distant  from  the  origin  and  we 
cannot  choose  between  them.  These  difficulties  are  overcome 
if  for  the  ordinary  distance  we  substitute  Minkowski's  "span," 
which  is  defined  as  the  maximum  of  the  absolute  values  of  the 
differences  between  the  coordinates  of  the  two  points.  Thus 
the  span  S{OA)  of  a  point  A  from  the  origin  is  the  maximum 
of  the  absolute  values  of  its  coordinates.  Further,  when  two 
points  have  the  same  span  with  respect  to  the  origin,  we  may 
distinguish  between  the  ranks  of  their  spans  if  we  define 
"  rank  of  span  "  to  be  the  number  reading  from  left  to  right 
of  the  maximum  coordinate.  For  example,  the  two  points  Ai 
(1,  5,  5)  and  A2  (2,  3,  5)  have  the  same  span  bat  the  rank  of 
Ai  is  2  while  the  rank  of  A2  is  3. 

A  simplest  or  "  reduced  table  "  is  one  whose  rows  are  the 
coordinates  of  n  linearly  independent  points  Ai(pi^^\  V^^^y 
"  'f  Vn"^)  which  satisfy  the  following  conditions: 

(1)  SiOAi)  S  S{0A2)  S'      S  S{OAn), 

(2)  pi»  >  0, 

(3)  If  S{OAi)  =  SiOAi^i),    rank    S{OAi)  S  S{OAi+i). 

For  a  given  modulus  the  number  of  reduced  tables  is  finite, 
as  is  geometrically  evident.  Nevertheless,  it  is  possible  to 
subject  the  modulus  to  a  dilatation  with  continuous  parameters 
so  that  for  each  of  an  infinite  number  of  systems  of  values  of 
the  parameters  a  finite  number  of  reduced  tables  exist.  The 
importance  of  this  method  of  introducing  continuous  param- 
eters, which  is  Hermite's  method  of  continuous  reduction, 
lies  in  the  fact  that  in  a  very  important  case,  namely  the  case 
where  the  table  is  real  and  consequently  associated  with  a 
decomposable  form,  the  table  is  given  only  to  a  dilatation  prfe. 
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When  n  =  2  and  the  elements  of  the  table  are  real  the  series 
of  reduced  tables  may  be  arranged,  one  for  each  interval,  as  a 
single  parameter  X  ranges  both  ways  from  a  given  value  Xi 
defining  a  series  of  intervals  such  that 

0  <  •    •  <  X-2  <  X_i  <  Xi  <  Xj  <  •  •  •  <  00, 

(lim  X»  =  00,  lim  X-,-  =  0). 

For  the  general  case  the  reduction  is  accomplished  by  means  of 
the  fundamental  inequalities  of  Minkowski.  The  two  funda- 
mental problems  of  finding  the  units  of  a  realm  and  of  sepa- 
rating the  ideals  of  a  realm  into  classes  of  equivalent  ideals  are 
made  to  depend  upon  the  reduction  of  a  base. 

Three  notes,  the  first  on  the  application  of  the  theory  of 
moduli  to  periods  of  functions,  the  second  a  study  of  the  realm 
-K^(  'V§2),  and  the  third  a  brief  account  of  congruences  with 
respect  to  an  ideal  and  with  respect  to  the  norm  of  an  ideal, 
occupy  the  last  twenty-four  pages  of  the  book. 

M.  Ch&telet  modestly  disclaims  for  the  book  any  originality 
so  far  as  material  is  concerned.  But  if  it  contains  no  hitherto 
unpublished  results,  the  treatment  is  sufficiently  novel  to 
make  the  book  a  noteworthy  contribution  to  the  literature  of 
algebraic  nimibers.  The  bringing  together  of  the  algebraic 
analysis  of  Hermite  and  the  geometrical  researches  of 
Minkowski  as  aids  to  the  development  of  the  brilliant  concep- 
tions of  Kummer  and  Dedekind  is  an  achievement  for  which 
the  mathematical  world  owes  much  to  the  author. 

The  book  as  a  whole  is  well  written,  though  at  times  it  is 
brief  almost  to  the  point  of  obscurity.  For  the  ordinary 
reader  its  value  would  have  been  greatly  enhanced  by  additional 
concrete  illustrations,  and  by  even  a  few  figures  similar  to 
those  which  illuminate  Minkowski's  Diophantische  Approxi- 
mationen. 

E.  B.  Skinner. 

A  Treatise  on  the  Analytic  Geometry  of  Three  Dimensions.    By 

George  Salmon.    Fifth  edition,  volume  2,  edited  by  R.  A. 

P.  Rogers.    London,  Longmans,  Green  and  Company,  1915. 

xvi+334  pp. 

The  second  volume  of  the  fifth  edition  of  the  Treatise  begins 
with  families  of  surfaces,  which  was  Chapter  XIII  of  the  fourth 
edition.    The  numbering  of  the  chapters  has  been  retained. 
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The  first  section  has  not  been  changed;  the  second,  on  line 
geometry,  has  been  enlarged  from  six  to  forty  pages,  and  made 
into  a  new  chapter,  Xllla.  It  first  considers  the  linear  com- 
plex, derives  the  canonical  equation,  and  gives  a  few  important 
examples.  After  defining  a  quadratic  complex,  the  treatment 
concerns  differential  properties,  including  a  discussion  of 
singular  complexes,  singular  surface,  etc.,  and  then  applies 
the  results  to  the  quadratic  complex.  The  singular  surface 
is  obtained  and  a  number  of  properties  derived,  including  the 
existence  of  the  six  special  congruences.  Then  follow  a  few 
general  properties  of  congruences  of  lines,  focal  surfaces, 
limiting  surface,  developables,  normal  and  isotropic  con- 
gruences. Too  many  interesting  properties  are  crowded  into 
fine  print  and  given  as  examples.  The  part  on  ruled  surfaces 
is  hardly  changed. 

Section  III  of  Chapter  XIII  of  the  f  oiu'th  edition  is  also  made 
into  a  new  chapter,  Xlllft.  The  change  consists  of  an  addition 
of  fourteen  pages  on  Lamp's  curvilinear  coordinates,  and  Dar- 
boux's  theorem  concerning  the  intersections  of  orthogonal 
surfaces;  normal  congruences  of  curves  and  cyclic  systems 
close  the  chapter. 

In  Chapter  XIV  some  bibliographical  references  are  inserted 
at  the  beginning.  Only  one  short  article  on  inversion  is 
added.  The  chapter  on  the  cubic  surface  is  amplified  by 
various  minor  additions  and  numerous  examples,  but  tiie  general 
treatment  is  not  changed. 

A  number  of  additions  to  the  theory  of  the  quartic  surface 
have  been  made;  much  modern  literature  has  been  cited,  but 
by  no  means  all  of  the  important  memoirs  have  been  given. 

The  text  of  the  former  edition  has  been  so  faithfully  repro- 
duced that  a  serious  error  concerning  plane  sections  of  a  ruled 
siuf ace,  passing  through  a  straight  line  director,  is  found  in  the 
new  book  (page  203) .  Two  pages  are  given  to  Steiner's  quartic, 
one  to  mapping  a  quartic  surface  with  a  double  line  on  a  plane. 
A  short  explanation  of  the  complex  surface  of  Plucker,  and  a 
fuller  discussion  of  the  cones  of  Kummer  connected  with  the 
general  cyclide,  a  few  pages  on  the  Weddle  surface  giving  an 
incomplete  summary  of  the  later  development  of  this  theory, 
an  amplified  description  of  the  symmetroid,  and  the  expla- 
nation of  the  Kummer  surface  rewritten  constitute  the  changes 
in  this  chapter. 

In  the  section  on  the  transformations  of  surfaces,  an  intro- 
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duction  to  the  general  theory  of  Cremona  transformations  is 
inserted,  but  so  brief  and  containing  so  many  statements  with- 
out proof  that  its  value  is  much  less  than  could  justly  be 
expected.  A  fairly  full  discussion  of  the  (2, 2)  case  is  given,  also 
an  outline  of  the  (2,  3)  and  (2, 4)  cases,  but  no  claim  is  made  for 
completeness.  A  brief  statement  concerning  Segre's  work  on 
the  resolution  of  singularities  by  means  of  quadratic  trans- 
formations is  misleading.  The  problem  was  by  no  means 
completely  solved  by  Segre. 

With  the  tremendous  amount  of  new  material  that  has  been 
contributed  to  this  field  during  the  last  few  decades  it  is  dif- 
ficult to  develop  a  systematic  theory  without  expanding  into 
several  volumes.  The  editor  has  endeavored  to  present  these 
new  phases  in  as  near  the  same  degree  of  completeness  as 
was  adopted  by  the  author  toward  the  corresponding  field 
when  the  last  preceding  edition  was  written.  This  has,  on 
the  whole,  been  accomplished.  The  same  style  has  been 
followed  and  a  book  has  been  produced,  which  "  forms,  it  is 
hoped,  a  concise  and  comprehensive  survey  of  tri-dimensional 
euclidean  geometry,  both  algebraic  and  differential." 

Virgil  Snyder. 

Hermann  Grassmanns  gesammelte  mathematische  und  physi- 
kalische  Werke.  Herausgegeben  von  Friedrich  Engel. 
Bd.  3:  Teil  1,  Theorie  der  Ebbe  und  Flvt  und  Abhandlungen 
zur  mathematischen  Physik,  353  pp.,  1911  (herausgegeben 
von  Justus  Grassmann  und  Friedrich  Engel);  Teil  2, 
GrassTnanns  Leben,  xiii  +  400  pp.,  1911  (geschildert  von 
Friedrich  Engel).  Leipzig,  B.  G.  Teubner. 
Grassmann's  works  on  mathematics  and  physics  are  finished 
after  some  twenty  years  of  editorial  labor. 

Although  Grassmann's  style  was  such  as  to  repel  readers 
from  the  two  Ausdehnungslehren,  those  works  have  slowly 
penetrated  into  the  mathematical  consciousness  of  at  least  a 
few  persons,  but  the  first  part  of  Volimie  III  of  his  works 
contains  material  that  is  now  printed  for  the  first  time  and, 
though  written  fifty  or  seventy-five  years  ago,  has  only  now 
an  opportunity  to  be  valuable  to  the  world  at  large.  The 
world  of  science  has  meantime  moved  far  on,  and  about  the 
only  interest  in  this  early  work  must  be  historical,  not  for  the 
history  of  science,  merely  for  the  history  of  Grassmann. 
The  most  striking  thing  about  the  memoir  Ebbe  und  Flut, 
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which  was  finished  by  April,  1840,  is  the  great  development 
which  Grassmann  had  already  given  to  his  system  of  geo- 
metric analysis.  Here  we  find  not  only  vector  addition  and 
subtraction,  the  scalar  and  vector  products,  differentiation 
by  a  scalar,  and  an  incisive  treatment  of  mechanical  theory 
by  them,  but  we  find  also  divergence,  the  linear  vector  func- 
tion, elliptic  harmonic  motion  and  the  integration  of  vector 
differential  equations,  and  rotary  operators.  The  work  fur- 
ther shows  that  at  thirty  years  of  age  Grassmann,  with  prac- 
tically no  help,  had  made  himself  master  of  Lagrange  and,  to  a 
considerable  extent  at  least,  of  Laplace,  so  that  he  could 
improve  on  both. 

The  mathematical  physics  in  this  volume  is  from  the 
Nachlass,  and  is  chiefly  analytical  optics,  some  of  it  more 
like  Gibbs's  treatment  in  his  lectures  than  anything  we  have 
seen  in  print. 

For  composing  the  life  of  Grassmann,  Engel  had  at  his  dis- 
posal a  nimiber  of  documents  written  by  Grassmann  himself 
or  by.  members  of  his  family.  It  was  therefore  possible  to 
begin  the  sketch  away  back  in  1634  (!)  and  to  offer  a  detailed 
treatment  of  the  early  years  of  this  very  busy  genius.  It  is 
interesting  to  see  how  systematically  he  went  to  work  at  the 
imiversity  to  broaden  his  knowledge  and  render  it  funda- 
mental in  a  number  of  subjects.  We  may  therefore  be  able 
a  little  to  understand  how  Grassmann,  who  started  as  a 
theologian,  could  have  been  inventing  his  analysis,  writing  on 
physics,  composing  class  texts  for  the  study  of  German, 
Latin,  and  mathematics,  editing  a  political  paper,  a  missionary 
paper,  investigating  phonetic  laws,  writing  a  dictionary  to  the 
Rig-Veda,  publishing  a  translation  of  the  Rig-Veda  in  verse, 
and  harmonizing  folk  songs  in  three  voices,  at  various  times 
of  his  life  and  frequently  at  the  same  time — ^in  addition  to 
carrying  on  successfully  his  regular  work  as  a  teacher  and 
administrator  and  bringing  up  nine  of  his  eleven  children. 

Engel's  life  of  Grassmann  is  written  in  a  sound  critical  spirit, 
there  is  neither  laudation  nor  condemnation  of  its  subject, 
merely  a  connected  and  sympathetic  history  of  him,  from 
which  the  reader  may  get  instruction  and  interest  and  inspira- 
tion. Few  biographers  in  science  have  had  a  harder  task, 
for  few  scientists  have  had  a  wider  range  of  activity  than 
Grassmann.  We  should  all  admit  our  deep  obligations  to 
Engel  as  editor  and  biographer. 

E.  B.  Wilson. 
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NOTES. 

The  twenty-second  annual  meeting  of  the  American  Mathe- 
matical Society  will  be  held  in  New  York  City  on  Monday 
and  Tuesday,  December  27-28,  1915.  Titles  and  abstracts 
of  papers  intended  for  presentation  at  this  meeting  should 
be  in  the  hands  of  the  Secretary  by  December  11.  Abstracts 
intended  to  be  printed  in  advance  of  the  meeting  should  be 
sent  in  by  December  4. 

The  thirty-sixth  regular  meeting  of  the  Chicago  Section, 
being  the  fifth  western  meeting  of  the  Society,  will  be  held 
at  Columbus,  Ohio,  on  Thursday,  Friday,  and  Saturday, 
December  30-31  and  January  1,  in  affiliation  with  the  Ameri- 
can association  for  the  advancement  of  science.  The  first 
session  will  be  a  joint  meeting  with  Section  A  of  the  Associa- 
tion, at  which  Professor  H.  S.  White  will  deliver  his  retiring 
address  as  vice-president  of  Section  A,  on  "Poncelet  poly- 
gons," and  Professor  E.  J.  Wilczynski  will  deliver  his  retiring 
address  as  chairman  of  the  Chicago  Section.  Titles  and 
abstracts  of  papers  intended  for  presentation  at  this  meeting 
should  be  in  the  hands  of  the  Secretary  of  the  Chicago  Section 
by  December  4. 

A  NEW  edition  of  the  List  of  Officers  and  Members  of  the 
Society  is  now  in  preparation  and  will  be  issued  in  January. 
Blanks  for  furnishing  information  have  been  sent  to  the 
members.  A  prompt  response  will  contribute  materially  to 
the  correctness  and  completeness  of  the  List. 

The  sixty-eighth  meeting  of  the  American  association  for 
the  advancement  of  science  will  be  held  at  Columbus,  Ohio, 
December  27  to  January  1,  under  the  presidency  of  Professor 
W.  W.  Campbell,  of  Lick  Observatory.  Professor  A.  O. 
Leuschner  is  vice-president  and  Professor  F.  R.  Moulton 
secretary  of  Section  A. 

The  concluding  (October)  number  of  volume  16  of  the 
Transactions  of  the  American  MathemcUical  Society  contains 
the  following  papers:  "A  type  of  singular  points  for  a  trans- 
formation of  three  variables,"  by  W.  V.  Lovrrr;  "The  re- 
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duction  of  multiple  X-integrals  of  separated  functions  to 
iterated  X-integrals,"  by  J.  K.  Lamond;  "Independent 
generators  of  a  group  of  finite  order/'  by  G.  A.  Miller; 
"On  the  zeros  of  the  function  P(x),  complementary  to  the 
incomplete  gamma  function,"  by  C.  N.  Haseins;  "Group 
properties  of  the  residue  classes  of  certain  Kronecker  modular 
systems  and  some  related  generalizations  in  number  theory," 
by  E.  Kircher;  "Sur  Tintfigrale  de  Lebesgue,"  by  C.  de  la 
Vall^e  Poussin;  "A  new  development  of  the  theory  of 
algebraic  numbers,"  by  G.  E.  Wahlin;  "Ruled  surfaces 
whose  flecnode  curves  have  plane  branches,"  by  A.  F.  Car- 
penter. 

The  closing  (October)  number  of  volume  37  of  the  American 
Journal  of  Mathemaiics  contains  the  following  papers:  "Geo- 
metrical and  invariantive  theory  of  quartic  curves  modulo  2," 
by  L.  E.  Dickson;  "On  the  solutions  of  linear  non-homogene- 
ous partial  differential  equations,"  by  L.  L.  Steimley;  "A 
method  in  the  calculus  of  variations,"  by  R.  B.  Robbins; 
"On  the  conformal  geometry  of  analytic  arcs,"  by  G.  A. 
Pfeiffer;  "The  non^homogeneous  differential  equation  of 
parabolic  type,"  by  G.  C.  Evans;  "On  properties  of  the 
solutions  of  linear  g-difference  equations  with  entire  func- 
tion coefficients,"  by  T.  E.  Mason;  "On  rational  sextic 
surfaces  having  a  nodal  curve  of  order  9,"  by  C.  H.  Sisam. 

The  annual  list  of  American  doctorates  published  in  Science 
presents,  for  the  academic  year  1914-1915,  656  names,  of 
which  309  are  credited  to  the  sciences.  The  following  25  suc- 
cessful candidates  offered  mathematics  as  major  subject  (the 
titles  of  the  theses  are  appended) :  A.  A.  Bennett,  Princeton, 
"An  algebraic  treatment  of  the  theorem  of  closure";  J.  W. 
Campbell,  Chicago,  "Periodic  solutions  of  the  problem  of 
three  bodies  in  three  dimensions";  C.  R.  Dines,  Chicago, 
"Functions  of  positive  type  and  related  topics  in  general 
analysis";  C.  H.  Forsyth,  Michigan,  "Vital  and  monetary 
losses  in  the  United  States  due  to  preventable  deaths"; 
M.  G.  Gaba,  Chicago,  "A  set  of  postulates  for  general  pro- 
jective geometry  of  n  dimensions";  Olive  C.  Hazlett,  Chi- 
cago, "On  the  classification  and  invariantive  characterization 
of  nilpotent  algebras";  H.  B.  Hedrick,  Yale,  "Some  principles 
and  processes  in  the  construction  of  mathematical  tables"; 
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L.  A.  Hopkins,  Chicago,  "On  the  theory  of  the  motion  of  the 
small  planets  with  a  periodic  orbit  for  the  Hilda  type"; 
H,  R.  Kingston,  Chicago,  "Metric  properties  of  nets  of  plane 
curves";  W.  V.  Lovitt,  Chicago,  "A  type  of  singular  points 
for  a  transformation  of  three*  variables";  W.  E.  Milne, 
Harvard,  "On  the  degree  of  convergence  of  Birkhoff's  series"; 
G.  A.  Pfeiffek,  Columbia,  "On  the  conformal  geometry  of 
analytic  arcs";  V.  C.  Pook,  Chicago,  "A  certain  type  of  exact 
solution  of  the  equations  of  motion  of  a  viscous  liquid"; 
H.  F.  Price,  Pennsylvania,  "Fundamental  regions  for  certain 
finite  groups  in  two  complex  variables";  L.  J.  Reed,  Penn- 
sylvania, "Some  fundamental  systems  of  formal  modular 
invariants  and  covariants";  P.  R.  Rider,  Yale,  "An  extension 
of  Bliss's  form  of  the  problem  of  the  calculus  of  variations, 
with  applications  to  the  generalization  of  angle";  J.  Rosen- 
BAUM,  Cornell,  "On  mixed  linear  integral  equations  over  a 
two-dimensional  region";  G.  Rutledge,  Illinois,  "The 
number  of  abelian  subgroups  of  groups  whose  orders  are  the 
powers  of  primes";  Caroline  E.  Seely,  Columbia,  "Certain 
non-linear  integral  equations";  C.  P.  Sousley,  Johns  Hopkins, 
"Invariants  and  covariants  of  the  Cremona  hexahedral  form 
of  the  cubic  surface";  Eula  A.  Weeks,  Missouri,  "A  sym- 
metrical generalization  of  the  theory  of  functions";  C.  J. 
West,  Cornell,  "On  certain  formulas  for  representing  statisti- 
cal data";  C.  E.  Wilder,  Harvard,  "Problems  in  the  theory 
of  ordinary  linear  differential  equations  with  auxiliary  con- 
ditions at  more  than  two  points";  F.  B.  Wiley,  Chicago, 
"Proof  of  the  finiteness  of  the  modular  covariants  of  a  system 
of  binary  forms  and  cogredient  points";  L.  T.  WUiSON, 
Harvard,  "Conformal  transformation  of  curvilinear  angles." 

The  United  States  Bureau  of  education  has  recently  issued 
the  following  two  bulletins:  No.  35,  on  "Mathematics  in  the 
lower  and  middle  commercial  and  industrial  schools  of  various 
countries  represented  in  the  International  commission  on 
the  teaching  of  mathematics,"  prepared  by  Dr.  E.  H.  Taylor 
with  the  editorial  cooperation  of  the  American  members  of 
the  Commission;  No.  39,  on  "The  training  of  elementary 
school  teachers  in  mathematics  in  the  countries  represented 
by  the  Commission,"  by  Dr.  I.  L.  Kandel.  These  bulletins 
may  be  obtained  by  teachers  of  mathematics  on  application 
to  the  Bureau. 
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The  English  translation,  by  Professor  E.  R.  Hedrick, 
of  the  revised  edition  of  the  second  volume  of  (Joursat's 
Mathematical  Analysis  is  expected  to  appear  in  January, 
1916. 

The  Joint  committee  on  standards  for  graphic  presentation, 
composed  of  representatives  of  a  number  of  national  organiza- 
tions, has  issued  a  preliminary  repK)rt  as  a  basis  for  suggestions 
to  the  committee.  Copies  can  be  obtained  from  the  Ameri- 
can society  of  mechanical  engineers,  29  West  39th  Street, 
New  York  City,  at  10  cents  each. 

At  the  University  of  Kansas,  Dr.  C.  H.  Ashton  has  been 
promoted  from  an  associate  professorship  to  a  full  professor- 
ship of  mathematics. 

Dr.  E.  C.  CoLPrrrs,  of  the  State  College  of  Washington, 
has  been  promoted  from  an  assistant  professorship  to  an 
associate  professorship  of  mathematics. 

Miss  Gertrude  I.  McCain  has  been  appointed  professor 
of  mathematics  in  the  Western  College  for  Women,  Oxford, 
Ohio. 

Professor  E.  H.  Jones,  of  Daniel  Baker  College,  has  been 
appointed  associate  professor  of  mathematics  in  the  Southern 
Methodist  University. 

At  Williams  College  Dr.  H.  L.  Agard  has  been  promoted  to 
an  assistant  professorship  of  mathematics. 

Dr.  S.  D,  Killam,  of  the  University  of  Alberta,  has  been 
promoted  to  an  assistant  professorship  of  applied  mathematics. 

The  following  appointments  to  instructorships  in  mathe- 
matics are  announced:  Dr.  M.  G.  Gaba,  at  Cornell  Uni- 
versity; Dr.  L.  M.  Kells,  at  the  College  of  the  City  of  New 
York;  Mr.  J.  S.  Mieesh,  at  the  University  of  Minnesota; 
Dr.  P.  R.  Rider,  at  the  Sheffield  Scientific  School. 

•Book  catalogues:    The   Macmillan   Company,   66   Fifth 
Avenue,  New  York  City,  catalogue  of  mathematical  and 
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astronomical  books,  1915-1916. — Greorge  Gregory,  5  Argyle 
Street,  Bath,  England,  catalogue  no.  240-241,  higher  mathe- 
matics, 38  items. — Galloway  and  Porter,  Cambridge,  England, 
recent  mathematical  acquisitions,  16  items. — ^Arthur  H.  Clark 
Company,  Caxton  Building,  Cleveland,  Ohio,  early  and  rare 
books,  27  items. 
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Abchdcbdes.  Opera  omnia  cum  commentariis  Eutocii.  Iterum  J.  L. 
Heiberg.    Vol.  III.    Leipzig,  Teubner,  1916.    8vo.    98+448  pp. 

M.9.00 

AuTONNB  (L.).  Sur  les  matrices  hypo-hermitiemies  et  sur  le8  matrices 
imitaires.     Paris,    Gauthier-Villars,    1916.    4+78  pp.  Fr.6.00 

Bachmann  (P.).    See  Encyclopi^die. 

BiRKELAND  (K.)  et  Skolem  (T.).  Une  m^thode  ^num^rative  de  la 
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pp.    Qoth.  $7.00 
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Gr.  8vo.    Pp.  385-480.  M.  3.00 

EnctklopXdie  der  mathematischen  Wissenschaften.  Band  III  3,  Heft  4: 
H.  Liebmann,  BerQhrungstransformationen;  Geometrische  Theorie  der 
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GouRSAT  (E.).  Cours  d'analyse  math^matique.  2e  Edition,  enti^rement 
refondu.  Tome  3:  Int^ales  infiniment  voisines.  Equations  aux 
dinv^es  partielles  du  second  ordre.  Equations  int^srales.  Calcul 
des  variations.    Paris,  Gauthier-Villars,   1915.    Or.  8vo.    667  pp. 

Ft.  20.00 
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primerie  de  rUniversit^,  1915.    8vo.    87  pp. 

GuMPPENBERO  (H.  V.).  Beweis  des  grossen  Fennatschen  Satzes  ftir  alle 
ungeraden  Exponenten.    Mtinchen,  1915.    Gr.  8vo.    124  pp. 

M.2.80 

Hadamabd  (J.).    See  Enctclop£die. 

Heibero  (J.  L.).    See  Archimedes. 

HiLBERT  (D.).    See  Enctclop£die. 

JoRDi  (E.).  XJeber  Reihenentwicklungen  nach  Quadraten  und  Produkten 
von  Besselschen  Funktionen.    Bern,  1913.    8vo.    Ill  pp. 

JouRDAiN  (P.  E.  B.).    See  Cantor  (G.). 

Kate  (G.  R.).  Indian  mathematics.  Calcutta  and  Simla,  Thacker,  Spink 
and  Co.,  1915.    73  pp. 

Kloosterboer  (G.  W.).  Codrdinatentafel.  Sinus-  en  cosinustafels  ter 
berekening  von  rechthoekige  co()rdinaten.  Deventer,  1914.  Fol. 
Geb.  M.  4.80 

Landib  (E.  H.).    See  Richardson  (R.  P.). 

LiEBMANN  (H.).    See  Enctklopadis. 

LoRENTZ  (H.  A.).  Lehrbuch  der  Differential-  und  Integralrechnung  nebst 
Einftihrung  in  andere  Teile  der  Mathematik,  mit  besonderer  BerUck- 
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Uebersetzt  von  G.  C.  Schmidt.  3te  Auflage.  Leipzig,  1915.  8vo. 
7+602  pp.  M.  14.00 
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Nalu  (P.).  Esposizione  e  confronto  critico  delle  diverse  definizioni  pro- 
poste  per  Pintegrale  definito  di  una  funzione  limitata  o  no.  Palermo, 
Virzi,  1914.     162  pp. 

Richardson  (R.  P.)  and  Landib  (E.  H.).  Fundamental  conceptions  of 
modem  mathematics.    Chicago,  Open  Court,  1915.  $1.25 

Salmon  (G.)  imd  Fielder  (W.) .  Analvtische  Geometric  der  Kegelschnitte. 
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Auflage.    Leipzig,  Teubner,  1915.    Gr.  8vo.    30+452  pp.    Geb. 
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Schmidt  (G.  C).    See  Lorentz  (H.  A.). 

Skolem  (T.).    See  Birkeland  (K.). 

Smith  (D.  E.).    See  DeMorgan  (A.). 

Stuckenberg  (K.).  Elliptische  Wurzelfunktionen.  Strassburg,  1913. 
8vo.    57  pp. 

VoGT  (H.).    See  EnctclopAdie. 

Weber  (H.).    See  Encyclop6die. 
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II.    ELEMENTARY  MATHEMATICS. 

BiBUOORAPHT  of  educatioxi  for  1911-12.  (United  States  Bureau  of  Educa- 
tion Bulletin  No.  657).  Washington,  Government  Printing  Office, 
1915.    151  pp.  S0.20 

Breblich  (E.  R.).  First-year  mathematics  for  secondary  schools.  3d 
edition.  Chicago,  University  of  Chicago  Press,  1915.  8vo.  26+344 
pp.    aoth.  $1.00 

Carcano  (C).  Matematica  semplificata  pratica,  per  scuole  commerciali, 
industriali,  licei,  istituti  tecmci,  capomastri,  ingegneri,  professionistij 
numerosi  esercizi  pratici  completamente  risolti.  Vol.  3  (Progessiom 
geometriche).  Muano,  tip.  Pivola  e  Cella,  di  P.  CeUa,  1915.  16mo. 
63  pp.  L.  1.00 
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.    Plane  Geometry.    2  parts.    London,  Ginn,  1915.    6+266+6+224 

pp.  2s.  6d.+2s.  6d. 
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taire.    5e  Edition.    Paris,  Colin,  1913. 

K(3nnemann  (W.)  .  Rationale  Losungen  von  Aufgaben  aus  dem  Gebiete  der 
gesamten  Elementarmathematik  in  funktioneller  Abhangigkeit.  Ber- 
lin, Winckehnann,  1915.    8vo.    Geb.    8+112  pp.  M.  3.00 

Lenneb  (N.  J.).    See  Slaught  (H.  E.). 

M'Laren  (G.  C).  Improved  four-place  logarithm-tables.  Multiplication 
and  divison  made  easy.    Cambridge,  University  Press,  1915.    27  pp. 

Is.  6d. 

Mancinelli  (F.).  Alcune  osservazioni  di  trigonometria  plana.  Forma 
probabile  dd  triangolo  e  del  quadrangolo.  Problema  fondamentale 
della  planimetria.  Pavia,  tip.  ropolare,  di  P.  MozzagUa,  1915.  8vo. 
7+4+7  pp. 

Merriman  (M.).  Mathematical  tables  for  class-room  use.  New  York, 
Wiley,  1915.    8vo.    68  pp.  10.50 

Monroe  (P.).    See  Smith  (D.  E.). 

Norman  (F.  K.).    See  Norman  (J.  S.). 

Norman  (J.  S.  and  F.  K.).  Norman's  arithmetic  for  schools.  London, 
Year  Book  Press,  1915.    8vo.     16+278  pp.    2s.    With  answers, 

2s.  6d. 

Price  (E.  A.).    See  Godfrey  (C). 

Reed  (H.  L.).  Plane  trigonometry.  London,  Bell,  1915.  13+290+16 
pp.  3s.  6d. 

Slaught  (H.  E.)  and  Lenneb  (N.  J.).  Elementary  algebra.  Boston, 
AUyn  and  Bacon,  1915.    8vo.    10+357  pp.  $1.00 
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Smith  (D.  E.).  Problems  about  war:  for  classes  in  arithmetic.  With  an 
introduction  by  Paul  Monroe.  New  York,  The  Carnegie  Endowment 
for  International  Peace,  1916.    23  pp. 

.    See  Cabson  (G.  St.  L.). 

m.    APPLIED  MATHEMATICS. 

Andrews  (E.  S.).  An  introduction  to  applied  mechanics.  Cambridge 
University  Press,  1915.    8vo.  4s.  6d. 

Ankuaire  pour  Tan  1915  public  par  le  Bureau  des  longitudes  avec  une  not- 
ice scientifique  par  M.  G.  Bigourdain.  Paris,  Gauthier-Villars,  1915. 
7+764+173+68  pp.  ¥r.  1.50 

Ansel  (E.  A.).  Beitrage  zur  D3mamik  und  Thennod3mamik  der  Atmo- 
sphare.    Gottingen,  1913.    Svo.    67  pp. +4  Tafeki.  M.  2.00 
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Svo.    40  pp. 
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1913.    Svo.    36  pp. 
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17.)     Leipzig,  Teubner,  1915.    Klein  Svo.    4+52  pp.    Boards. 

M.  0.80 

BuRNHAM  (R.  W.).  Mathematics  for  machinists.  New  York,  Wiley, 
1915.    Svo.    7+229  pp.  $1.25 

Caspar  (E.).  Neue  Methode  zur  Messung  kleiner  Temperaturdifferenzen, 
angewandt  auf  die  Untersuchung  der  Temperaturverhaltnisse  in  Kalte- 
mischungen  mit  Kohlens&ureschnee.  Marburg,  1913.  Svo.  68 
pp.+l  Tafel. 

Chaffee  (E.  L.).  Physical  laboratory  manual.  Cambridge,  Mass.,  1914. 
Svo.     128  pp.  $1.50 
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RuNQB  (C.).  Graphische  Methoden.  XJebersetzung  der  Vorlesungen,  die 
im  Winter  190^10  an  der  Coliimbia-UniverBit&t  gehalten  waren. 
(Sammlung  mathematisch-phvsikalischer  LehrbQcher  herausgegeben 
von  E.  Jahnke,  Band  18.)  Leipzig,  Teubner,  1915.  8vo.  4+142  pp. 
Geb.  M.  5.00 

ScHUR  (F.).  Vorlesungen  aber  graphische  Statik.  XJnter  Mitwirkung  von 
W.  Vogt.    Leipzig,  1915.    Gr.  Svo.    8+219  pp.  M.  7.00 

Stark  (J.).  Prinzipien  der  Atomdynamik.  Teil  3:  Die  Elektrizit&t  im 
chemischen  Atom.    Leipzig,  1915.    8vo.     16+280  pp.  M.  8.00 

Traub  (G.).  Ueber  die  Vertical-Geschwindigkeitskurve.  Untersuchungen 
tiber  die  Verteilung  der  Wassergeschwindigkeiten  im  offenen  Wasser- 
lauf.    Dresden,  1913.    8vo.    160  pp. +6  Tafeln.  M.  4.00 

Valier  (M.).  Das  astronomische  Zeichnen.  Leichtfassliche  mid  gemein- 
verst&ndliche  Anleitung  zur  Beobachtmig  mid  zeichnerischen  iDarstel- 
hmg  cdlestLschen  Objdhe  nach  dem  Anblick  im  Femrohr  fiir  Laien 
mid  Amatm^astronomen.  Mit  Anhang:  Mondaufnahmen.  Mtlnchen. 
1915.    8vo.  M.  1.50 

Vogt  (W.).    See  Schur  (F.). 
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THE  OCTOBER  MEETING  OF  THE  AMERICAN 
MATHEMATICAL  SOCIETY. 

The  one  hundred  and  seventy-ninth  regular  meeting  of  the 
Society  was  held  in  New  York  City  on  Saturday,  October  30, 
1915.  The  attendance  at  the  morning  and  afternoon  sessions 
included  the  following  fifty  members: 

Professor  R.  C.  Archibald,  Dr.  A.  A.  Bennett,  Mr.  D.  R. 
Belcher,  Professor  E.  G.  Bill,  Professor  W.  J.  Berry,  Professor 
G.  D.  Birkhoff,  Professor  E.  W.  Brown,  Dr.  T.  H.  Brown,  Dr. 
Emily  Coddington,  Professor  F.  N.  Cole,  Professor  Elizabeth 
B.  Cowley,  Professor  Louise  D.  Cummings,  Dr.  H.  B.  Curtis, 
Mrs.  E.  B.  Davis,  Dr.  C.  R.  Dines,  Professor  L.  P.  Eisenhart, 
Professor  H.  B.  Fine,  Dr.  C.  A.  Fischer,  Professor  W.  B.  Fite, 
Professor  O.  E.  Glenn,  Dr.  G.  M.  Green,  Professor  C.  N.  Has- 
kins.  Professor  H.  E.  Hawkes,  Professor  L.  A.  Howland,  Dr. 
Dunham  Jackson,  Mr.  S.  A.  Joffe,  Professor  Edward  Kasner, 
Professor  C.  J.  Keysejr,  Mr.  P.  H.  Linehan,  Dr.  H.  F.  MacNeish,. 
Dr.  L.  C.  Mathewson;  Professor  F.  M.  Morgan;  Mr. 
George  Paaswell,  Dr.  G.  A.  Pfeiffer,  Professor  H.  W. 
Reddick,  Professor  L.  W.  Reid,  Professor  R.  G.  D.  Richardson, 
Mr.  J.  F.  Ritt,  Dr.  Caroline  E.  Seely,  Professor  L.  P.  Siceloff, 
Professor  D.  E.  Smith,  Professor  P.  F.  Smith,  Professor  W.  B. 
Stone,  Mr.  H.  S.  Vandiver,  Professor  Oswald  Veblen,  Dr. 
Mary  E.  Wells,  Professor  H.  S.  White,  Miss  E.  C.  WilUams, 
Professor  A.  H.  Wilson,  Professor  J.  W.  Young. 

The  President  of  the  Society,  Professor  E.  W.  Brown,  oc- 
cupied the  chair,  being  relieved  by  Vice-President  Oswald 
Veblen.  The  Council  announced  the  election  of  the  following 
persons  to  membership  in  the  Society:  Mr.  D.  R.  Belcher, 
Columbia  University;  Professor  J.  W.  Calhoun,  University  of 
Texas;  Professor  Sarah  E.  Cronin,  State  University  of  Iowa; 
Mr.  C.  A.  Epperson,  State  Normal  School,  Kirksville,  Mo.; 
Dr.  Olive  C.  Hazlett,  Raddiffe  College;  Mr.  C.  M.  Hebbert, 
University  of  Illinois;  Miss  Goldie  P.  Horton,  University  of 
Texas;  Professor  W.  S.  Lake,  Bendigo  School  of  Mines  and 
Industries,  Australia;  Mr.  D.  H.  Leavens,  College  of  Yale  in 
China;  Mr.  C.  T.  Levy,  University  of  California;  Dr.  F.  W. 
Reed,  University  of  Illinois;  Professor  L.  H.  Rice,  Syracuse 
University;  Mr.  J.  F.  Ritt,  Columbia  University;  Professor 
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D.  M.  Y,  Sommerville,  Victoria  University  College,  Welling- 
ton, N.  Z.;  Miss  L.  R.  Stoughton,  Rosemary  Hall  School, 
Greenwich,  Conn.;  Dr.  C.  E.  Wilder,  Pennsylvania  State 
College;  Mr.  A.  R.  Williams,  University  of  California;  Dr. 
L.  T.  Wilson,  University  of  Illinois;  Dr.  F.  E.  Wright,  U.  S. 
Geological  Survey.  Four  applications  for  membership  in  the 
Society  were  received. 

The  Council  submitted  a  list  of  nominations  for  officers  and 
other  members  of  the  Council,  to  be  placed  on  the  official 
ballot  for  the  annual  election.  A  committee  was  appointed 
to  audit  the  accounts  of  the  Treasurer  for  the  ciurent  year. 

The  dinner  in  the  evening,  always  a  pleasant  feature  of  the 
meetings,  was  attended  by  twenty-one  members  and  friends. 

The  following  papers  were  read  at  this  meeting: 

(1)  Dr.  G.  A.  Pfeiffek:  "  Existence  of  divergent  solutions 
of  the  functional  equations  <p[g{x)]  =  a<p(x),  f[f{x)]  =  g(x), 
where  g(x)  is  a  given  analytic  function,  in  the  irrational  case." 

(2)  Professor  C.  N.  Haseins:  "  On  the  extremes  of  bounded 
summable  functions  and  the  distribution  of  their  functional 
values." 

(3)  Dr.  G.  M.  Green:  "  Projective  differential  geometry  of 
one-parameter  families  of  space  curves,  and  conjugate  nets 
on  a  curved  surface.    Second  memoir." 

(4)  Dr.  G.  M.  Green:  "  The  linear  dependence  of  functions 
of  several  variables." 

(5)  Mr.  A.  R.  ScHWErrzER:  "  On  the  dependence  of  alge- 
braic equations  upon  quasi-transitiveness." 

(6)  Professor  H.  S.  Carslaw:  "A  trigonometrical  sum  and 
the  Gibbs  phenomenon  in  Fourier's  series." 

(7)  Professor  W.  F.  Osgood:  "  On  a  sufficient  condition  for 
a  non-essential  singularity  of  a  function  of  several  complex 
variables." 

(8)  Dr.  Dunham  Jackson:  "Singular  points  of  functions 
of  several  complex  variables." 

(9)  Professor  W.  F.  Osgood:  "On  functions  of  several 
complex  variables." 

(10)  Professor  L.  P.  Eisenhart:  "  Envelopes  of  rolling  and 
transformations  of  Ribaucour." 

(11)  Professor  W.  B.  Ftte:  "  Note  on  linear  homogeneous 
differential  equations  of  the  second  order." 

(12)  Mr.  H.  S.  Vandiver:  "Note  on  the  distribution  of 
quadratic  residues." 
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(13)  Professor  G.  D.  Bdrkhoff:  "A  theorem  concerning  the 
singular  points  of  ordinary  linear  differential  equations.'' 

(14)  Professor  H.  S.  White:  "  Closed  systems  of  sevens  in  a 
3-3  correspondence." 

(15)  Professor  W.  R.  Longley:  "  Note  on  a  theorem  on 
envelopes." 

(16)  Mr.  A.  R.  ScHWEnzER:  "  On  the  dependence  of  alge- 
braic equations  upon  quasi-transitiveness.    Second  paper," 

(17)  Mr.  A.  R.  ScHWEirzER:  "  A  new  functional  character- 
ization of  the  arithmetic  mean." 

Professor  Carslaw's  paper  was  communicated  to  the  Society 
through  Professor  B6cher.  In  the  absence  of  the  authors 
Professor  Osgood's  second  paper  was  read  by  Professor  Birkhoff 
and  the  papers  of  Mr.  Schweitzer,  Professor  Carslaw,  Professor 
Longley,  and  the  first  paper  of  Professor  Osgood  were  read  by 
title. 

Abstracts  of  the  papers  follow  below.  The  abstracts  are 
numbered  to  correspond  to  the  titles  in  the  list  above. 

1.  The  first  functional  equation  considered  in  Dr.  Pfeiffer's 
paper  arises  in  the  consideration  of  the  conformal  equivalence 
of  curvilinear  angles  in  the  so  called  irrational  case.  In  this 
case  a  transformation  can  always  be  found  formally.  The 
author  shows  that  the  series  giving  the  transformation  may 
be  divergent.  The  second  functional  equation  here  considered 
determines  the  bisectors  of  an  irrational  curviUnear  angle  as 
defined  by  Kasner,  and  it  is  proved  that  such  an  angle  may 
have  two,  one,  or  no  bisectors. 

Stated  specifically  the  theorems  obtained  are 

1.  There  exists  an  analytic  function  g{x)  =  a\X  +  (h,3?'\ —  • 
(|ai|  =  1,  ai'*  =t=  1,  n  =  1,  2,  •-•)  such  that  every  formal 
solution  4>{x)  =  cix  +  Ctx^  +  •  •  •  (ci  +  0)  of  the  functional 
equation  0[^(a:)]  =  a\4>{x)  is  divergent  for  all  values  of  a;  =}=  0. 

2.  Given  the  functional  equation  /[/  {x)]  =  g{x).  Then 
g{x)  =  aix+  027?+  •  •  •  (|oiJ  =  1,  ai~  4=  1,  n  =  1,  2,  •  •  •) 
may  be  taken  such  that  the  given  equation  has  (a)  no  solution 
analytic  about  the  origin,  (6)  only  one  such  solution,  (c)  two 
such  solutions.  The  number  of  solutions  cannot  be  greater 
than  two. 

The  author  is  indebted  to  Professor  Birkhoff  for  suggestions 
which  led  to  the  above  development. 
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2.  Professor  Haskins's  paper  presents,  first,  a  method  of  the 
integral  calculus,  as  contrasted  with  the  classic  methods  of  the 
differential  calculus,  for  the  determination  of  the  extrema 
extremorum  of  bounded  Lebesgue-integrable  functions;  and 
second,  certain  results  concerning  what  may  be  termed  the 
statistical  distribution  of  functional  values. 

The  methods  used  are  allied  to  those  of  Laplace-Darboux- 
Stieltjes  for  the  determination  of  "  functions  of  large  num- 
bers." Some  of  the  results  (for  the  case  of  continuous  func- 
tions and  Riemann  integrals)  have  already  been  presented  to 
the  Society.  The  full  significance  of  the  results  appears  how- 
ever only  when  the  Lebesgue  integral  is  used,  for  the  reason 
that  these  results  relate  to  certain  constants  and  certain  ana- 
lytic functions  which  serve  to  divide  all  Lebesgue-integrable 
functions  into  classes  such  that  all  the  functions  of  each  class 
and  only  those  have  the  same  defining  elements  of  their 
Lebesgue  integrals. 

3.  In  a  recent  paper,*  Dr.  Green  laid  the  foundations  for  a 
purely  projective  theory  of  conjugate  nets  on  a  curved  surface, 
his  present  paper  forming  a  continuation  of  this  study.  The 
first  part  of  the  memoir  contains  a  canonical  development  of 
the  non-homogeneous  coordinates  of  the  surface  in  the  neigh- 
borhood of  a  point,  which  was  the  subject  of  a  previous  com- 
munication to  the  Society.t  The  discussion  is  completed  in 
the  present  paper.  The  tetrahedron  of  reference  which  gave 
rise  to  the  canonical  development  has  as  two  of  its  edges  lines 
which  Wilczynskit  has  called  the  axis  and  the  ray  of  a  point 
of  the  surface.  The  second  part  of  Dr.  Green's  paper  contains 
an  investigation  of  the  properties  of  the  conjugate  net  expressed 
in  terms  of  the  axis  and  ray  congruences.  A  new  net  of  curves 
is  introduced,  viz.,  the  associate  conjugate  net,  the  tangents 
to  the  two  curves  of  which  at  any  point  separate  harmonically 
the  tangents  to  the  curves  of  the  original  conjugate  net.  Any 
conjugate  net  has  one  and  only  one  associate  conjugate  net. 
It  appears  that  the  theory  of  a  conjugate  net  is  very  conveni- 
ently investigated  through  the  consideration  thereof  in  con- 
nection with  its  associate  conjugate  net.  A  discussion  from 
this  point  of  view  leads  to  many  interesting  theorems,  some  of 

♦  Amer.  Jour,  of  McUhematica,  vol.  37  (1915),  pp.  216-246. 
t  See  thiB  Bulletin,  vol.  20,  no.  8  (May,  1914),  p.  397. 
i  Transactions,  vol,  16  (1915),  pp.  311-327. 
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them  already  known;  in  fact,  the  study  of  a  conjugate  net,  its 
associate  conjugate  net,  and  the  axis  and  ray  congruences  for 
both,  seems  to  afford  a  powerful  method  for  describing  geo- 
metrically projective  properties  of  the  conjugate  net.  An 
application  is  made  at  the  end  of  the  paper  to  the  conjugate 
nets  which  Bianchi  has  called  isothermally  conjugate.  For 
such  a  net,  for  instance,  the  associate  conjugate  net  is  also 
isothermally  conjugate. 

4.  For  a  set  of  functions  of  a  single  real  variable,  it  is  well 
known  that  in  certain  cases  the  vanishing  of  the  wronskian  is  a 
sufficient  condition  for  linear  dependence.  The  wronskian 
arises  naturally  out  of  the  study  of  a  single  ordinary  homoge- 
neous linear  differential  equation,  the  characteristic  property 
of  which  is  that  any  solution  is  expressible  linearly,  with  con- 
stant coefficients,  in  terms  of  a  fundamental  set  of  solutions. 
The  natural  generalization  of  this  kind  of  ordinary  differential 
equation  is  the  completely  integrable  system  of  homogeneous 
linear  partial  differential  equations,  tie  solutions  of  which 
have  the  same  property.  A  year  ago.  Dr.  Green*  gave  a 
generalization  for  such  systems  of  the  notion  of  wronskian, 
but  this  can  be  done  only  when  the  completely  integrable 
system  is  given.  It  is  the  object  of  Dr.  Green's  second  paper 
to  supply  a  sufficient  condition  for  the  linear  dependence  of  a 
set  of  functions  of  several  independent  real  variables.  There 
is  no  determinant  of  fixed  form  analogous  to  the  wronskian, 
but  the  criteria  given  are  very  general,  including  by  specializa- 
tion those  concerning  the  wronskian  for  functions  of  a  single 
variable.  Application  of  the  theorems  is  made  to  completely 
integrable  systems,  yielding  results  analogous  to  those  for 
ordinary  homogeneous  linear  differential  equations. 

5.  In  the  first  part  of  Mr.  Schweitzer's  paper  it  is  shown  that 
if 

(1)  S{xi  +  yi,  0:2  +  ^2,  •  •  • ,  Xr^i  +  yn-i) 

=  S{xu  X2,  •  •  • ,  avu)  +  /(yi,  y2,  •  •  • ,  yiH-i), 

(2)  /{/(<1,  ^,    •  •  • ,  ^,  xOfitu  fe,    •  •  • ,  <n,  X2) 

*  See  this  Bulletin,  vol.  21,  no.  4  (Jan.,  1915),  p.  162. 
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then 

n 

where 

Cl^l  =  d  •  Cvf  1  •  •  •  Cn, =  Ci  •  C2  •  •  •  Cn  •  r''"S 

Cn+1 

i  +  Sc:.^!-  t»-^i  =  o. 

In  the  second  part  of  the  paper  an  alternative  method  of 
inducing  algebraic  equations  of  the  nth  degree  is  discussed. 
The  latter  treatment  is  based  on  the  equation  (1)  in  conjimc- 
tion  with  functional  equations  derived  from  the  relation 

f{Mtl''\  h''\  '  •-.<«(«,  x{),Mh^'\  U^'\   •  ",tn^'\  X,) 

=  i/{xi,  xty  •  •  • ,  a^H-i) 

(or  analogous  relations  obtained  by  the  homologous  trans- 
position of  the  ar's  on  the  left  side)  by  substituting  suitable 
;r's  for  some  or  all  of  the  f  s  and  assuming  the  remaining  f  s 
(if  any)  with  the  same  subscript  to  be  identical.  In  the 
simplest  cases  the  following  theorems  are  valid: 
I-  /{ fixz,  xi,  t),  f{xi,  X2,  t),  f{x2,  Xz,  t) }  =  /(«2,  Xu  Xz)  implics 

,       1       ,    1  =b  Vl3  3  =b  Vl3 

J\X\y  X2,  Xz)  =  2^1  H 4 «2 j —  Xz. 

II.  /  {/(a:2,  Xz,  xi),  Sixzy  Xu  x^),  f{xi,  X2,  Xz)}  =  /(a:2,  Xz,  Xi) 
implies 

f(Xi,  X2,  Xz)  =  U^Xi  -  CX2  —  C^Xz)      OT      ^(Xi  +  CX2  +  (?Xz) 

or    \{xx  +  X2  +  Xz)y 
where  1  +  c  +  c^  =  0. 

III.  /{/(ara,  U  Xi)f{xu  <,  X2)f{x2,  t,  Xz)}  =  f(x2,  Xu  Xz)  implies 
/(xi,  X2,  Xz)  =  —  c^xi  —  c^X2  +  cxz,  whcrc  c^  +  c  —  1  =  0. 

IV.  f{f(t,  Xz,  xi)f{t,  Xu  X2)f(t,  X2,  Xz)]  =  f{x2,  Xi,  Xz)  implies 

/(a:i,  a:2,  arg)  =  -  g^i  H j — «2  H j —  «8 

or    2xi  —  «2  —  a^8. 
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In  deriving  the  preceding  results  the  operation  of  differenti- 
ation is  not  employed. 

6.  In  Professor  CarslaVs  paper  the  Gibbs  phenomenon  in 
Fourier  series  is  deduced  from  the  behavior  of  the  approxi- 
mation curves  for  the  Fourier  series 

(1)  2(sin  a;  +  J  sin  3a;  +  I  sin  5a:  +  •  •  •)• 

In  the  interval  —  ir  <  x  <  ir,  this  series  represents  the  func- 
tion defined  by  the  following  equations: 

/(-  t)  =/(,r)  =/(0)  =  0,        fix)  =  -  ix(-  T<x<0), 

f(x)  =  |7r(0  <x<t). 

B6cher,  in  his  discussion  of  the  Gibbs  phenomenon  (AnncUs 
of  Mathematics,  (2),  volume  7,  1906,  and  CrelWs  Journal, 
volume  144,  1914),  uses  the  series 

(2)  sin  a:  +  J  sin  2a:  +  ^  sin  3a:  +  •  •  • . 

He  deals  with  the  maxima  and  minima  of  Rn(x),  the  remainder 
after  n  terms. 

Gronwall  (Mathematische  Annalen,  volume  72,  1912)  dis- 
cusses the  question  of  the  behavior  of  the  maxima  and  minima 
of  Sn(x),  the  sum  of  n  terms  of  the  series  (2),  and  deduces  the 
Gibbs  phenomenon  from  the  properties  of  Sn{x).  But  both 
his  results  and  the  method  by  which  they  are  obtained  are 
somewhat  complicated. 

In  the  present  paper  the  behavior  of  the  maxima  and 
minima  of  Sn{x)  for  the  series  (1)  is  examined.  The  properties 
of  the  approximation  curves  y  =  Sn{x)  are  much  simpler  for 
(1)  than  for  (2).  From  the  results  obtained,  the  Gibbs 
phenomenon  for  the  series  (1)  follows  immediately.  The 
extension  to  the  general  case  is  simple. 

7.  Professor  Osgood's  first  paper  contains  the  following 
theorem.  In  order  that  a  function  F(zi,  •••,  Zn)  have  a 
non-essential  singularity  in  a  point  (z)  =  (a)  it  is  sufficient: 

(1)  that  F(zi,  •  •  •,  Zn)  be  uniquely  defined  and  analytic  at 
all  points  of  a  certain  neighborhood  Z  of  the  point  (a),  which 
do  not  lie  on  a  locus  defined  by  an  equation  of  the  form 
H{zi,  •  •  •,  z»)  =  0,  where  H(zi,  •  •  •,  Zn)  is  analytic  in  the  point 
(a)  and  vanishes  there,  but  does  not  vanish  identically. 
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(2)  that  F(z\y  •  •  •,  3n)  in  general  become  infinite  in  those 
points  of  the  above  locus  which  lie  in  2,  the  excepted  points 
being  those  which  lie  simultaneously  on  a  second  locus, 
G{ziy  •  •  •,  a»)  =  0,  where  6(zi,  •  •  •,  Zn)  is  subject  to  the  same 
conditions  as  Zf(zi,  •  •  •,  z»),  and  where  furthermore  G  and  H 
have  no  common  factor  in  the  point  (z)  =  (a). 

The  proof  is  given  in  the  author's  Funktionentheorie, 
volume  II,  chapter  3,  §  2. 

8.  It  is  a  familiar  property  of  functions  of  a  single  complex 
variable  that  if /(z)  has  a  pole  at  the  point  a,  it  can  be  written 
throughout  the  neighborhood  of  tibiis  point  in  the  form 
/(z)  =  <p(z)Kz  —  o)*",  where  m  is  a  suitable  positive  integer 
and  <p{z)  is  a  function  of  z  which  is  analytic  at  a  and  does  not 
vanish  there.  Dr.  Jackson  gives  one  of  the  possible  general- 
izations of  this  theorem  to  functions  of  several  variables,  dif- 
fering somewhat  in  its  hyx>otheses  from  one  which  has  been 
obtained  by  Professor  Osgood.  It  is  assumed  that  /(zi,  Z2, 
•••,  Zn)  is  analytic  throughout  the  neighborhood  of  (ai,  oj, 
•••,  an),  except  for  singularities  which  satisfy  a  certain  re- 
quirement of  continuity  in  their  distribution,  and  which  are 
of  such  a  nature  that/  is  analytic  except  for  poles  when  regarded 
as  a  function  of  zi  alone;  and  it  is  shown  that  imder  these 
conditions/  can  be  expressed  as  the  quotient  of  two  functions, 
each  analytic  in  the  neighborhood  of  (ai,  02,  - ",  On)*  The 
denominator  is  of  course  no  longer  merely  a  power  of  a  linear 
factor,  in  general,  and  the  numerator  may  vanish  at  points  of 
the  neighborhood  in  question.  The  proof  is  closely  related 
in  method  to  well-known  proofs  of  Weierstrass's  theorem  of 
factorization. 

9.  Let  Xi  =  <Pi(ui,  •  •  •,  t^n^i),  i  =  1,  •  •  •,  n,  be  a  set  of 
functions,  each  analytic  at  the  origin  (u)  =  (0),  and  vanishing 
there.  Will  the  points  (ari,  •  •  -,  av)  of  the  locus  thus  defined 
lie  on  a  hyi)ersurface  Q(xu  •  •  •,  a^)  =  0,  where  fl  is  analytic 
at  the  origin  and  vanishes  there,  but  does  not  vanish  identi- 
cally? If  n  =  2,  it  is  well  known  that  the  answer  is  affirmative. 
Professor  Osgood  shows  by  an  example  that,  when  n  >  2, 
the  corresponding  theorem  is  false. 

Let  the  functions /i(wi,  •  •  •,  t^),  i  =  1,  •  •  •,  n,  be  analytic 
at  the  point  (u)  =  (6),  and  let  /t(6i,  •  •  •,  6»)  =  a,-.  Let  T 
be  an  arbitrary  neighborhood  of  the  point  (a)  =  (ai,  •  •  •,  o»). 
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Fmally,  let  the  Jacobian  of  the  functions/,-  vanish  identically. 
Then  it  is  well  known  that  there  exists  a  point  {a')  of  T  and  a 
function  Q{xu  •••,  aJn)  analytic  at  {a')  and  not  identically 
=  0,  and  furthermore  such  that,  if  Xi  be  replaced  by  /,-,  Q 
then  goes  over  into  a  function  of  {ui,  •  •  •,  t^)  which  vanishes 
identically  in  these  arguments.  Can  the  point  {a')  be  taken 
at  (a)? 

Professor  Bliss  has  shown  that  it  can  when  n  =  2.  It  is 
shown  in  the  present  paper  that  when  n  >  2  this  is  not  in 
general  possible. 

Thirdly,  the  tentative  generalization  of  Weierstrass's 
theorem  of  factorization,  concerning  which  Professor  Osgood 
raised  a  query  in  the  Madison  Colloquium  Lectures,  pag^  185, 
is  shown  to  be  impossible  when  n  >  1. 

Finally,  a  function  z  ol  x  and  y  defined  by  the  equation 
G{x,  y,  2)  =  0,  where  G  is  analytic  at  the  origin  and  vanishes 
there,  but  does  not  vanish  identically,  may  have  a  natural 
boundary  in  every  neighborhood  of  the  origin. 

10.  In  a  note  published  in  volume  23  of  the  Rendiconti 
dei  lAncei  Bianchi  has  defined  as  an  envelope  of  rolling  the 
surface  enveloped  by  a  plane  invariably  fixed  with  respect  to 
a  surface  /So  as  the  latter  rolls  over  an  applicable  surface  fi>, 
which  Bianchi  calls  the  surface  of  support.  He  shows  that, 
given  any  surface  S,  the  problem  of  finding  pairs  of  applicable 
surfaces  Sq  and  S  such  that  2  is  an  envelope  of  rolling  as  8q 
rolls  over  8  reduces  to  the  integration  of  a  partial  diflPerential 
equation  of  the  second  order  and  to  quadratures.  Two 
surfaces  are  said  to  be  in  the  relation  of  a  transformation  of 
Ribaucour  when  they  constitute  the  envelope  of  a  two- 
parameter  family  of  spheres  such  that  the  lines  of  curvature 
correspond  on  the  two  surfaces,  corresponding  points  being 
on  the  same  sphere.  Professor  Eisenhart  has  shown  that 
the  necessary  and  suflScient  condition  that  either  surface  of 
two  so  related  be  an  envelope  of  rolling  with  the  locus  of 
centers  of  the  spheres  for  surface  of  support  is  that  the  corre- 
spondence of  the  spherical  representations  of  the  lines  of 
curvature  of  the  two  surfaces  in  the  relation  of  a  transformation 
of  Ribaucour  be  conformal.  This  latter  condition  is  satisfied 
in  case  these  spherical  representations  are  isothermal,  and 
only  in  this  case.  Any  surface  with  isothermal  spherical 
representation  of  its  lines  of  curvature  admits  of  transforma- 
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tions  of  Ribaucour  of  this  kind^  as  the  author  has  shown  in 
several  former  papers. 

11.  Professor  Pite  determines  certain  intervals  within  which 
a  solution  of  the  equation  y"  +  py'  +  qy  =^  0  and  its  derivative 
cannot  both  vanish.  The  argument  is  based  upon  the 
obvious  fact  that  such  a  solution  and  its  derivative  cannot 
both  vanish  in  any  interval  within  which  q  is  negative. 

12.  In  the  Bulletin  for  November,  1915,  Mr.  Vandiver 
considered  some  theorems  which  he  applies  in  the  present 
note  to  problems  regarding  the  distribution  of  quadratic 
residues  for  a  prime  modulus.  Some  special  quadratic  forms 
are  also  considered. 

13.  Professor  BirkhoflP  proves  that  if  Y(x)  is  the  matrix 
solution  of  a  linear  diflPerential  system  with  singular  point 
of  rank  g  +  1  at  a:  =  oo,  then,  if  <p(x)  —  x  vanishes  to  the  gth 
order  at  a;  =  oo,  the  matrix  A{x)  defined  by  the  equation 
Y(<p{x))  =  A(x)Y(x)  is  composed  of  elements  analytic  at 
a;  =  00 .  The  converse  is  also  proved.  This  note  is  to  appear 
in  the  Proceedings  of  the  National  Academy  of  Sciences. 

14.  In  a  previous  note  Professor  White  had  proved  a  prop- 
erty of  seven  points  on  a  gauche  cubic  curve:  that  certain  sets 
of  seven  planes  determined  by  them  osculate  other  cubic 
curves.  In  the  present  note  it  is  established  that  such  a  set  of 
seven  points  on  the  one  curve  and  seven  osculating  planes  of 
the  other  curve  is  variable  while  the  curves  remain  fixed,  every 
point  of  the  first  curve  belonging  to  one  such  set  of  seven. 

15.  The  theorem  in  question  was  published  by  Risley  and 
MacDonald  in  the  Annals  of  MatherruUics,  second  series,  volume 
12,  page  86,  and  gives  certain  criteria  for  the  existence  and  non- 
existence of  an  envelope  of  the  system  of  curves  y  =  f{x,  a)  in 
the  neighborhood  of  a  point  (xq,  yo).  In  the  present  note  Pro- 
fessor Longley  points  out  that  the  conclusion  of  the  theorem 
does  not  follow  from  the  argument  and  gives  some  examples 
which  show  that  it  is  impossible  from  the  hypotheses  of  the 
theorem  to  draw  any  conclusion  concerning  the  non-existence 
of  an  envelope  in  the  neighborhood  of  the  point  in  question. 
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16.  In  a  previous  coinmumcation  Mr.  Schweitzer  defined  a 
(symmetric)  group  of  functional  equations  on  n  +  1  variables 
(n=  1,2,3,  ...)  viz., 

•  •  •  f(tu  U,   '",tn,  iCn+l)  }    =  /{a?»i,  Xi^,   •  •  • ,  Xi^^]  . 

In  the  present  paper  the  group  of  equations  is  studied  which 
results  from  the  preceding  group  by  replacing,  in  the  above 
relation,  the  ar^^  by  the  fimctions  ak{Xi^)  [k=  1,  2,  •  •  •,  (n+1)]. 
In  particular,  the  relation  corresponding  to  the  substitution 
[1,  2,  •  •  • ,  (n  +  1)]  implies  that  there  exists  a  fimction  ^(x) 
such  that 

4^oik(x)  =  mk4/(x)  +  pk, 

i^l  mi  •  TTlvf  1  •  •  •  Tyin 

where  J,  m*,  j?*,  I  are  constants  such  that 

»  tit— »+2 

f^i  =  mi  •  m2  •  •  •  mn  •  r/in+i,     2  zrz —  +  f  =  0, 

<=i  m»-mi4.i  •  •  •  Tyin 

and 

By  making  special  assumptions  concerning  the  functions 
akix)  the  function  ^(a:)  can  be  particularized. 

17.  The  postulates  constructed  by  Mr.  Schweitzer  for  the 
arithmetic  mean  are  as  follows: 

1.  f{xi  +  yu  X2  +  y2,  '  •  •,  iCn+i  +  yn-il 

=  /(«i,  «2,  •  •  • ,  awt-i)  +  /(yi,  y2,  • '  • ,  y^-i)- 

2.  /(a?!,  a:2,  •  •  • ,  ic»+i)  =  /(x2,  a^s,  •  •  • ,  avf-ii  a?i). 

3.  /{/(a^i,  ar2,  •  •  • ,  iCm  aVi+i)>  /(^2i  ^s,  •  •  • ,  aWt-b  i*?i)> 

•  •  •  }{Xr^u  xu  X2,  •  •  • ,  a^) }  =  /(«!,  ^2,  '  *  • ,  Xn,  avn-i)- 

F.  N.  Cole, 
Secretary, 
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THE  TWENTY-SEVENTH  REGULAR  MEETING  OF 
THE  SAN  FRANCISCO  SECTION. 

The  twenty-seventh  regular  meeting  of  the  San  Francisco 
Section  of  the  Society  was  held  at  Stanford  University  on 
November  20,  1915.  Sixteen  persons  were  present,  including 
the  following  members  of  the  Society: 

Professor  R.  E.  Allardice,  Dr.  B.  A.  Bernstein,  Professor 
H.  F.  Blichfeldt,  Dr.  Thomas  Buck,  Professor  G.  C,  Edwards, 
Professor  M.  W.  Haskell,  Professor  L.  M.  Hoskins,  Dr.  Frank 
Irwin,  Professor  D.  N.  Lehmer,  Professor  W.  A.  Manning, 
Professor  H.  C.  Moreno,  Professor  E.  W.  Ponzer,  Professor 
T.  M.  Putnam. 

The  chairman  of  the  Section,  Professor  Haskell,  presided 
at  the  opening  of  the  meeting;  the  chairman-elect,  Professor 
Allardice,  then  took  the  chair.  The  following  officers  were 
elected  for  the  ensuing  year:  chairman,  Professor  Allardice; 
secretary.  Dr.  Buck;  programme  committee,  Dr.  Buck  and 
Professors  Blichfeldt  and  Manning. 

It  was  voted  that  the  time  and  place  of  the  spring  meeting 
be  determined  by  the  executive  committee.  The  usual 
limcheon  was  served. 

The  following  papers  were  presented  at  this  meeting: 

(1)  Dr.  B.  A.  Bernstein:  "A  simplification  of  the  White- 
head-Huntington  set  of  postulates  for  Boolean  algebras." 

(2)  Professor  H.  P.  Blichfeldt:  "Some  diophantine  ap- 
proximations." 

(3)  Dr.  Frank  Irwin:  "A  convergent  series  derived  from 
the  harmonic  series." 

(4)  Dr.  H.  N.  Wright  and  Dr.  Frank  Irwin:  "Some 
properties  of  the  curves,  y  =  a  polynomial  in  x." 

(5)  Mr.  T.  A.   Pierce:  "The  numerical  factors  of  the 

arithmetic  forms  II  (1  ±  at**)." 

(6)  Professor  D.  N.  Lehmer:  "Concerning  certain  binary 
forms  of  higher  degrees  than  the  second  whose  prime  divisors 
are  of  the  form  fw:  ±  1." 

(7)  Professor  M.  W.  Haskell:  "A  note  on  integration." 
Dr.  Wright  was  introduced  by  Dr.  Irwin  and  Mr.  Pierce 

by  Professor  Lehmer. 
Abstracts  of  the  papers  follow. 
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1.  The  best  set  of  postulates  for  Boolean  logic,  considered 
from  the  point  of  view  of  elegance  and  pedagogy,  is  that 
given  by  Whitehead  and  made  rigorous  by  Huntington. 
The  number  of  propositions  in  this  set  is  ten  and  the  number 
of  special  elements  postulated  three.  Dr.  Bernstein,  by 
replacing  three  postulates  of  this  set  by  a  new  proposition, 
while  retaining  elegance  and  naturalness,  feduces  the  number 
of  postulates  to  eight  and  the  number  of  postulated  special 
elements  to  one. 

2.  Let  Z,  Y,  Z,  •  •  •  be  n  linear  homogeneous  functions  of 
n  variables  x,  y,  z,  •  •  •,  having  a  determinant  A  =}=  0.  Min- 
kowski has  proved  that  such  integers  (not  all  zero)  can  be 
substituted  for  x,y,z,  •  •  •  that  the  sum  |Z|  +  |  y|  +  |Z|  + 
•  •  •  ^  JcA^^,  where  A;  is  a  fimction  of  n,  independent  of  the 
coefficients  involved  in  X,  Y,  Z,  •  •  •  (Geometric  der  Zahlen, 
Leipzig,  1910).  By  applying  the  processes  explained  in  **A 
new  principle  in  the  geometry  of  numbers,"  Transactions, 
1914,  Professor  Blichfeldt  obtains  a  miich  lower  value  for  k, 
except  for  small  values  of  n,  than  those  given  by  Minkowski 
and  by  the  author  in  the  above  article  in  the  Transactions, 

3.  In  extension  of  a  result  of  Dr.  Kempner  in  the  American 
Mathematical  Monthly  for  February,  1914,  Dr.  Irwin  shows 
that  we  shall  obtain  a  convergent  series  if  we  omit  from  the 
harmonic  series  all  terms  whose  denominators  contain  the 
digits  9,  8,  7,  •  •  •  ea^h  more  than  a  given  number  a,bfC,  •  •  • 
of  times  respectively. 

4.  It  is  shown  by  Dr.  Wright  and  Dr.  Irwin  that  if  to  the 
curve  y  =  f(x),  where  f(x)  is  a  polynomial,  all  the  tangents 
be  drawn  from  a  given  point,  then  (1)  the  sum  of  their  slopes 
and  (2)  the  sum  of  the  abscissas  of  their  points  of  contact  are 
independent  of  the  ordinate  of  the  given  point.  A  remarkable 
line  associated  with  the  curve  is  noticed.  Finally  a  graphical 
construction  is  given  for  the  imaginary  roots  of  a  cubic  equa- 
tion and  of  certain  biquadratics. 

5.  In  volume  1  of  the  American  Journal  of  Mathematics 
Lucas  published  a  paper  dealing  with  the  properties  of  numbers 

given  by -r-  and  a**  +  /3^,  where  a  and  j8  are  the  roots  of 

a  —  p 
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a  quadratic  equation  having  integral  coefficients.  Carmichael 
has  given  a  difiPeremt  and  more  exhaustive  treatment  of  these 
numbers  in  the  Annals  of  MathemcUics,  1913.  In  the  present 
paper  Mr.  Pierce  obtains  somewhat  similar  results  for  numbers 

n 

given  by  the  forms  II  (1  ±  a»*"),  where  the  a,-  denote  algebraic 
integers  defined  as  the  roots  of  an  nth  degree  equation.    The 

n 

forms  of  the  factors  of  II  (1  —  a*"*)  are  determined  by  use  of 

algebraic  number  theory,  and  this  perhaps  constitutes  the 
most  novel  result  of  the  work. 

6.  Lucas  has  developed  the  theory  of  the  prime  divisors  of 
the  functions  Un  =  (a**  —  6'*)/(a  —  b)  and  Vn  —  a""  +  6*, 
where  a  and  b  are  the  roots  of  a  quadratic  equation  {American 
Journal  of  Mathematics,  volume  1,  page  184).  Connected 
with  these  fimctions  are  certain  binary  forms  of  degree  equal 
to  one  half  the  totient  of  n,  the  divisors  of  which  Professor 
Lehmer  has  shown  to  be  of  the  form  2nx  ±  1.  Combining 
this  result  with  certain  results  of  Mr.  Pierce,  Professor  Lehmer 
has  also  obtained  a  series  of  numbers  the  prime  factors  of 
which  must  belong  to  two  such  forms,  thus  restricting  notably 
the  character  of  their  divisors. 

7.  Professor  Haskell  shows  that  the  condition  that  a  rational 
fraction  whose  denominator  is  the  nth  power  of  a  quadratic 
should  be  rationally  integrable,  is  that  the  numerator  shall 
be  of  degree  2(n  —  1)  and  that  it  shall  be  apolar  to  the 
(n  —  l)st  power  of  the  quadratic  factor  of  the  denominator. 

Thomas  Buck, 
Secretary  of  the  Section. 


TRANSFORMATION  THEOREMS  IN  THE  THEORY 
OF  THE  LINEAR  VECTOR  FUNCTION. 

BT  DR.  ymCSNT  C.   POOB. 

(Read  before  the  American  Mathematical  Society,  December  31,  1915.) 

Since  the  memorable  work  of  Grassmami  (1844),  the  study 
of  the  linear  transformation  has  taken  various  forms,  among 
which  are  the  quaternions  of  Hamilton,  the  matrices  of  Cayley, 
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the  dyadics  of  Gibbs,  and  the  homography  as  treated  by  Burali- 
Forti  and  Marcolongo.  The  notation  here  followed  is  that 
of  the  book  on  "  Transformations  Lin6aires  "  by  the  last 
mentioned  authors.  Reference  to  the  French  (1912)  edition 
of  this  work  will  be  briefly  made  by  the  letters  B.  M.  with  the 
section  and  number  following. 

The  homography  is  defined  by  Burali-Forti  and  Marcolongo* 
as  any  linear  operator  which  transforms  vectors  into  vectors. 
One  of  the  simplest  examples  of  a  homography  is  u  A ,  the 
axial  homography,t  which  transforms  all  vectors  into  vectors 
perpendicular  to  the  vector  u. 

Another  concept  of  fundamental  importance  in  advanced 
vector  analysis  is  the  Grassmann  point  derivative.  If  M 
and  P  are  any  two  points  of  space,  then  M  —  P  is  the  vector 
represented  by  the  line  segment  directed  from  P  to  M.X  If 
we  use  u  for  the  difiPerence  between  any  two  points  of  space, 
and  if  /(P)  is  a  function  depending  on  the  point  P,  the  differ- 
ential of  /,  written  df,  df,  etc.,  may  be  defined  briefly  by  the 
equation 

•^       h^o  h 

Prom  this  it  follows  that 

dP=u 

or  dP  is  any  arbitrary  vector.  The  definition  of  the  point 
derivative  df/dP,  foUo.wing  the  Leibnitz  notation,  may  now 
be  expressed  by  the  equation 

i.  e.,  df/dP  is  an  operator  on  any  arbitrary  vector  SP  which 
transforms  that  vector  into  df.  It  may  be  shown  that  df/dP 
is  a  linear  operator.  In  no  sense  is  df/dP  to  be  regarded  as  a 
quotient.  When  the  operator  df/dP  transforms  the  operand, 
a  vector,  into  a  vector,  the  point  derivative  furnishes  another 
example  of  a  homography. 

♦£.  M.,  1. 

t  The  cross  X  and  the  inverted  V  (A,  read  "vec")i  standing  between 
two  vectors,  indicate  the  scalar  and  vector  products,  respectively. 

tThe  vector  appears  as  a  particular  case  of  the  Grassmann  "first 
formation." 

§  B.  M.,  p.  60,  5. 


Digitized  by 


Google 


176  THE  LINEAB  VECTOR  FUNCTION.  [Jan., 

If  u  and  V  are  two  arbitrary  vectors,  then  the  vector  of  a 
homography  a,  designated  by  Fa,  may  be  defined  as  a  vector 
such  that 

2Fa  X  uAv  =  vXau-  uX  av* 

It  is  easy  to  show  that 

where  a  is  a  homography  and  u  and  x  are  vectors.    Trans- 
posing the  first  term  of  the  right  member,  we  have 


/da     \  \d(au)         dul 


For  the  brackets  in  the  right  member,  Sp(a,  u)  will  be  written. 
This  binary  operator  is  evidently  a  homography. 

The  rotational  of  a  homography  (written  "  Ret  a  ")*  °iay 
be  briefly  defined  as  a  homography  such  that 

(2)  (Rota)u  =  2F/S(a,  u). 

The  theorems  of  the  present  paper  are  linev  transformation 
theorems  which  involve  the  homography,  in  general,  as  a 
function  of  two  points  of  space.  The  letter  P  will  be  used 
throughout  as  the  point  of  integration.  It  will  be  understood 
that  the  surface  a  bounds  the  region  r  and  that  n  is  a  unit 
normal  at  a  point  P  of  the  surface  <r  with  its  positive  sense 
towards  the  interior  of  <r. 

Theorem  1.  If  a  is  a  homography  symmetric  in  P  and  M, 
such  that 

da  dot 

dM'  '^dP' 
and  ifuis  independent  of  M,  then 

For,  taking  x  as  a  function  of  M  alone,  and  applying  (1) 
and  the  hypotheses  of  the  theorem,  we  find  that 

d(au)         f  da     \  ( d(au)  du  \ 

♦  B.  M.,  8  [21. 
t  B.  M.,  36  [1]. 
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Remembering  the  definition  of  S  this  result  may  be  written 
d(au) 


dM 


=  -Sp(a,u) 


or  by  using  (2),  the  definition  for  the  rotational  of  a  homo- 
graphy,  we  have 

2^^  =  -  2FSp(a,  u)  =  -  (Rotp a)u. 

By  substituting  this  result  in  the  known  transformation 
formula 

f(Rotpa)udT  =  -  JnAaud(T''2fv(ajp^dT* 

the  theorem  will  be  obtained.    This  theorem  may  be  put  into 

a  slightly  different  form  if  we  introduce  the  definition  for  the 

rotationalt  of  a  vector,  written  "  rot,"  which  is  expressed  by 

the  equation 

du 
rot,«  =  2F^. 

The  theorem  will  then  read 

1  rotjf audr  =    I  n Aauda  +  2  1  ^(^^)^^- 

In  expressing  the  next  theorem  we  will  need  the  conjugate 
of  a  homography  Ka,  the  first  invariant  of  a  homography 
ha,  and  the  gradient  of  a  homography  grad  a,  of  which  the 
gradient  of  a  scalar  is  a  special  case.  The  Maxwell  divergence 
of  a  vector,  which  arises,  is  to  be  found  in  any  book  on  the 
elements  of  vector  analysis.  The  conjugate  of  a  homography 
may  be  defined  by  the  equation 

Ka=^  a-  2FaA, 

which  is  again  a  homography.  The  first  invariant  of  a  homo- 
graphy a  is  a  scalar,  which,  for  any  three  arbitrary  vectors 
u,  V,  w,  satisfies  the  following  relation: 

uAv  X  u^'/ia  =  vAw  X  au+  wAu  Xav+  uAvX  aw. 

*  B.  M.,  56  [31,  second. 

t  The  rotational  of  a  vector  is  identical  with  the  Maxwell  curl,  or  the 
Gibbev  X. 
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The  gradient  of  a  homography  a,  function  of  the  point  P,  is  a 
vector  such  that,  for  any  arbitrary  vector  u, 

gradp aXu  =  hSpiKa,  a).* 

Theorem  2.    If  a  is  a  homography  function  of  P  and  M, 
such  that 

da  ^       da 
dM~^dP' 

and  if  u  is  a  function  independent  of  M,  then 

I  div^audr  =   j  nX  auda  +   I  7i  (  -jp  a  1  dr. 

The  proof  of  this  theorem  follows  easily  from  the  following 
known  theorems,  namely: 


^(^S)'^ 


divj^au  =  u  X  gradj^^a  +  h  [ccjp  )  ,t 

which  reduces,  since  u  is  independent  of  M,  to 

divj^ au=  —  uX  gradp Ka, 
and 

I  gradp  a  X  udr  =  —  j  uX  anda  —   I  7i  f  ^p  -Ka  j  dr,t 

which  may  be  written 

j  uX  gradp  Kadr  =  —   j  uX  Kanda  —    I  Iil-jpa  j  dr. 

The  substitution  of  —  divji^  u  for  its  equal  in  the  left  member 
of  the  last  equation  and  the  application  of  the  commutation 
theorem 

nX  au  =  uX  Kan 

lead  to  the  theorem  as  stated. 

The  dyad  H{u,  v),  another  binary  operator,  is  defined  by 
the  equation 

H{u,  v)x=  uX  X  '  V. 

The  dyad  is  thus  seen  to  be  a  homography.  We  may  now 
express 

♦  B.  M.,  8  and  37  [3]. 
tB.  M.,  41  [3],  second. 
t  B.  M.,  66  [2],  first. 
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Theorem  3.     If  a  is  a  homography,  symmetric  in  P  and  M^ 
such  that 

da  da 

dM~  ~dP' 

and  if  u  is  independent  of  M,  then 

To  demonstrate  this  theorem  we  may  first  observe  that 

I  (divp  v)  •  udr  =  —   j  vX  n  -  uda  ~   \  "Jp  vdr.*^ 

Replacing  i>  by  x  and  u  by  the  vector  au,  this  formula  will 
become 

I  (diVp  x)  •  audr  =  —    I  n  X  x  •  auda  —    I  "^  jp"  dr. 

Under  the  assumption  that  x  is  independent  of  P  this  readily 
reduces  to 

I  Sp(a,  u)dT  =  —    I  S{^>  au)d(T  '^    \  ^Tp  ^^- 

With  the  same  restriction  on  the  x  we  have 

d{au) 


dM  ^ 


=  (S')""~^''^'''"^''- 


From  these  considerations  the  theorem  will  be  evident. 
When  the  surface  integral  is  identically  zero,  we  have  the 
useful  corollary 

rd{au)  C     du 

J-dM^^^  J'^dP^''' 

This  situation  could  well  happen  in  the  case  of  an  infinite 
region. 

Theorem  4.  If  a  is  a  homography  function  of  P  and  M  and 
if  uis  independent  of  M,  and  x  independent  of  P,  then 

[^["^dp)     ,         rfda     \du, 
^  -^M^'^'^J  [dM'')dP^'' 
♦  B.  M.,  66  [31,  first. 
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This  theorem  is  demonstrated  as  soon  as  the  integrands 
are  shown  to  be  equal.  Introducing  the  vector  y,  a  function 
of  M  alone,  then  the  expression 

dM        * 
may  be  written  in  two  different  forms,*  namely 


d 
a 

and 


(^^) 


^w*      ,       ,    (  da     \du 


du  dy 


("i) 


dPdM^^       dM       -"' 

But  by  the  hypotheses  of  the  theorem,  the  first  terms  of  these 
expressions  may  be  seen  to  be  equal.  The  last  two  are  then 
equal  and  the  theorem  follows. 

Theorem  5.    If  a  is  a  homography  symmetric  in  P  and  M 
end  if  uis  a  function  independent  of  M,  then 

J  A^'(au)dr  =  -  / 1  (^  n)  «  -  («^)  n  I  <^ 

+  j  a{Lp'u)dT. 

The  new  symbols  involved  in  this  theorem  may  be  defined  as 

follows: 

du 
Ap'u=  grad^, 


...  ,1  d(au)  du  1  du 

(Apor)o  =  grad  I -^p- -  2a^  I  +  a  grad  ^. 

I  these  definitions  it  follows  at  once  that 
A,'(a«)  =  (Apa)u  -  a(Ap'a)  +  2  grad,  (a^)  .^ 


*  Apply  equation  (1). 
tB.  M.,  60[31.    The. 
ihomographies  only,  while  A'  operates  only  on  vectors, 


t  B.  M.,  50  [3].    The  parentheses  may  be  omitted,  since  A  operates  on 
*  ies  only,  i  •  "      ' 
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Applying  our  hypotheses  to  this  equation  we  have 

A'j^(att)  =  (ApQf)u. 

This  theorem,  then,  becomes  the  direct  consequence  of  the 
formula 

+  fa(A'u)dT* 
Another  form  of  this  theorem  is 

/  Mj^{au)dT  =  /  (ApQf)ttdr, 

which  holds  even  if  the  subscript  P  be  replaced  by  M  provided, 
of  course,  that  u  is  restricted  by  the  conditions  of  the  theorem. 
Theorem  6.    If  a  -  dfi  =  dfi  -  a,  then 

fa  grad  jSdr  =  —  fafindir  —  J  j3  grad  adr. 

This  theorem  is  easily  proved  by  using  the  addition  theorem 
for  grad  a/3  and  by  applying  the  "  gradient  theorem  "f 

J  grad  adr  =  —  fanda. 

As  a  special  consequence  of  this  one  finds,  upon  replacing  j3 
by  the  scalar  m,  that 

fa  grad  mdr  =  —  fmanda  —  fm  grad  adr. 

The  following  associated  theorem  may  be  proved  in  a  manner 
similar  to  that  just  suggested: 
Theorem  7.    7/  a  •  djS  =  d/3  •  a  then 

f  (Rot  a)j3dr  =  -  f  n  Aafida  -  f  (Rot  j3)adr. 

The  purpose  of  the  first  five  theorems  is  to  transfer  the 
derivative  operator  from  the  formal  product  au  to  the  homo- 
graphy  a  or  to  the  vector  u  alone.  The  need  for  such  trans- 
formations arises  naturally  in  certain  studies  in  applied 
mathematics. 

The  XJNivBRSiTr  op  Michigan, 
October  6,  1916. 

•  B.  M.,  66  [3],  third, 
t  B.  M.,  66  [3]. 
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NAPIER'S  DESCRIPTIO  AND  CONSTRUCTIO. 

John  Napier  and  the  Invention  of  Logarithms,  1614.    A  lecture 

by  E.  W.  HoBSON.     Cambridge,  University  Press,  1914. 

48  pp.     Cloth,  price  Is.  6d. 
Napier  and  the  Invention  of  Logarithms.    By  G.  A.  Gibson. 

Glasgow,  1914.*    24  pp.    Paper. 

Some  reference  has  been  already  made  in  this  Bulletin  f 
to  the  celebration  in  1914,  under  the  auspices  of  the  Royal 
Society  of  Edinburgh,  of  the  tercentenary  of  one  of  the  greatest 
events  in  the  history  of  science,  namely  the  publication  of 
John  Napier's  Mirifici  Logarithmorum  Canonis  Descriptio. 
According  to  Professor  Hobson  this  work  "  embodies  one  of 
the  very  greatest  scientific  discoveries  that  the  worid  has  seen." 
J.  W.  L.  Glaisher's  judgment,  which  seems  to  be  also  that  of 
Professor  Gibson  (page  13),  is,  that  "  with  the  exception  of  the 
Principia  of  Newton,  there  is  no  mathematical  work  published 
in  the  country  which  has  produced  such  important  conse- 
quences, or  to  which  so  much  interest  attaches  as  to  Napier's 
Descriptio."t 

Nor  was  marked  enthusiasm  with  regard  to  this  work  lacking 
among  Napier's  contemporaries  of  eminence.  This  was 
especially  true  of  Kepler  and  Henry  Briggs  (1556-1630), 
professor  of  mathematics  in  London.  In  his  Ephemeris  for 
1620  Kepler  published  as  the  dedication  a  letter  addressed  to 
Napier,  congratulating  him  warmly  on  his  invention  and  on 
the  benefit  he  had  conferred  upon  astronomy.  Kepler  explains 
how  he  verified  the  canon  and  found  no  essential  errors  in  it, 
beyond  a  few  inaccuracies  near  the  beginning  of  the  quadrant. 
The  letter  was  written  July  28,  1619,  about  two  years  after 
Napier's  death,  of  which  Kepler  had  not  heard. 

And  as  to  Briggs,  he  wrote  thus  to  Archbishop  Ussher  in 
the  year  1615  :§  "  Napper,  lord  of  Markinston,  hath  set  my 

*  This  pamphlet  is  a  reprint,  with  separate  title-pagOi  of  an  article  in 


'  inis  pampmet  is  a  reprint,  witn  separate  title-page,  of  an  article  m 
the  Proceedings  of  the  Royal  Phuoaophical  Society  in  Glasgow,  This  article 
is  also  reprinted  in  the  very  interesting  and  useful  volume:  Modem  Instru- 
ments and  Methods  of  Calculation.  A  Handbook  of  the  Napier  Ter- 
centenary Exhibition,  edited  by  E.  M.  Horsbiugh,  London  [1914],  pp.  1-16. 
For  a  review  of  this  work  by  Professor  D.  E.  Smith,  see  Science,  n.  s., 
vol.  42,  July  23,  1915,  pp.  128-129. 

t  Vol.  21,  Dec,  1914,  pp;.  123-127. 

i  Article  "Logarithms    in  Encyclopaedia  Britannica,  11th  edition,  1911. 
Ussher's  Letters,  1686,  p.  36. 


Digitized  by 


Google 


1916.]        Napier's  descriptio  and  constructio.  183 

head  and  hands  at  work  with  his  new  and  admireable  Loga- 
rithms. I  hope  to  see  him  this  summer,  if  it  please  God,  for 
I  never  saw  a  book  which  pleased  me  better  and  made  me 
more  wonder."*  Again,  Thomas  Smith  in  his  Life  of  Briggsf 
says  of  him  (Gibson,  page  16)  when  describing  his  enthusiasm 
over  the  Canon  Mirificus:  "  He  cherished  it  as  the  apple  of  his 
eye;  it  was  ever  in  his  bosom  or  in  his  hand,  or  pressed  to  his 
heart,  and,  with  greedy  eyes  and  mind  absorbed,  he  read  it 
again  and  again.  ...  It  was  the  theme  of  his  praise  in 
familiar  conversation  with  his  friends,  and  he  expounded  it  to 
his  students  in  the  lecture  room." 

Briggs  paid  his  anticipated  visit  to  Napier  in  the  summer  of 
1615,  and  William  Lilly,  the  astrologer,  has  told  usf  of  his 
reception  at  Merchiston:  "I  will  acquaint  you  with  one 
memorable  story,  related  unto  me  by  John  Marr,  an  excellent 
mathematician  and  geometrician,  whom  I  conceive  you 
remember.  He  was  servant  to  King  James  I  and  Charles  I. 
When  Merchiston  first  published  his  Logarithms  Mr.  Briggs, 

*  Sir  John  Leslie  (1766-1832),  for  many  years  professor  of  mathematics 
and  physics  in  Edinburgh  University,  was  less  restrained  in  his  admiration, 
and  characterizes  the  invention  of  logsurithms  as  "the  noblest  conquest  ever 
achieved  by  man"  (Philosophy  of  Arithmetic,  Edinburgh^  1817,  p.  166). 
In  a  few  copies  of  the  English  edition  of  the  Constructio  published  at 
London  in  1616,  a  cancelled  leaf  with  eulogistic  Spencerian  verses  by  one 
Thomas  Bretnor,  has  not  been  cut  out.    These  verses  begin: 

Pull  off  your  laurel  rayes.  you  learned  Greekes 
Let  Archimed  and  Euclia  both  give  way, 


and  the  final  stanzas  are: 

And  bonnets  vaile;  you  Germans!    Rheticus, 
Reignoldus,  Oswald  and  John  Regiomont, 
Lansbergius^  Finckius  and  Copernicus, 
And  thou  Pitiscus,  from  whose  clearer  font 
We  sucked  have  the  sweet  from  Hellespont. 
For  were  your  labours  ne'er  composed  so  well 
Great  Napier's  worth  they  could  not  parallel. 

By  thee  great  Lord  we  solve  a  tedious  toyle, 
In  resolution  of  our  trinall  lines. 
We  need  not  now  to  carke,  to  care,  or  moile, 
Sith  from  thy  witty  braine  such  splendoiu:  shines, 
As  dazels  much  the  eyes  of  deepe  divines. 
Great  the  invention,  greater  is  the  praise. 
Which  thou  unto  thy  nation  hence  dost  raise." 

fVitae  quorundam  eruditissimorum  et  illustrium  virorum.    Londini, 
1707. 

X  Lilly's  Life,  London,  1721. 
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then  reader  of  the  astronomy  lectures  at  Gresham  College  in 
London^  was  so  surprised  with  admiration  of  them  that  he 
could  have  no  quietness  in  himself  until  he  had  seen  that  noble 
person  whose  only  invention  they  were.  He  acquaints  John 
Marr  therewith,  who  went  into  Scotland  before  Mr.  Briggs, 
purposely  to  be  there  when  these  two  so  learned  persons  should 
meet.  Mr.  Briggs  appoints  a  certain  day  when  to  meet  at 
Edinburgh;  but,  failing  thereof,  Merchiston  was  fearful  he 
would  not  come.  It  happened  one  day  as  John  Marr  and  the 
Lord  Napier  were  speaking  of  Mr.  Briggs,  'Oh!  John,'  saith 
Merchiston,  'Mr.  Briggs  will  not  come  now';  at  the  very 
instant  one  knocks  at  the  gate,  John  Marr  hastened  down  and 
it  proved  to  be  Mr.  Briggs  to  his  great  contentment.  He 
brings  Mr.  Briggs  into  my  Lord's  chamber,  where  almost  one 
quarter  of  an  hour  was  spent,  each  beholding  other  with  ad- 
miration, before  one  word  was  spoken.  At  last  Mr.  Briggs 
began, — '  My  Lord,  I  have  undertaken  this  long  journey 
purposely  to  see  your  person,  and  to  know  by  what  engine  of 
wit  or  ingenuity  you  came  first  to  think  of  this  most  excellent 
help  unto  astronomy,  viz.  the  Logarithms;  but,  my  Lord, 
being  by  you  found  out,  I  wonder  nobody  else  found  it  out 
before,  when  now  being  known  it  appears  so  easy." 

Napier  and  Briggs  must  have  been  kindred  spirits,  for 
Briggs  spent  a  month  at  Merchiston,  and  returned  the  following 
summer.  He  had  also  planned  another  visit  in  the  summer  of 
1617,  but  Napier's  death  intervened. 

The  Descriptio  is  a  small  quarto  containing  an  ornamental 
title  page,*  preface,  57  pages  of  explanatory  matter,  and  90 
pages  of  tables,  one  page  of  which  is  reproduced  by  Hobson. 
The  preface  contains  Napier's  own  account  of  his  invention: 
"  Seeing  there  is  nothing  (right  well-beloved  students  of  the 
Mathematics)  that  is  so  troublesome  to  mathematical  practice; 
nor  that  doth  more  molest  and  hinder  calculators,  than  the 
multiplications,  divisions,  square  and  cubical  extractions  of 
great  numbers,  which  besides  the  tedious  expense  of  time  are 
for  the  most  part  subject  to  many  slippery  errors,  I  began 
therefore  to  consider  in  my  mind  by  what  certain  and  ready 
art  I  might  remove  those  hindrances.    And  having  thought 

*A  facsimile  is  given  in  Mark  Napier's  Memoirs  of  John  Napier  of 
Merchiston,  his  lineage,  life  and  times,  with  a  history  of  the  invention  of 
logarithms.    London,  1834,  p.  374. 
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upon  many  things  to  this-  purpose,  I  found  at  length  some 
excellent  brief  rules  to  be  treated  of  (perhaps)  hereafter.  But 
amongst  all,  none  more  profitable  than  this  which  together 
with  tiie  hard  and  tedious  multiplications,  divisions  and  ex- 
tractions of  roots,  doth  also  cast  away  from  the  work  itself 
even  the  very  numbers  themselves  that  are  to  be  multiplied, 
divided  and  resolved  into  roots,  and  putteth  other  numbers  in 
their  place  which  perform  as  much  as  they  can  do,  only  by 
addition  and  subtraction,  division  by  two  or  division  by  three." 
The  explanatory  matter  contains  "  an  account  of  Napier's 
conception  of  a  logarithm,  of  the  principal  properties  of 
logarithms  and  also  of  their  application  in  the  solution  of 
plane  and  spherical  triangles."  Napier's  well-known  rules  of 
circular  parts*  containing  the  complete  system  of  formulas 
for  the  solution  of  right-angled  spherical  triangles  are  here 
given.  The  tables  include  the  logarithms  of  the  sines  of 
angles  from  0°  to  90°  at  intervals  of  one  minute,  to  seven  or 
eight  places  of  decimals.  The  arrangement  is  semiquadrantal, 
so  that  the  "  differentiae  "  which  are  the  differences  of  logar- 
ithms in  the  same  line,  are  the  logarithms  of  the  tangents.  It 
should  be  borne  in  mind  that,  "  at  that  time  aiid  long  after- 
wards, the  sine  of  an  angle  was  not  regarded,  as  at  present, 
as  a  ratio  but  as  a  length  of  that  semi-chord  of  a  circle  of  given 
radius  which  subtends  the  angle  at  the  centre.  Napier  took 
the  radius  to  consist  of  10^  units,  and  thus  the  sine  of  90°, 
called  the  whole  sine,  is  10';  the  sines  of  smaller  angles  decreas- 
ing to  zero.  The  table  is  therefore  one  of  the  logarithms  of 
numbers  between  10'  and  0,  not  for  equidistant  numbers, 
but  for  the  numbers  corresponding  to  equidistant  angles." 
Napier's  logarithms  are  not  the  logarithms  now  termed 
Napierian  or  hyperbolic,  that  is  to  say,  logarithms  to  the 
base  e  where  e  =  2.718. . . ;  the  relation  between  N  (a  sine) 
and  L  its  logarithm,  as  defined  in  the  Descriptio,  being 
N  =  lOh-^^^',  so  that  (ignoring  the  factors  10',  the  effect 
of  which  is  to  render  sines  and  logarithms  integral  to  seven 
figures),  the  base  is  Ife.  If  /  (says  Glaisher,  1.  c.)  denotes  the 
logarithm  to  the  base  e  (that  is,  the  so-called  "  Napierian  " 
or  hyperbolic  logarithm)  and  L  denotes,  as  above,  Napier's 
logarithm,  the  connection  between  /  and  L  is  expressed  by 

*Cf.  I.  Todhunter's  Spherical  Trigonometry  revised  by  Leathern, 
London,  1901,  p.  61  ff.  for  a  diBCUSsion  of  Napier's  proof.  Reference  may 
also  be  given  to  a  note  by  E.  O.  Lovett  in  this  Bulletin,  vol.  4,  July,  1898, 
pp.  552-554. 
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L  =  W  log.  10^  -  10'/,    or    e^  =  lOV^'i^'. 

In  an  "  admonitio  *'  on  the  last  page  Napier  states  that  he 
will  publish  the  mode  of  construction  of  the  canon  in  the 
Descriptio  "  si  huius  inventi  usum  eruditio  gratum  fore  in- 
tellexero."  Napier  did  not  live  to  keep  this  promise.  The 
proposed  work  had  been  written  however  and  was  published 
by  his  son,  Robert  Napier  (assisted  by  Henry  Briggs),  in 
1619,  under  the  title:  Mirifici  logarithmorum  canonis  construc- 
tio. It  consists  of  two  pages  of  preface  and  67  pages  of  text. 
In  the  text  we  find  a  full  account  of  the  method  of  construction 
of  the  canon.  There  is  also  here,  expressed  in  words,  one  of 
the  four  formulas  for  the  solution  of  spherical  triangles,  known 
as  Napier's  analogies;  the  other  three,  easily  deduced  from 
Napier's  result,  were  formulated  by  Briggs  in  the  appendix. 
In  the  Constructio  logarithms  are  called  "artificial  numbers" 
(numeri  arteficiales)  and  Robert  Napier  states  that  the  work 
was  composed  several  years  before  Napier  had  invented  the 
name  logarithm.*  The  Constructio  may  therefore  have  been 
written  many  years  before  the  pubUcation  of  the  Descriptio 
in  1614. 

The  decimal  point  in  arithmetic  appears  to  have  been  inde- 
pendently invented  by  Napier.  Decimal  fractions  were  first 
introduced  by  Stevin  in  a  tract  entitled  De  Thiende  and 
published  in  1585;  but  his  notation  is  excessively  cumbrous. 

Stevin  would  have  written  652(0)1  (1)  3  (2)  7  (3)  t  or  652137,  in- 
stead  of  Napier's  notation  652  •  137.  It  was  not  till  much  later, 
however,  that  the  equivalent  of  Napier's  notation  was  generally 
used. 

*  This  term  is  derived  from  two  Greek  words  meaning  "the  number  of 
the  ratios."  For  explanation  of  the  appropriateness  of  the  term  consult 
H.  S.  Carslaw's  paper  "The  discovery  of  logarithms  by  Napier,"  Math, 
Gazette,  vol.  8,  p.  82.  (The  whole  paper  is  g^ven  pp.  76-84;  115-119,  May, 
July,  1915.  Another  paper  with  the  same  title  was  published  by  Professor 
Carslaw  in  Jour,  and  Proc.  Roy,  Soc,  New  South  WaleSf  vol.  48,  1914, 
pp.  42-72.) 

It  did  not  take  long  for  the  word  logarithm  to  come  into  English  litera- 
ture. In  Act  I,  scene  1  of  Ben  Jonson's  comedy,  "The  Magnetic  Lady," 
which  was  performed  in  1632  and  first  published  m  1640,  the  following  Imes 
occur: 

"Sir  Interest 

.     .     .    will  tell  you  instantly,  by  Logarythmes, 
The  utmost  profit  of  a  stock  unployed;" 

t  A  facsimile  of  a  page  with  this  notation  from  the  French  edition  of 
Stevin's  work  is  given  by  D.  E.  Smith  in  "  History  of  Decimal  Fractions," 
Teachers  College  BuUeiin,  (1),  no.  5  (March  12,  1910). 
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There  have  been  several  difTerent  editions  of  the  Descriptio 
and  Constructio.  Of  the  former  in  Latin,  there  were  issues  in 
1614,  1619,  1620,  1658,  1807,*  1857  and  1899;  there  were 
English  editions  in  1616,  1618,  1857.  The  Latin  editions  of 
the  latter  were  in  1619,  1620,  1658  and  1899  ;t  an  English 
edition  published  by  W.  R.  Macdonaldf  at  Edinburgh  in  1889 
is  a  scholarly  work  and  contains  a  professedly  complete 
catalogue  of  various  editions  of  Napier's  works.  The  biblio- 
phile may  find  titles  supplementary  to  this  catalogue  in  Quar- 
itch's  catalogue  no.  336  (March,  1915) ;  good  copies  of  the  first 
English  or  Latin  editions  of  the  Descriptio  and  of  the  first 
Latin  edition  of  the  Constructio  are  worth  about  $100  apiece. 

It  is  not  within  the  scope  of  the  title  which  I  have  chosen 
for  this  paper  to  do  more  than  point  out  that:  (1)  it  was  wholly 
independent  of  suggestion  from  any  one  else  that  Napier 
recognized  the  advantages,  and  indicated  means  for  calcula- 
tion, of  a  system  of  logarithms  in  which  log  1  =  0  and  log 
10  =  10^®.  "  This  is  practically  equivalent  to  the  assumption 
log  10  =  1,  as  the  former  assumption  merely  indicates  that 
the  logarithms  are  to  be  calculated  to  10  places  of  decimals." 
(2)  The  system  of  logarithms  invented  by  Joost  Biirgi 
(1552-1632),  a  Swiss  watchmaker  and  instrument-maker,  is 
decidedly  inferior  to  that  of  Napier,  "  and  the  knowledge  of 
the  use  of  logarithms  which  was  spread  in  the  scientific  world 
was  entirely  due  to  Napier." 

Both  of  the  sketches  under  review  are  remarkably  interesting 
and  should  be  in  every  mathematical  library.  Professor 
Hobson  develops,  at  some  length,  Napier's  methods  in  con- 
nection with  his  tables.  §  This  is  only  briefly  touched  upon 
by  Professor  Gibson  who  sets  forth,  in  his  wonted  attractive 
style,  the  main  facts  of  Napier's  life,  dwelling  especially  upon 
his  intimate  relations  with  Briggs.  This  latter  sketch  is  the 
longer  although  it  contains  the  smaller  number  of  pages. 

R.  C.  Archibald. 

Brown  XJnivbrsitt, 
Providence,  R.  I. 

•  F.  Maseres,  Scriptores  logarithmici.    London,  vol.  6,  1807. 

t  Both  the  Descriptio  and  Constructio  are  reprinted  by  N.  W.  L.  A. 
Gravelaar  in  Verhandelingen  der  Kon.  Akad.  van  Wet,  te  Amsterdam,  1 
sectie,  deel  6,  1899. 

t  Mr.  Macdonald  is  also  the  author  of  the  life  of  Napier  in  the  Dictionary 
of  National  Biography. 

§  Somewhat  extended  analysis  of  Napier's  logarithmic  works  is  given 
by  Delambre  in  his  Histoire  de  TAstronomie  modeme,  tome  1,  Paris,  1821, 
pp.  491-606.  See  also  A.  von  Braunmtihl's  Vorlesungen  tiber  Geschichte 
der  Trigonometrie,  zweiter  Teil.    Leipzig,  1903. 
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MATHEMATICAL  QUOTATION  BOOKS. 

Memorabilia  Mathematica  or  the  Philomath's  Quotation-Book. 

By  Robert  Edouard  Moritz.    New  York,  Macmillan, 

1914.    xiv  +  410  pp.     Price  $3.00. 

The  United  States  has  now  joined  France  and  Germany  in 
contributing  to  this  class  of  literature. 

It  is  some  twenty-five  years  since  A.  M.  Rebi^re  published 
a  pioneer  work  entitled:  Mathfimatiques  et  mathfematiciens. 
Pensees  et  curiositfe.*  The  second  edition  (in  later  editions 
there  is  practically  no  change)  was  divided  into  five  parts, 
headed:  Morceaux  choisis  et  pens6es  (pages  1-178),  Varifetfs 
et  anecdotes  (179-340),  Paradoxes  et  singularitfe  (341^70), 
Probl^mes  curieux  et  humoristiques  (471-526),  Note  biblio- 
graphique,  index  and  table  des  mati^res  (527-566). 

The  textual  parts  contain,  mainly,  short  quotations  or 
translations  (the  whole  book  is  in  French)  from  writings 
ancient  and  modern.  When  there  is  any  indication  of  the 
source  nothing  is  given,  except  in  rare  cases,  but  the  name  of 
the  author;  the  composition  of  the  numerous  unsigned  para- 
graphs is  attributable  to  the  editor.  The  work  is  not,  then, 
strictly  a  book  of  quotations  but  a  sort  of  admixture  of  quota- 
tions, history,  mathematical  recreations,  and  table-talk.  In 
defense  of  his  mixture  of  things  gay  and  serious  the  author 
makes  appeal  to  the  authority  of  Pascal:  "Les  matieres  de 
g6om6trie  sont  serieuses  d'elles-mgmes,  qu'il  est  avantageux 
qu'il  s'offre  quelque  occasion  pour  les  rendre  im  peu  divertis- 
santes." 

Ahrens's  Scherz  und  Ernst  in  der  Mathematikf  differs 
essentially  from  the  work  of  Rebiere.  In  the  first  place  the 
former  is  strictly  a  book  of  quotations;  secondly,  each  quota- 
tion is  invariably  given  in  the  original  language,  spoken  or 
written;  thirdly,  exact  bibliographical  data  are  provided  for 
all  quotations;  fourthly,  the  quotations  follow  one  another 
consecutively  from  pages  1  to  495  without  grouping  under 
subject  headings.  A  24-page  detailed  index  of  subjects  and 
authors  provides  the  means  for  rapid  orientation.  Names  of 
living  mathematicians  are  rarely  met  with,  but  references  to 

♦  Deuxieme  Edition,  revue  et  augment^e,  Paris,  1893.  2+566  pp.; 
4«6d..  Paris,  1911. 

t  W.  Ahrens,  Scherz  und  Emst  in  der  Mathematik.  Geflfigelte  und 
ungeflUgelte  Worte.    Leipzig,  1904. 
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the  "old  masters"  such  as  Abel,  Euclid,  Euler,  Gauss, 
Helmholtz,  Lagrange,  Laplace,  Steiner,  and  Weierstrass,  are 
very  numerous. 

The  whole  constitutes  a  most  admirable  piece  of  work  and 
must  long  serve  as  a  desirable  model  for  works  of  like  nature. 

The  book  under  review  is  also  a  quotation  book.  The 
author  tells  us  that  ten  years  were  devoted  to  its  preparation 
and  that  as  a  result  there  have  been  brought  together  some 
1,200  "more  or  less  familiar  passages*  pertaining  to  mathe- 
matics, by  poets,  philosophers,  historians,  statesmen,  scientists, 
and  mathematicians.  These  have  been  gathered  from  over 
three  hundred  authors  and  have  been  grouped  under  twenty 
heads  and  cross  indexed  imder  nearly  seven  hundred  topics." 
The  headings  are:  Definition  and  object  of  mathematics;  The 
nature  of  mathematics;  Estimates  of  mathematics;  The  value 
of  mathematics;  The  teaching  of  mathematics;  Study  and 
research  in  mathematics;  Modern  mathematics;  The  mathe- 
matician; Persons  and  anecdotes;  Mathematics  as  a  fine  art, 
as  a  language;  Mathematics  and  logic,  and  philosophy,  and 
science;  Arithmetic;  Algebra;  Geometry;  The  calculus  and 
allied  topics;  The  fundamental  concepts  of  time  and  space; 
Paradoxes  and  curiosities. 

Apart  from  classification  in  this  way  the  method  of  Rebiere  is 
followed  by  giving  a  translation  of  all  quotations  in  a  foreign 
language,  and  in  probably  not  more  than  a  score  of  cases  is 
the  original  also  given.  This  departure  from  the  scheme  of 
Ahrens  must  be  considered  as  a  great  defect,  when  the -book 
is  employed  as  a  work  of  reference.  No  scholar  is  likely  to 
use  the  translation  of  a  quotation  unless  he  can  test  its  faith- 
fulness by  comparison  with  the  original.  It  is  indeed  true 
that  exact  reference  is  usually  given  for  this,  but  then  some 
of  the  desirable  usefulness  of  the  single  volume  has  disappeared. 

The  compiler  has  avoided  as  far  as  possible  traversing  the 
ground  that  has  been  trodden  already  by  Rebifere  and  Ahrens. 
"Thus  certain  topics,  as  the  correspondence  of  German  and 
French  mathematicians,  so  excellently  treated  by  Ahrens, 
have  purposely  been  omitted.  The  repetitions  are  limited 
to  a  small  number  of  famous  utterances  whose  absence  from 
a  work  of  this  kind  could  scarcely  be  defended  on  any  grounds." 

*  This  total  is  about  the  same  as  in  Ahrens's  work.  It  is  no  doubt  due 
to  the  special  method  of  numbering  the  quotations  that  some  reviewers 
estimated  the  total  to  exceed  2,000;  cf .  Mathematical  GazettCf  vol.  8  (March, 
1915),  p.  57;  Nature,  vol.  94  (Oct.  8,  1914),  p.  144. 
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The  number  of  quotations  from  contemporary  or  living 
mathematicians  is  large.  Appended  to  numerous  quotations 
from  the  writings  of  Americans,  the  names  of  Bdcher,  Cajori, 
Emerson,  Keyser,  Myers,  B.  Peirce,  D.  E.  Smith,  W.  F.  White, 
E.  B.  Wilson,  J.  W.  Young,  and  J.  W.  A.  Young,  each  of  which 
occurs  at  least  three  times,  may  be  noted.  John  Wesley  Young 
is  referred  to  as  Charles  Wesley  Yoimg  on  page  6.  To  De 
Morgan  50  quotations  are  attributed;  to  Sylvester  38,  to 
Klein  20,  to  Shakespeare  3,  and  so  on.  As  recent  biographies 
have  been  drawn  upon  for  anecdotes,  Sylvanus  P.  Thompson's 
life  of  Lord  Kelvin  has  not  been  overlooked.  It  may  be  of 
interest  to  make  a  single  quotation.  First  note  that  elsewhere 
in  this  Bulletin,*  I  have  called  attention  to  the  integral 

I     e'^dx  which  plays  an  important  r61e  in  the  theory  of 

errors,  to  its  connection  with  certain  other  integrals  studied 
by  Euler  and  with  the  curve  named  by  Cesiro  the  clothoide, 
which  was  considered  by  Jacob  Bernoulli,  and  by  Fresnel 
in  discussing  the  diffraction  of  light.  The  quoted  footnote 
near  the  end  of  Thompson's  biography  is  as  follows: 

"Once  when  lecturing  to  a  class  he  [Lord  Kelvin]  used  the 
word  'mathematician,'  and  then  interrupting  himself  asked 
his  class :  '  Do  you  know  what  a  mathematician  is? '  Stepping 
to  the  blackboard  he  wrote  upon  it: 


£ 


^'dx=   Vx. 


Then  putting  his  finger  on  what  he  had  written,  he  tiu'ned  to 
his  class  and  said:  'A  mathematician  is  one  to  whom  that 
is  as  obvious  as  that  twice  two  makes  four  is  to  you.  Liouville 
was  a  mathematician.'    Then  he  resumed  his  lecture." 

While  Mr.  Moritz's  work  seems  to  have  been  very  carefully 
compiled,  it  is  by  no  means  free  from  at  least  minor  errors 
(or  misprints)  and  misrepresentations.  For  example  in  quota- 
tion no.  1043,  Mr.  Macfarlane  is  said  to  have  written: 
"Maxwell  denoted  Thomson  by  T  and  Tait  by  T':  so  that  it 
became  customary  to  quote  Thomson  and  Tait's  Treatise  on 
Natural  Philosophy  as  T  and  T'."  Instead  of  T'  should  of 
course  be  T'.  In  his  sketch  of  Tait,  J.  S.  MacKay  refers  to 
"r  and  r  (Thomson  et  Tait),  la  notation  prolongfe  T" 

•  Vol.  20  (June,  1914),  pp.  488-489. 
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servant,  chez  les  amis  de  Tait,  a  designer  le  professeur  Tyn- 
dall."* 

In  no.  1049  we  read:  "His  only  reply  was  that  he  could 
impossibly  interrupt  his  work";  in  1858  the  name  of  the 
translator  of  Dante  should  be  given  as  Gary;  the  original  of 
A.  C.  Orr's  mnemonic  for  t  has  "In  rhymes  unapt,"  not 
"inapt";  on  page  405  of  the  index  for  Reid,  M.  read  Reid,  T.; 
all  the  references  after  Pope  on  page  404  are  wrong;  and  on 
page  410  two  quotations  are  incorrectly  attributed  to  J.  W. 
A.  Young  instead  of  J.  W.  Young. 

To  state  (no.  1007)  that  Alexander  Pope's  "Epitaph  in- 
tended for  Sir  Isaac  Newton"  was: 

Nature  and  Nature's  laws  lay  hid  in  night: 
God  said,  "Let  Newton  be  I"  and  all  was  light. 

is  inacciu-ate.  It  would  have  been  an  easy  matter  to  have 
turned  to  the  standard  edition  of  Pope's  works  and  foimdf 
that  the  intended  epitaph  for  Westminster  Abbey  was  as 
follows: 

ISAACUS  NEWTONUS 

QUEM  IMMORTALEM 

TESTANTUB  TEMFUB,   NATUBA,   COELXTM: 

MORTALEM 

HOC  MARMOR  FATETUR 

Nature  and  Nature's  laws  lay  hid  in  night: 
God  said,  Let  Newton  he!  and  all  was  light. 

Again  J.  Spence  and  James  Porton  are  given  as  authorities 
for  statements  (nos.  1023  and  1024)  by  Newton.  Had  Sir 
David  Brewster's  standard  Life  of  Newton  been  consultedj 
it  would  have  been  found  that  the  first  line  of  1023  was  in- 
accurate while  no.  1024  is  made  to  convey  an  entirely  wrong 
idea.  Instead  of  "I  don't  know  what  I  may  seem  to  the 
world"  of  the  former  should  be,  "I  do  not  know  what  I  may 
appear  to  the  world."  No.  1024  is  given  as:  "If  I  have  seen 
farther  than  Descartes,  it  is  by  standing  on  the  shoulders  of 
giants."  In  the  course  of  a  letter  addressed  to  Robert  Hooke 
and  dated  "Cambridge,  February  5,  1675-6,"  occur  the  sen- 
tences: "But,  in  the  mean  time,  you  defer  too  much  to  my 
ability  in  searching  into  this  subject.  What  Descartes  did 
was  a  good  step.  You  have  added  much  several  ways,  and 
especially  in  considering  the  colours  of  thin  plates.  If  I 
have  seen  farther,  it  is  by  standing  on  the  shoulders  of  giarUs." 

*  UEnseigmmeni  mathimaiique,  vol.  7,  1905,  p.  7. 
t  Works,  edited  by  Elwin  and  Courthope,  vol.  4,  London.  1882,  p.  300. 
i  Memoirs  of  the  Life,  Writings  and  Discoveries  of  Sir  Isaac  Newton. 
2  vols.    Edinburgh,  1865,  vol.  1,  p.  142;  vol.  2,  p.  407. 
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But  this  selection  from  examples  must  suffice  to  illustrate 
the  criticisms  made  above  with  regard  to  errors  and  careless 
presentation. 

As  to  additions,  I  suggest  two  or  three,  at  random,  in 
connection  with  things  geometrical. 

Why  not  give  a  reference  for  Hamilton's  "letter  to  De 
Morgan  (1852)"  with  regard  to  the  construction  of  the 
regular  polygon  of  17  sides?*  And  would  not  the  reproduction 
of  Gauss's  original  annoimcement  of  the  discovery  of  the 
possibility  of  construction  of  such  a  polygon,  with  ruler  and 
compass,t  be  worth  while? 

Why  leave  out  Prior's 

"Circles  to  squarei  and  cubes  to  double, 
Would  give  a  man  excessive  trouble; "{ 

And  finally,  might  not  the  plan  of  the  work  permit  the 
inclusion  of  the  verses  of  the  British  Museum  MS.  which 
shows  that  Euclid  was  studied  in  England  as  far  back  as 
924-940  A.  D.? 

The  clerk  Euclyde  on  this  wyse  hit  fonde 
Thys  craft  of  gemetry  yn  Egypte  londe 
Yn  Egypte  he  tawghte  hut  ful  wyde, 
Yn  dyvers  londe  on  every  syde. 
Mony  erys  afterwarde  y  vnderstonde 
Gher  that  the  craft  com  ynto  thys  londe. 
Thys  craft  com  ynto  England,  as  y  ghow  say, 
Yn  tyme  of  good  kyng  Adelston's  day.§ 

R.  C.  Archibald. 
Brown  University, 
Providence,  R.  I. 


SHORTER  NOTICES. 

The  Development  of  Arabic  Numerals  in  Europe.    By  G.  F. 

Hill.    Oxford,   Clarendon   Press,    1915.     125  pp.    Price 

7  shillings  6  pence. 

It  is  a  commonplace  remark  that  noteworthy  achievements 
in  this  world  often  have  their  inception  in  the  most  trivial 
incidents,  and  this  semiparadoxical  law  is  well  illustrated  in 
the  work  under  review.    Mr.  Hill  is  the  curator  of  the  depart- 

*  Graves's  Life  of  Sir  Wm.  R.  Hamilton,  vol.  3  (1889),  pp.  433-435. 

\  IrUelligenzblaU  der  aUgem,  Literalur-Zeitung,  Nr.  66,  1  Junius,  1796, 
col.  554. 

'  t  In  Alma,  canto  3,  lines  366-7,  published  in  1717.  Or  in  Poetical  Works 
of  Matthew  Prior  in  2  volumes,  London,  1779,  vol.  1,  p.  404. 

§  J.  O.  Halliwell,  Kara  Mathematica,  second  ed.,  London,  1841,  p.  56. 
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ment  of  coins  and  medals  in  the  British  Museum,  and  a  few 
years  ago  the  date  (1481)  of  an  Italian  medal  of  the  Sultan 
Mahomet  II,  by  Costanzo  of  Ferrara,  being  called  in  question, 
he  set  about  the  study  of  the  forms  of  the  so-called  Arabic 
numerals  of  the  eariy  Renaissance  period.  This  naturally 
led  him  to  extend  his  researches  back  to  the  period  of  probable 
introduction  of  these  numerals  in  Europe,  and  forward  to 
the  time  when,  owing  chiefly  to  the  influence  of  printing,  the 
forms  became  practically  fixed.  It  is  needless  to  say  that  Mr. 
Hill's  search  soon  carried  him  beyond  the  field  of  numismatics 
and  sigillography,  and  into  the  general  domain  of  epigraphy, 
of  medieval  manuscripts,  and  of  eariy  typography,  so  that  his 
essay  becomes  of  value  not  merely  in  the  field  in  which  he  is 
one  of  the  great  living  authorities,  but  in  other  fields  as  well. 

Such  a  study  has  long  been  needed  to  assist  students  in 
the  history  of  mathematics;  for  the  problem  of  the  date  of 
the  introduction  of  our  present  numerals  into  Europe  is  by 
no  means  solved,  and  aids  of  this  kind  are  exceedingly  valu* 
able.  For  example,  the  dates  of  800  on  the  sarcophagus  of 
Pegavus  Petrasanta  in  Milan,  of  1007  on  a  gravestone  at 
Katharein  near  Troppau,  and  of  1084  at  Castle  Acre  Priory,, 
are  all  disconcerting  to  a  beginner  in  the  study  of  the  question, 
and  to  have  these  dates  distinctly  rejected  by  a  recognized 
authority  on  the  subject  is  very  helpful.  On  the  positive 
side,  to  have  at  hand  a  set  of  tables  giving  the  eariiest  authentic 
example  of  the  nimierals  in  the  west,  the  well-known  Codex 
Vigilanus  of  976,  and  a  score  of  other  examples  of  the  Boethian 
apices;  to  have  the  most  characteristic  specimens  of  the 
Arabic  forms  from  the  twelfth  to  the  sixteenth  century,  not 
only  as  shown  in  the  manuscripts,  but  also  in  the  inscriptions 
and  on  the  paintings  of  these  periods;  to  be  able  at  a  glance  to 
follow  the  lambda  seven  in  its  efforts  to  assimie  the  upright 
form;  to  see  the  looped  four  giving  place  to  the  familiar  form 
which  finally  replaced  it;  to  see  the  beginning  of  the  struggle 
of  the  zero  for  a  place  and  for  a  recognized  shape, — ^to  have 
all  this  in  scientific  tabular  form  so  that  the  changes  can  be 
traced  at  a  glance,  is  to  visit  what  may  be  described  quite 
seriously  as  the  cinematograph  of  our  numeral  system. 

The  tables,  sixty-four  in  number  and  with  hundreds  of 
carefully  drawn  examples,  are  not  without  their  surprises  to 
those  who  have  not  looked  into  the  subject.  For  example, 
the  earliest  known  manuscript  with  the  apices  gives  the  upright 
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form  of  the  seven  instead  of  the  lambda  form  which  is  com- 
monly supposed  to  be  the  earlier  one,  and  this  is  true,  it  may 
be  said  in  passing,  not  only  of  the  manuscript  from  which 
Mr.  Hill  has  taken  his  illustration,  but  also  the  other  Escorial 
manuscript  of  the  same  work.  Likewise  the  upright  four, 
which  we  ordinarily  think  of  as  due  to  the  Florentines  of 
the  fifteenth  century,  who  indeed  had  much  to  do  with 
establishing  it,  is  shown  to  have  been  used  in  the  thirteenth 
and  fourteenth  centuries  by  English  scribes  and  eariy  in  the 
fourteenth  centiuy  by  the  Italians,  probably  Florentine  monks. 
And  quite  commonly  in  the  fifteenth  century  by  writers  of 
English  manuscripts. 

What  strikes  the  reader  as  most  gratifying  is  that  Mr.  Hill 
has  brought  to  the  problem  a  perfectly  judicial  mind;  he  has 
no  thesis  to  defend;  he  is  advocate  for  no  party  to  any  contro- 
versy; he  is  the  scholar  seeking  absolute  truth.  To  his 
researches,  to  his  patience,  to  his  care  in  weighing  evidence, 
aU  who  have  an  interest  in  the  history  of  mathematics  are 
■quite  as  much  his  debtors  as  those  whose  fields  of  interest 
are  in  the  lines  of  numismatics  and  paleography. 

David  Eugene  Smith. 

Introduction  to  Infinitesimal  Calou^iis,    By  G.  W.   Caunt. 

Oxford,  The  Clarendon  Press,  1914.    xx+568  pp. 

Tins  book  is  an  attempt  to  present  the  calculus  in  a  way 
that  will  appeal  to  students  of  engineering.  The  author  ex- 
presses a  hope  that  he  has  made  the  book  rigorous  enough 
to  satisfy  the  instructor  in  a  first  course  in  calculus  for  a  student 
in  pure  mathematics.  This  seems  to  be  rather  an  exception, 
most  texts  being  written  for  the  pure  mathematician,  or  at 
least  chiefly  from  his  viewpoint.  The  subject  matter  is  that 
usually  found  in  the  texts  on  calculus  with  the  addition  of  a 
-chapter  on  diflferential  equations,  and  the  author  presents 
the  subject  from  the  viewpoint  of  the  engineer.  The  book  is 
written  for  a  first  course  in  calculus  and  is  arranged  for  a 
minimum  amount  of  analytic  geometry  to  precede  it.  The 
author  usually  introduces  a  subject  by  means  of  a  number  of 
illustrative  numerical  examples  worked  out  in  detail,  thus 
leading  the  student  into  a  subject  by  means  of  his  interest  in 
the  purpose  it  serves.  This  use  of  numerical  examples,  com- 
pletely solved  out,  prepares  the  student  of  engineering  to  make 
use  of  his  mathematics  in  his  engineering  courses.    Too  often  a 
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student  gets  through  his  calculus  without  being  able  to  apply 
it  to  numerical  problems,  especially  when  they  occur  in  a 
course  not  designated  as  mathematics.  This  should  not  be 
so,  and  is  undoubtedly  the  reason  why  mathematics  in  our 
technical  schools  is  in  such  disfavor  with  the  students.  This 
situation  is  most  probably  due  partly  to  the  mathematics 
teachers,  partly  to  the  engineering  teachers  and  partly  to  the 
textbooks.  \^erever  the  fault  Ues,  any  textbook  written 
for  engineering  students  should  bridge  this  gap  or  wholly 
close  it.  If  there  is  any  essential  difference  between  the  cal- 
culus for  the  engineer  and  the  calculus  for  the  pure  mathe- 
matician, then  our  textbooks  for  engineers  should  be  written 
as  such  and  should  not  be  attempts  to  compile  books  that 
can  be  sold  to  both  classes  of  students.  The  teacher  of  mathe- 
matics in  an  engineering  school  who  is  seeking  to  present  the 
calculus  to  his  students  in  a  way  that  will  make  it  appeal  to 
them  as  being  a  subject  they  need  instead  of  one  they  must 
take  will  find  this  book  a  help  in  that  direction. 

The  first  two  chapters,  especially  the  second  on  "Limits 
and  continuous  functions,"  are  an  attempt  to  get  the  student 
familiar  with  subjects  that  often  remain  hazy  until  the  end  of 
his  course  in  calculus.  They  present  the  matter  in  a  very 
clear  way  by  means  of  many  examples  with  full  explanations. 
The  remaining  chapters  are  treated  in  much  the  same  way. 
The  book  is  so  arranged  that  a  shorter  course  can  be  had  by 
omitting  certain  chapters  without  destroying  the  continuity 
of  presentation.  The  book  contains  more  material  than  most 
of  our  engineering  schools  could  cover  in  the  time  now  allotted 
to  mathematics.  The  author  seems  to  have  had  liberty  from 
his  pubUshers  to  give  as  much  space  as  he  desired  to  illustrative 
problems  and  lists  of  exercises.  This  is  a  very  good  feature 
of  the  book.  On  the  whole  the  book  should  prove  very 
teachable.  T.  E.  Mason. 

Die  Rechenmaschinen  und  das  Maschinenrechnen.    Von  Dipl. 

Ing.  Lenz.    Band  490,  Sammlung  aus  Natur  und  Geistes- 

welt.    Leipzig,  Teubner,  1915.    vi+114  pp. 

Over  500  separate  numbers  of  this  collection  of  booklets 
on  science,  the  arts,  and  technology  have  been  published  and 
the  set  is  not  yet  closed.  Each  volume  is  complete  in  itself 
and  retails  at  M.  1.25. 

No.  490 — the  one  under  review — ^aims  to  give  its  readers 
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dear  and  definite  notions  concerning  the  mathematical  and 
mechanical  principles  underlying  the  construction  of  the 
many  types  of  machines  designed  to  perform  automatically 
the  operations  of  addition,  subtraction,  multiplication,  and 
division. 

No  great  mathematical  or  technical  knowledge  is  required 
to  read  the  book  with  ease;  though  it  possesses  much  more  of 
scientific  interest  and  spirit  than  one  might  expect  to  find  in  a 
so-called  "  popular  "  treatise. 

Representative  machines,  mostly  of  German  or  American 
make,  varying  in  complexity  from  the  abacus  to  the  Burroughs 
— all  designed  to  add  or  subtract — ^are  described  in  detail, 
and  the  mechanical  principles  according  to  which  they  operate 
are  discussed.  Similarly  there  are  separate  chapters  on 
machines  designed  to  perform  multiplication  and  division, 
the  highest  type  of  which  is  represented  by  the  "  millionaire  " 
computing  machine  so  often  found  in  our  mathematical  labor- 
atories.   The  text  is  illustrated  by  45  excellent  figures. 

The  author  summarizes  the  present  state  of  development  to 
which  mechanical  computation  has  been  carried;  points  out 
many  imperfections  which  still  exist,  and  suggests  the  require- 
ments which  the  ideal  machine  should  fulfill.  He  closes  with  a 
rather  brief  discussion  of  the  principles  underlying  the  con- 
struction and  use  of  the  slide  rule.  It  seems  to  the  reviewer 
that  this  chapter  is  rather  inadequate  and  hardly  up-to-date. 

Ernest  W.  Ponzer. 

Die   mathematische   Avshildung   der   DeuUchen   Landmesser. 

Von  Ph.  Furtw angler  und  G.  Ruhm.    Band  IV,  Heft  8, 

I.  M.  U.  K.    Leipzig,  Teubner,  1914.    vi+50  pp. 

In  this  pamphlet  is  given  a  summary  of  the  training,  both 
practical  and  theoretical,  together  with  the  courses  of  study 
prescribed  for  the  German  engineer  who  wishes  to  specialize 
in  land  surveying.  Though  the  various  German  states  differ 
in  their  minimum  requirements  for  the  holder  of  this  oflSce, 
who  must  pass  a  rigid  examination,  yet  nowhere  are  there 
evidences  of  the  existence  of  an  elective  sinecure  such  as  is 
represented  by  that  of  our  own  county  surveyor,  an  office 
too  often  filled  by  some  derelict  engineer  with  a  political  pull. 
The  work  is  systematized  and  is  more  of  the  grade  of  that  of 
our  Coast  and  Geodetic  Survey. 

Special  courses  are  offered  at  the  technical  high  schools  in 
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the  diflPerent  states  for  the  training  of  this  class  of  engineers. 
The  authors  go  into  these  in  detail.  A  composite  cross-sec- 
tional view  of  present  practise  would  show  about  the  following. 

At  least  one  or  two  years  of  practical  training  under  the 
guidance  of  a  regularly  appointed  surveyor.  This  practical 
experience  may  precede  or  follow  the  course  of  instruction  in 
the  technical  schools.  An  average  of  about  four  semesters  in  a 
technical  school  offering  the  special  courses  required.  An 
opportunity  to  advance  in  the  profession.  Advancement 
based  solely  on  merit. 

The  courses  offered  necessarily  include  trigonometry,  alge- 
braic analysis,  analytic  and  descriptive  geometry,  the  calculus, 
mechanics,  sometimes  the  method  of  least  squares,  astronomy, 
geodesy,  drafting,  map-making,  seminar. 

A  general  survey  is  made  of  the  methods  of  handling  these 
various  subjects.  And  one  is  not  surprised  to  find  that 
throughout  there  are  emphasized  all  those  which  aim  to  develop 
the  order,  accuracy,  simplicity,  and  eflSciency  so  desirable  in 
any  engineer. 

Among  suggestions  intended  to  secure  a  greater  eflSdency 
the  authors  include  such  as  the  founding  of  higher  schools, 
a  three-year  course  of  study,  and  a  longer  apprenticeship. 

Ernest  W.  Ponzer. 

Algebraic  Invariants.    By  Leonard  Eugene  Dickson.    (No. 

14,  Mathematical  Monographs,  edited  by  Mansfield  Merri- 

man  and  Robert  S.  Woodward.)     New  York,  John  Wiley 

and  Sons,  1914.    x+100  pp. 

In  this  brief  introduction  to  the  classical  theory  of  in- 
variants Professor  Dickson  puts  the  reader  under  a  further 
debt  of  gratitude  for  the  excellent  and  entertaining  way  in 
which  he  is  led  to  a  first  acquaintance  with  the  important 
subject  of  invariants.  It  is  diflScult  to  conceive  how  one 
could  be  more  comfortably  drawn  into  a  knowledge  of  in- 
variants and  covariants  than  by  the  gradual  and  lucid  proc- 
esses of  the  early  part  of  this  book.  In  the  first  ten  pages 
there  is  a  progressive  approach  to  the  full  notion  of  invariant, 
carried  forward  from  diings  well  known  to  the  beginner  by 
means  of  processes  and  ideas  which  are  of  intrinsic  interest 
and  value  in  themselves.  After  a  similar  gradual  development 
of  the  notion  of  covariant  the  formal  definitions  of  invariants 
and  covariants  are  given  on  pages  14  and  15. 
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The  book  falls  into  three  parts  of  nearly  equal  length.  Part 
I  (pages  1-29)  treats  of  linear  transformations  both  from  the 
standpoint  of  a  change  of  points  of  reference  and  from  the 
standpoint  of  projective  geometry.  Its  purpose  is  to  lead  the 
reader  by  easy  stages  into  a  proper  conception  of  the  nature 
of  the  subject.  How  this  purpose  is  achieved  may  be  seen 
in  part  by  the  way  in  which  the  notions  of  invariant  and  co- 
variant  are  introduced  and  illustrated  by  means  of  the  simplest 
examples.  Certain  covariants  such  as  Jacobians  and  Hessians 
are  discussed  and  their  algebraic  and  geometrical  interpreta- 
tions are  given.  In  particular,  the  Hessian  is  employed  in  the 
solution  of  the  cubic  equation  and  in  the  discussion  of  the 
points  of  inflection  of  the  plane  cubic  curve. 

In  connection  with  the  interesting  illustrative  examples 
and  applications  of  Part  I  the  author  finds  opportunity  to 
derive  or  illustrate  several  general  elementary  theorems  so 
that  the  reader  is  making  substantial  progress  in  the  theory 
as  he  learns  its  meaning  through  examples. 

Part  II  (pages  30-62)  is  devoted  to  a  systematic  develop- 
ment, in  non-symbolic  notation,  of  the  algebraic  properties 
of  invariants  and  covariants,  chiefly  of  binary  forms.  In 
the  preceding  part  the  reader  has  been  prepared  so  as  to  be 
able  to  follow  this  treatment  with  comfort.  There  is  here 
a  compact  but  lucid  treatment  of  the  following  topics;  homo- 
geneity, weight,  annihilators,  alternants,  seminvariant  leaders 
of  covariants,  number  of  Unearly  independent  seminvariants, 
Hermite's  law  of  reciprocity,  fundamental  systems  of  covari- 
ants, canonical  form  of  the  binary  quartic,  properties  of  in- 
variants and  covariants  as  functions  of  the  roots,  and  dif- 
ferential operators  producing  covariants.  Moreover,  irra- 
tional invariants  are  illustrated  (in  §  35)  by  a  carefully  selected 
set  of  exercises. 

In  part  III  (pages  63-97)  is  given  an  introduction  to  the 
symbolic  notation  of  Aronhold  and  Clebsch.  This  notation 
is  first  explained  at  length  for  a  simple  case  and  the  reader  is 
led  gradually  into  its  use  through  a  carefully  constructed 
proof  of  the  fundamental  theorem  on  the  types  of  symbolic 
factors  of  a  term  of  a  covariant  of  binary  forms.  That  a 
fundamental  system  of  covariants  is  finite  is  proved  (pages  70- 
76)  by  a  method  due  to  Hilbert.  The  theory  of  transvectants 
is  developed  so  far  as  needed  in  the  treatment  of  apolarity  and 
its  application  to  rational  curves  and  in  the  inductive  deter- 
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mination  of  fundamental  systems  of  covariants.  Finally, 
there  is  a  discussion  of  the  concomitants  of  ternary  forms  in 
symbolic  notation.  R.  D.  Carmichael. 

Legons  sur  la    ThSorie  des  Fonctions.    Par  Emile   Borel. 

Deuxi^me  Edition.    Paris,  Gauthier-Villars,  1914.    xi+259 

PP- 

For  purposes  of  review  the  second  edition  of  this  valuable 
book  by  Borel  may  be  divided  into  three  parts:  the  body  of  the 
text  exclusive  of  the  extensive  notes  at  the  end  (Chapters  I 
to  VI,  pages  1-101) ;  notes  contained  in  the  first  edition  (pages 
102-134);  notes  added  in  the  second  edition  (pages  135-256). 
The  first  two  parts  are  reprinted  without  mo^cation  except 
for  a  single  change  in  a  matter  of  terminology  in  the  theory  of 
point  sets.  Since  these  parts  have  been  before  the  mathe- 
matical public  for  many  years  (having  been  originally  pub- 
lished in  1898),  they  call  for  no  further  review  now.  The  third 
part  consists  of  three  notes  numbered  IV,  V,  VI;  it  makes  up 
about  half  of  the  present  volume. 

Note  IV  (pages  135-181)  is  devoted  to  polemics  concerning 
the  transfinite  and  the  demonstration  of  Zermelo.  It  contains 
a  reprint  of  seven  articles,  principally  by  Borel,  published  from 
time  to  time  during  the  years  1899  to  1914.  These  discussions 
are  perhaps  of  more  interest  to  philosophers  than  to  mathe- 
maticians. A  perusal  of  this  note  in  comparison  with  earlier 
statements  by  Borel  shows  that  his  thought  on  some  of  the 
matters  in  consideration  has  undergone  a  marked  evolution. 

Note  V  (pages  182-216)  is  devoted  to  denumerable  proba- 
bilities and  their  arithmetic  applications. 

Finally,  Note  VI  (pages  217-256)  is  given  to  a  development 
of  the  theory  of  measure  and  of  integration  from  the  point 
of  view  adopted  by  Borel  in  his  definition  of  measurable  sets. 
It  contains  the  most  important  matter  added  in  this  new  edi- 
tion of  the  work.  The  subject  is  approached  in  a  very  ele- 
mentary and  simple  way  and  the  treatment  is  carried  through 
to  results  of  considerable  generality  both  in  the  theory  of 
measure  and  in  the  theory  of  integration.  The  treatment  will 
serve  conveniently  as  an  introduction  to  the  fundamental 
researches  of  Lebesgue  in  the  theory  of  integration. 

R.  D.  Carmichael. 
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Radioactive  Svbsiances  and  their  Radiations.    By  E.  Rutecer- 

FOBD,  D.Sc,  Ph.D.,  LL.D.,  F.R.S.    Cambridge  University 

Press,  1913.    viii+699  pp. 

This  book  contains  a  very  interesting  treatment  of  a 
fascinating  subject  by  a  writer  who  speaks  with  the  authority 
of  a  leading  investigator.  Dealing  effectively  as  it  does  with 
one  of  the  most  remarkable  developments  of  modern  physics, 
a  science  which  has  sprung  anew  into  the  most  rapid  growth  in 
the  present  generation,  it  is  assured  of  a  wide  range  of  readers 
and  of  a  valuable  place  in  the  development  of  science.  For 
the  most  part  it  deals  with  experimental  researches  and  results 
and  makes  but  a  small  use  of  mathematics  in  their  interpre- 
tation. For  this  reason  only  a  brief  notice  of  it  should  be 
given  here,  although  it  appears  to  be  a  book  of  more  than 
usual  value. 

The  investigations  of  radioactivity  are  too  new  for  the  sub- 
ject yet  to  have  taken  on  a  mathematical  form.  Mathematics 
is  the  dress  in  which  a  physical  science  is  best  expounded  and 
developed  after  it  has  come  to  maturity  and  the  fundamental 
laws  involved  in  it  have  been  determined  with  precision;  but 
it  ill  becomes  a  subject  while  yet  in  the  infancy  of  early 
experimental  stages. 

But  in  spite  of  this  newness  of  the  subject  there  is  one  mathe- 
matical investigation  connected  with  it  and  of  considerable 
interest  owing  to  the  differential  equation  to  which  it  gives 
rise.  This  seems  not  to  be  mentioned  by  Rutherford.  It  was 
initiated  by  J.  J.  Thomson  (see  Encyclopaedia  Britannica, 
11th  edition,  volume  6,  page  371)  and  further  developed  by 
Mie  {Annalen  der  Physik  (4)  13  (1904):  857-889)  and  others. 
In  investigating  the  distribution  of  electric  force  when  a 
current  is  passing  through  an  ionized  gas  Thomson  obtained  a 
differential  equation  which  Mie  has  transformed  to 

1-P    (Pz      \-¥(dzY  ^   kdz  ,   ,       ^ 

where  h  and  X  are  constants.  In  developing  the  theory  of  this 
equation  considerable  diflSculty  has  arisen.  A  reading  of  the 
papers  which  have  been  devoted  to  it  leaves  one  with  the  con- 
viction that  they  .do  not  satisfactorily  dispose  either  of  the 
mathematical  question  involved  in  the  solution  of  the  equation 
or  of  the  electrical  question  of  which  this  equation  is  in  part 
the  mathematical  expression. 

R.  D.  Carmichael. 
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The  Mathematical  Analysis  of  Electrical  and  Optical  Wate- 
Motion  on  the  Basis  of  MaxweWs  Equations.  By  H.  Bate- 
man,  M.A.,  Ph.D.  Cambridge  University  Press,  1915.  vi 
+  159  pp. 

Tms  book  is  intended  as  an  introduction  to  certain  recent 
developments  of  Maxwell's  electromagnetic  theory  which  are 
directly  connected  with  the  solution  of  the  partial  differential 
equation  of  wave  motion.  The  higher  parts  of  the  theory 
which  are  based  on  the  dynamical  equations  of  motion  are  not 
considered. 

In  Chapter  I  (pages  1-24)  the  author  starts  from  the  funda- 
mental equations  for  free  ether  in  Maxwell's  electromagnetic 
theory  and  shows  in  the  first  place  that  solutions  of  these 
equations  may  be  obtained  by  means  of  solutions  of  the 
fimdamental  wave  equation 

o,  X      dhi      &hi      Bhi       Idhi      ^ 

(1)  °(^)-a?  +  ap+d?-?d?  =  0' 

where  c  is  the  velocity  of  light  (and  is  taken  to  be  a  constant). 
A  function  u  of  a:,  y,  2,  t,  satisfying  equation  (1),  is  called  a 
wave  fimction.  In  the  second  place  the  author  exhibits  a 
dass  of  solutions  of  the  fundamental  equations  of  Maxwell 
by  means  of  functions  a  and  j3  (of  x^  y,  z,  t)  of  such  a  nature 
that  if  F{a,  j8)  is  an  arbitrary  function  of  a  and  j8,  F  satisfies 
the  partial  differential  equation 

Continuing  in  Chapter  I  it  is  shown  that  the  fimdamental 
Maxwell  equations  for  a  material  medium  may  be  solved  by 
means  of  fimctions  u  (of  x,  y,  z)  satisfying  the  equation 

(3)  Au  +  }^^-^  +  -^  +  -^  +  J^=0, 

the  quantity  k  being  a  constant  with  respect  to  x,  y,  z,  t.  This 
equation  is  obviously  satisfied  by  wave  functions  of  the  form 

u  =  e'*'**^y(ar,  y,  z). 

In  connection  with  a  wave  boundary  whose  equation  may  be 
expressed  in  the  form  F(x,  y,  2, 0  =  0  equation  (2)  comes  again 
into  play  and  here  expresses  the  fact  that  the  moving  wave 
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boundary  moves  normally  to  itself  with  the  velocity  of  light. 

The  work  under  review  is  devoted  principally  to  deriving 
the  properties  of  functions  satisfying  equations  (1)  and  (3) 
and  to  the  applications  of  the  resulting  theory  to  problems  of 
electrical  and  optical  wave  motion.  It  is  desirable  that  all 
types  of  functions  satisfying  equations  (1)  and  (3)  should  be 
studied  and  not  merely  those  which  admit  readily  of  applica- 
tion to  physical  problems;  for  in  this  way  a  clearer  light  is 
thrown  on  the  physical  problems  themselves.  But  there  is 
a  much  more  important  reason  why  the  scope  of  the  inquiry 
should  not  be  restricted.  The  theory  of  wave  functions  forms 
a  natural  extension  of  the  theory  of  functions  of  a  complex 
variable  and  may  consequently  lead  to  results  of  great  value 
for  the  general  theory  of  functions.  Moreover,  the  theory 
of  functions  of  two  complex  variables  is  closely  connected  with 
the  theory  of  wave  functions.  Our  author  recognizes  this 
breadth  of  range  of  interest  in  the  theory  of  equations  (1)  and 
(3)  and  takes  account  of  it  in  his  exposition. 

In  Chapter  II  (pages  25-34)  is  to  be  found  a  general  survey 
of  the  different  methods  of  solving  the  wave  equation,  in- 
cluding the  Bernoulli  method  of  reduction  to  ordinary  dif- 
ferential equations,  the  generalization  of  wave  functions 
through  the  property  of  linearity  of  the  wave  equation  and 
the  method  of  transformations  (developed  by  Bateman)  by 
means  of  which  other  solutions  may  be  obtained  from  a  single 
given  solution. 

By  means  of  a  transformation  to  polar  coordinates  and  a 
use  of  the  Bernoulli  method  of  reduction  to  ordinary  differential 
equations  various  solutions  of  equations  (1)  and  (3)  are  ob- 
tained in  Chapter  III  (pages  35-68),  and  these  are  employed 
in  the  investigation  of  several  important  problems  connected 
with  spherical  obstacles,  including  the  following:  scattering  of 
electromagnetic  waves  by  spherical  obstacles;  damped  vi- 
brations for  the  space  outside  of  a  sphere;  polarization  and 
intensity  of  the  scattered  light;  absorption  of  light  by  a  spher- 
ical obstacle;  pressure  of  radiation  on  a  spherical  obstacle. 

In  Chapter  IV  (pages  69-81)  a  similar  treatment  is  made  of 
equations  (1)  and  (3)  by  means  of  a  transformation  to  cylin- 
dncal  coordinates  and  the  results  are  applied  in  a  treatment 
of  the  propagation  of  waves  on  a  semi-infinite  solid  bounded 
by  a  plane  surface  and  also  along  a  straight  wire  of  circular 
cross  section. 
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A  partial  solution  of  the  problem  of  diflPraction  is  obtained 
in  Chapter  V  (pages  82-94)  by  means  of  multiple-valued  solu- 
tions of  the  wave  equation. 

Chapter  VI  (pages  96-109)  contains  a  brief  account  of  each 
of  several  transformations  of  coordinates  which  lead  to  solu- 
tions of  the  wave  equation  suitable  for  the  treatment  of 
problems  connected  with  surfaces  of  revolution.  These  give 
rise  to  several  important  ordinary  differential  equations  of 
which  it  is  desirable  to  have  a  more  complete  theory  than  we 
possess  at  present. 

In  Chapter  VII  (pages  110-114)  methods  are  exhibited  for 
finding  homogeneous  solutions  of  the  wave  equation. 

Chapter  VIII  (pages  115-140)  is  given  to  a  treatment  of 
electromagnetic  fields  with  moving  singularities.  It  consists 
principally  of  the  author's  own  contributions  to  the  theory 
in  consideration.  From  the  investigations  of  this  chapter 
it  is  seen  that  the  mathematical  analysis  connected  with 
equations  (1)  and  (3)  is  suitable  for  the  discussion  of  three 
distinct  theories  of  the  universe  which  may  be  briefly  de- 
scribed as  follows:  (a)  the  ether  is  a  continuous  medium  and 
matter  consists  of  aggregates  of  discrete  particles;  (b)  the 
ether  is  a  discontinuous  medimn  consisting  of  a  collection  of 
tubes  or  filaments;  and  matter  is  an  aggregate  of  discrete 
particles  attached  to  the. tubes;  (c)  the  ether  is  a  continuous 
medium  and  matter  is  an  aggregate  of  discrete  particles  to 
which  tubes  are  attached.  In  Chapters  I  to  VII  the  analysis 
is  adapted  almost  entirely  to  the  first  of  these  theories,  the 
high  development  of  which  we  owe  to  the  pioneer  work  of 
Maxwell,  Fitzgerald,  Hertz,  Rayleigh,  Heaviside,  J.  J.  Thom- 
son, Lorentz  and  Larmor.  The  other  theories  have  heretofore 
not  received  much  attention;  and  hence  the  contributions  of 
Bateman  (in  Chapter  VIII)  form  a  welcome  addition  to  our 
previous  knowledge.  It  is  to  be  hoped  that  they  will  lead  to 
further  developments  so  that  a  comparison  can  be  made  be- 
tween the  different  theories.  It  is  Ukely  that  each  of  the 
theories  will  be  enriched  by  the  development  of  the  other  two. 

Finally,  some  miscellaneous  theories  are  briefiy  treated  in 
the  concluding  Chapter  IX  (pages  141-154). 

This  book  will  be  foimd  valuable  for  its  new  contributions 
to  the  theory  of  equations  (1)  and  (3),  for  its  account  of  the 
present  state  of  knowledge  and  its  numerous  references  to  the 
literature  of  these  equations  and  for  its  indication  of  several 
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points  at  which  further  development  of  the  theory  is  desirable. 
Its  greatest  value  probably  lies  in  the  way  in  which  it  makes 
clear  that  it  is  desirable  to  have  a  further  and  deeper  inves- 
tigation of  the  properties  of  wave  functions  and  the  wave 
equation.  R.  D.  Carmichael. 


NOTES. 


The  Swiss  mathematical  society  held  its  annual  meeting 
at  Geneva,  September  12-15,  in  affiliation  with  the  centenary 
celebration  of  the  Helvetian  society  of  natural  scientists. 
The  following  papers  were  read:  By  Professor  L.  G.  Du 
Pasquier,  "On  systems  of  complex  numbers'*;  by  Dr.  G. 
P6lya,  "Is  the  non-continuation  of  a  power  series  the  general 
case?";  by  Professor  M.  Plancherel,  "On  the  convergence 
of  a  remarkable  class  of  definite  integrals  containing  an 
arbitrary  function";  by  Dr.  W.  H.  Young  and  Dr.  G.  C. 
Young,  "Integration  with  regard  to  a  function  of  limited 
variation";  by  Dr.  G.  C.  Younq,  "On  curves  without  tan- 
gents"; by  Dr.  K.  Mirimanoff  and  Dr.  G.  C.  Young, 
"On  the  theorem  of  'tuiles'";  by  Professor  L.  J.  Creuer, 
"On  a  particular  theorem  of  the  geometry  of  motion";  by 
Professor  R.  de  Saussure,  "Geometry  of  leaflets";  by 
Professor  Cailler,  "On  the  analytic  theory  of  directed 
bodies";  by  Dr.  H.  Berliner,  "A  new  projective  ana- 
lytic geometry";  by  Professor  L.  Kollross,  "Concerning  a 
duality";  by  Dr.  F.  Gonseth,  "Generalization  of  a  theorem 
of  Poncelet";  by  E.  Guillaume,  "On  the  impossibility  of 
reducing  the  law  of  divergence  in  several  variables  to  a  com- 
posite probability." 

Professor  M.  Grossmann,  of  the  technical  school  at  Zurich, 
was  elected  president  for  the  following  year. 

At  a  meeting  of  the  Edinburgh  mathematical  society  on 
November  12  the  following  papers  were  read:  "The  solution 
of  difference  equations  by  continued  fractions,"  by  J.  A. 
Strang;  "A  suggested  measurement  of  relationship"  and 
"  The  equation  a:^  +  y^  +  2?  +  w^  =  0  where  x,  y,  z,  u  are 
rational,"  by  J.  E.  A.  Steggall;  "Notes  on  a  triangle,"  by 
G.  E.  Crawford;  "Easy  geometrical  proof  of  a  theorem  of 
Chasles,"  by  E.  Press. 
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The  Association  of  mathematics  teachers  of  New  Jersey 
held  its  third  regular  meeting  at  Stevens  institute  of  tech- 
nology on  November  20.  The  programme  included  the  fol- 
lowing papers:  "Mathematics  and  insurance,"  by  P.  C.  H. 
Papps;  "The  proper  functioning  of  a  high  school  course  in 
geometry,"  by  R.  T.  LeVallet;  "Review of  Bourlet's  Plane 
Geometry,"  by  B.  B.  Strang;  "A  high  school  course  in 
strength  of  materials,"  by  G.  D.  Qrner.  Professor  H.  B. 
Fine  is  president  of  the  association. 

The  December  number  (volume  17,  number  2)  of  the  Annals 
of  Mathematics  contains  the  following  papers:  "TheCauchy 
definition  of  a  definite  integral,"  by  D.  C.  Gillespie;  "Sur- 
faces with  isothermal  representation  of  their  lines  of  curvature 
as  envelopes  of  rolling,"  by  L.  P.  Eisenhart;  "A  theorem 
concerning  real  functions,"  by  K.  P.  Williams;  "Note  on 
an  operation  of  the  third  grade,"  by  A.  A.  Bennett;  "De- 
termination of  all  triply  orthogonal  systems  containing  a 
family  of  minimal  surfaces,"  by  T.  H.  Gronwall. 

The  May  number  of  the  Proceedings  of  the  National 
Academy  of  Sciences  contains  the  following  mathematical 
papers:  "A  new  canonical  form  of  the  elliptic  integral,"  by 
Bessie  I.  Miller;  "Transformations  of  conjugate  systems 
with  equal  invariants,"  by  L.  P.  Eisenhart.  The  June 
number  of  the  Proceedings  contains:  "Solution  of  an  infinite 
system  of  differential  equations  of  the  analytic  type,"  by 
F.  R.  Moulton;  "On  the  factorization  of  various  types  of 
expressions,"  by  Henry  Blumberg.  The  July  number  con- 
tains: "  On  the  representation  of  arbitrary  functions  by  defi- 
nite integrals,"  by  W.  B.  Ford;  "Some  theorems  connected 
with  irrational  numbers,"  by  W.  D.  MacMillan.  The 
August  number  contains  "  Seven  points  on  a  twisted  cubic 
curve,"  by  H.  S.  White,  and  the  October  number  contains 
"  On  isothermally  conjugate  nets  of  space  curves,"  by  G.  M. 
Green. 

The  Macmillan  Company  announces  the  publication  of  an 
Historical  Introduction  to  Mathematical  Literature,  by  G.  A. 
Miller. 

The  firm  of  B.  G.  Teubner  in  Leipzig  announces  that  the 
following  works  are  in  press:  Euler's  works,  series  1,  volume 
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2,  part  1:  Commentationes  arithmeticae,  by  F.  Rudio; 
volume  18,  part  2:  Commentationes  analyticae  ad  theoriam 
integralium  pertinentes,  by  A.  Gutzmer — ^Lie's  collected 
memoirs,  volume  3,  by  F.  Engel — Vorlesungen  iiber  Zahlen- 
und  Funktionenlehre,  by  A.  Pringsheim— The  second  part 
of  the  second  volume  of  Darstellende  Geometric,  by  E. 
MuLLER— Theorie  der  elliptischen  Funktionen,  by  R.  Fricke 
— Vorlesungen  iiber  reelle  Funktionen,  by  C.  Carath£odort 
— Diflferential-  und  Integralrechnung,  by  L.  Bieberbach — 
Les  theories  statistiques  en  thermodynamique,  by  H.  A. 
LoRENTZ — Partial  differential  equations  of  mathematical 
physics,  by  A.  G.  Webster — and  a  number  of  reports  on  the 
teaching  of  mathematics  in  Germany,  edited  by  F.  Klein. 

The  following  courses  in  mathematics  are  given  during  the 
present  winter  semester: 

University  of  Berlin. — ^By  Professor  H.  A.  Schwarz: 
Analytic  geometry'-,  four  hours;  Synthetic  geometry,  four 
hours;  Elementary  derivation  of  the  most  important  prop- 
erties of  conies,  two  hours;  Seminar,  two  hours. — By  Pro- 
fessor G.  Frobenius:  Theory  of  numbers,  four  hours;  Seminar, 
two  hours. — By  Professor  F.  Schottky:  Theory  of  curves 
and  surfaces,  four  hours;  General  problems  of  the  theory  of 
functions,  two  hours;  Seminar,  two  hours. — By  Dr.  K. 
Knopp:  Ordinary  differential  equations,  II,  four  hours; 
Theory  of  functions,  II,  with  exercises,  five  hours. — By 
Professor  R.  Rothe:  Integral  calculus,  four  hoims. 

University  of  Bonn. — By  Professor  E.  Study:  Analytic 
geometry  of  two  and  of  three  dimensions,  four  hours;  Seminar, 
two  hours. — By  Professor  F.  London:  Differential  and  in- 
tegral calculus,  with  exercises,  five  hours;  Synthetic  geometry, 
with  exercises,  three  hours;  Seminar,  two  hours. — By  Pro- 
fessor I.  Schur:  Selected  chapters  of  analysis,  two  hours; 
Introduction  to  the  theory  of  functions,  four  hours;  Seminar, 
two  hours. — By  Dr.  J.  O.  Muller:  Calculus  of  variations, 
three  hours;  Seminar,  two  hours. 

University  of  Gottingen. — By  Professor  F.  Klein: 
Development  of  mathematics  in  the  nineteenth  century,  two 
hours. — By  Professor  D.  Hilbert:  Differential  equations,  four 
hours;  Seminar,  two  hours. — By  Professor  C.  Runge:  De- 
scriptive geometry,  with  exercises,  five  hours;  Differential 
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and  integral  calculus^  with  exercises,  six  hours;  Seminar, 
two  hours. — By  Professor  E.  Landau:  Algebra,  four  hours; 
Seminar,  two  hours. — By  Professor  C.  CARATHfioDOKT: 
Curves  and  surfaces,  four  hours;  Selected  chapters  from  the 
theory  of  fimctions,  with  exercises,  four  hours. — ^By  Professor 
F.  Bernstein:  Mathematical  statistics,  two  hours;  Mathe- 
matics of  insurance,  two  hours;  Seminar,  two  hours. 

UNnrERSiTY  OF  Leipzig. — By  Professor  O.  Holder:  Dif- 
ferential and  integral  calculus,  five  hours;  Elliptic  modular 
functions,  two  hours;  Seminar,  two  hours. — By  Professor  K. 
Rohn:  Analytic  geometry  of  space,  four  hours;  Differential 
geometry,  four  hours;  Seminar,  two  hours. — By  Professor  G. 
Herglotz:  Mechanics,  five  hours;  Selected  chapters  from 
the  theory  of  numbers,  three  hours;  Seminar,  two  hours. — 
By  Dr.  K.  Blaschke:  Partial  differential  equations,  four 
hours;  Conformal  representation,  two  hours;  Seminar,  two 
hours. 

University  of  Strassburg. — By  Professor  F.  Schur: 
Analytic  geometry  of  two  and  three  dimensions,  four  hours; 
Selected  chapters  of  differential  geometry,  two  hours;  Seminar, 
two  hours. — By  Professor  G.  Faber:  Differential  and  in- 
tegral calculus,  four  hours;  Elliptic  functions,  two  hours; 
Seminar,  two  hours. — By  Professor  M.  Simon:  History  of 
mathematics  in  ancient  times,  two  hours. — By  Professor  J. 
Wellstein:  Graphical  statics,  three  hours. — By  Professor  P. 
Epstein:  Analytic  treatment  of  projective  geometry,  two 
hours. — By  Dr.  A.  Speiser:  Perspective,  two  hours. 

Dr.  J.  Radon  and  Dr.  F.  Rulf  have  been  appointed 
docents  in  mathematics  at  the  technical  school  of  Vienna. 

Dr.  W.  Simandl  has  been  appointed  docent  in  projective 
geometry  at  the  Bohemian  technical  school  of  Briinn. 

Dr.  K.  Bopp,  of  the  University  of  Heidelberg,  has  been 
promoted  to  an  associate  professorship  of  mathematics. 

Professor  G.  Faber,  of  the  University  of  Strassburg,  has 
been  appointed  to  a  full  professorship  in  the  technical  school 
at  Munich. 

Professor  P.  Painlev£,  of  the  University  of  Paris,  has 
been  appointed  minister  of  education  in  the  new  French 
cabinet. 
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Professor  E.  Pascal,  of  the  University  of  Naples,  has 
been  awarded  the  medal  of  the  Italian  society  of  sciences 
<the  forty). 

Professor  J.  Mollerup  has  been  appointed  associate  pro- 
fessor of  mathematics  in  the  University  of  Copenhagen,  suc- 
•ceeding  Professor  H.  Bohr,  who  has  been  called  to  the 
Copenhagen  technical  school  as  successor  of  the  late  Professor 
P.  C.  V.  Hansen. 

Dr.  G.  Arbieluni,  of  the  University  of  Rome,  has  been 
appointed  associate  professor  of  mechanics  at  the  technical 
school  of  Turin. 

Professor  M.  Cipolla,  of  the  University  of  Catania,  has 
been  promoted  to  a  full  professorship  of  algebraic  analysis. 

Dr.  L.  L.  Rios  has  been  appointed  docent  in  mechanics  at 
the  University  of  Padua. 

The  two  Benjamin  Peirce  instructorships  in  mathematics 
tit  Harvard  University  (see  Bulletin,  volume  21,  page  315) 
are  again  open  to  general  competition.  Applications  for  the 
year  1916-17,  accompanied  by  the  necessary  papers,  should 
reach  Professor  B6cher  not  later  than  February  1,  1916,  who 
will  be  glad  to  furnish  further  particulars. 

Professor  N.  C.  Grimes,  formerly  of  the  University  of 
Arizona,  has  been  appointed  to  a  professorship  of  mathematics 
in  the  University  of  Oregon. 

Miss  Gertrude  I.  McCain  has  been  appointed  professor 
of  mathematics  in  Oxford  College,  not  in  the  Western  College 
for  Women  as  erroneously  announced  in  the  December  Bul- 
letin. The  professorship  of  mathematics  in  the  Western 
College  for  Women  is  held  by  Miss  Harriet  E.  Glazier. 

At  the  State  University  of  Kentucky  associate  professor 
J.  M.  Davis  has  been  promoted  to  a  full  professorship  of 
mathematics. 

Miss  A.  D.  Lewis,  of  Mt.  Holyoke  College,  has  been 
appointed  professor  of  mathematics  and  head  of  the  depart- 
ment at  the  Kentucky  College  for  Women. 
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At  the  Iowa  State  College  the  following  changes  have  been 
made  in  the  department  of  mathematics:  Miss  A.  Fleming 
has  been  promoted  to  an  assistant  professorship;  Mr.  J.  R. 
Sage,  Miss  F.  Faknum,  and  Miss  M.  Miller  have  been 
appointed  instructors;  Miss  N.  Madson  has  been  appointed 
assistant. 

Professor  H.  L.  Rietz,  of  the  University  of  Illinois,  has 
been  appointed  by  Governor  Dunne  a  member  of  the  com- 
mittee to  investigate  the  operation  of  national  and  foreign 
pension  systems. 

Professor  W.  H.  H.  Hudson,  of  King's  College,  London, 
died  September  21,  at  the  age  of  76  years. 

Professor  E.  Janisch,  of  the  technical  school  at  Prague, 
died  August  11,  1915,  at  the  age  of  46  years. 

Professor  J.  Knoblauch,  of  the  University  of  Berlin, 
died  July  22,  1915,  at  the  age  of  59  years. 

Professor  F.  Leconte,  of  the  University  of  Ghent,  died 
October  11,  1915,  at  the  age  of  50  years. 

Professor  H.  Ganter,  of  the  cantonal  school  at  Aargau, 
died  July  29,  1915,  at  the  age  of  sixty-seven  years. 

Dr.  L.  Orlando,  of  the  University  of  Rome,  was  killed  in 
battle  in  August. 

Dr.  R.  Torelli,  of  the  University  of  Pisa,  was  killed  in 
battle  August  10,  1915,  at  the  age  of  thirty-one  years. 
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THE   NINTH   REGULAR   MEETING   OF   THE 
SOUTHWESTERN  SECTION. 

The  ninth  regular  meeting  of  the  Southwestern  Section  of 
the  Society  was  held  at  Washington  University,  St.  Louis, 
Missouri,  on  Saturday,  November  27,  1915.  Thirty-eight 
persons  attended  the  sessions,  including  the  following  twenty- 
one  members  of  the  Society: 

Professor  L.  D.  Ames,  Mr.  Charles  Ammerman,  Professor 
E.  W\  Davis,  Dr.  W.  W.  Denton,  Professor  E.  P.  R.  Duval, 
Dr.  E.  A.  Engler,  Professor  A.  B.  Frizell,  Professor  E.  R. 
Hedrick,  Professor  G.  O.  James,  Professor  O.  D.  Kellogg, 
Mr.  J.  C.  Rayworth,  Professor  S.  W.  Reaves,  Professor  W.  H. 
Roever,  Dr.  H.  M.  Sheffer,  Professor  C.  H.  Sisam,  Professor 
H.  E.  Slaught,  Professor  E.  J.  Townsend,  Professor  J.  N. 
Van  der  Vries,  Professor  C.  A.  Waldo,  Dr.  Eula  A.  Weeks, 
Professor  W.  D.  A.  Westfall. 

The  morning  session  opened  at  10  a.m.  and  the  afternoon 
session  at  2  p.m.  Professor  Roever  presided.  It  was  decided 
to  hold  the  next  meeting  of  the  Section  at  the  University  of 
Kansas,  Lawrence,  Kansas,  on  Saturday,  December  2,  1916. 
The  following  program  committee  was  appointed:  Professor  J. 
N.  Van  der  Vries  (diairman).  Professor  S.  W.  Reaves,  Professor 
O.  D.  Kellogg  (secretary).  Attending  members  were  enter- 
tained at  a  smoker  at  the  Washington  Hotel  on  Friday  evening, 
and  at  luncheon  at  the  Tower  Dormitory  on  Saturday  noon. 

The  following  papers  were  presented  at  this  meeting: 

(1)  Professor  C.  H.  Sisam:  "On  sextic  surfaces  which  have 
a  nodal  curve  of  order  eight." 

(2)  Professor  G.  H.  Hakdy:  "Weierstrass's  non-differ- 
entiable  fimction." 

(3)  Professors  E.  R.  Hedrick  and  Louis  Ingold:  "Note 
on  the  continuity  of  the  function  J  in  the  law  of  the  mean." 

(4)  Dr.  S.  Lefschetz:  "On  the  n-dimensional  cycles  of  an 
algebraic  n-dimensional  variety." 

(5)  Professor  A.  B.  Frizell:  "The  postulate  of  time." 

(6)  Professor  K.  P.  Wiluams:  "A  theorem  on  real  func- 
tions." 

(7)  Professor  W.  H.  Roever:  "Mathematical  theory  of 
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the  optical  phenomenon  observed  in  viewing  a  light  through 
a  screen." 

(8)  Dr.  C.  H.  Forsyth:  "A  method  of  interpolating  single 
values  among  groups  of  values." 

(9)  Professor  S.  W.  Reaves:  "Metric  properties  of  flec- 
nodes  on  ruled  surfaces." 

(10)  Professor  H.  C.  Goi^sard:  "Note  on  the  Euler  line." 

(11)  Mr.  J.  C.  Rayworth:  "On  the  generation  of  epi- 
cydoidal  and  hypocycloidal  curves." 

(12)  Professor  W.  H.  Roever:  "Graphical  construction  for 
a  fimction  of  a  fimction  and  for  a  function  parametrically 
given." 

(13)  Professor  O.  D.  Kellogg:  "On  the  roots  of  minors  in 
the  secular  equation." 

(14)  Professor  M.  B.  Porter:  "On  Savary's.  construction 
for  the  centers  of  curvature  of  a  roulette." 

In  the  absence  of  their  authors,  the  papers  of  Professor 
Hardy,  Dr.  Lefschetz,  Professor  Williams,  Dr.  Forsyth, 
Professor  Gossard,  and  Professor  Porter  were  read  by  title. 
Abstracts  of  the  papers  follow. 

1.  In  this  paper,  Professor  Sisam  points  out  some  funda- 
mental properties  of  sextic  surfaces  which  have  a  nodal 
curve  of  order  eight,  of  the  sextic  surfaces  in  space  of  five 
dimensions  of  which  they  are  the  projections,  and  of  certain 
line  congruences  associated  with  them.  The  paper  will  appear 
in  the  ATnerican  Journal  of  Mathematics. 

2.  It  was  proved  by  Weierstrass  that  the  fimction 

f(x)  =  2  6"  cos  a^irx, 

where  0  <  6  <  1  and  a  is  an  integer,  has  no  differential  coeflS- 
cient  for  any  value  of  a:  if  oft  >  1  +  fir.  The  last  condition  is 
evidently  artificial.  In  Professor  Hardy's  paper  Weierstrass's 
fimction  is  discussed  by  a  new  method  whidi  leads  to  much 
more  general  and  natural  results.  In  particular  it  is  shown 
that  the  function  (and  the  corresponding  function  defined  by 
a  series  of  sines)  has  no  finite  differential  coefficient  for  any 
value  of  a;  if  aft  >  1.  The  restriction  that  a  is  an  integer  is 
shown  to  be  unnecessary.  Similar  results  are  estabUshed  for 
other  classes  of  functions.  This  paper  will  appear  in  the 
Transactions. 
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3.  In  this  note,  Professors  Hedrick  and  Ingold  show  that 
the  function  {(A)  in  the  equation  [/(a  +  h)  —  f{a)]lh  =  f  '(f) 
is  continuous  for  h  in  the  closed  interval  from  0  to  6  —  a  pro- 
vided there  is,  for  each  value  of  h  in  the  interval,  a  single 
number  f  between  a  and  b  satisfying  the  above  equation. 

Incidentally,  under  the  same  hypothesis,  certain  other 
properties  of  the  derivative  and  of  the  difference  quotient  are 
obtained. 

4.  In  this  paper,  Dr.  Lefschetz  extends  and  generalizes  a 
mode  of  generation  of  superficial  cycles  of  an  algebraic  surface 
obtained  by  Emile  Picard  (Picard-Simart,  Trait6  des  Fonctions 
algSbriques  de  deux  Variables,  volume  2,  page  335),  largely  by 
the  use  of  topological  methods.  The  method  followed  in  this 
note  is  different  in  that  (a)  only  an  infinitesimal  deformation 
is  used,  and  (6)  it  is  based  upon  the  value  of  Picard's  invari- 
ant po.  The  generalization,  which  by  Picard's  method  is 
arduous  at  best,  is  thus  made  comparatively  simple.  The 
paper  is  to  appear  in  the  Bendiconti  del  Circolo  Maiematico  di 
Palermo. 

5.  Discussions  on  Mengenlehre  have  put  in  evidence  two 
opposing  tendencies;  one  is  represented  by  the  formal  reasoning 
of  Zermelo,  the  other  finds  remarkably  clear  expression  in  the 
philosophy  of  Bergson.  To  Bergson  reality  is  the  experience 
of  change.  Therefore  the  intuition  of  time,  or  duration  as  he 
prefers  to  call  it,  is  essential  to  reality.  Zermelo  in  his  Aus- 
wahlprincip  sets  up  an  axiom  which  does  not  need  duration 
and  can  not  be  tested  by  experience.  By  aid  of  a  scheme 
described  in  the  November  Bulletin,  page  71,  Professor  Frizell 
develops  a  process  for  producing  well-ordered  sets  by  successive 
steps  which  taken  singly  may  be  described  in  terms  of  duration 
but  constitute  a  sequence  that  overlaps  duration.  It  follows 
that  for  mathematics  time  is  not  an  a  priori  intuition;  it  is 
only  a  postulate  which  distinguishes  intuitionism  from 
formalism. 

6.  The  theorem  given  by  Professor  Williams  is  a  generaliza- 
tion of  the  theorem  that  a  continuous  function  actually 
assumes  all  values  between  any  two  of  its  values.  The 
paper  has  appeared  in  full  in  the  December  number  of  the 
Annals  of  McUhematics. 
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7.  When  a  source  of  light  is  viewed  through  a  screen  certain 
curves  of  light  become  visible.  Professor  Roever  shows  that 
these  curves,  of  which  there  are  three,  are  the  loci  of  the 
brilliant  points  (images  of  light)  of  the  wires  of  the  screen 
and  that,  in  general,  they  are  cubics.  For  an  infinitely  distant 
source  of  light  they  are  conies  and,  in  any  case,  they  are 
nearly  straight  in  the  neighborhood  of  the  light,  i.  e.,  of  the 
point  in  which  the  plane  of  the  screen  is  pierced  by  the  ray 
from  the  light  to  the  eye,  through  which  point  they  all  pass. 
One  of  the  curves  is  the  locus  of  the  brilliant  points  of  the 
practically  straight  cross  wires  of  the  screen.  The  other  two 
are  the  loci  of  the  brilliant  points  of  the  lengthwise  wires, 
which  bend  in  and  out  around  the  cross  wires.  When  the 
ray  from  the  light  to  the  eye  is  perpendicular  to  the  plane  of 
the  screen  only  two  curves  are  seen  (at  least  in  the  neighbor- 
hood of  the  point  of  crossing)  and  these  cut  at  right  angles. 
Geometrical  constructions  are  given  for  all  of  the  curves. 

8.  Dr.  Forsyth's  method  of  interpolation  can  be  explained 
best  by  an  illustration:  Given  the  following  age  group  of 
deaths,  (5-9)  4129,  (10-14)  2617,  (15-19)  4317,  the  method 
gives  the  number  of  deaths  for  any  single  age,  all  computation 
being  based  upon  the  differences  of  the  age  groups.  Dr. 
Forsyth  incidentally  gives  the  leading  term  and  differences 
for  interpolating  several  (such  as  five)  values  at  a  time.  Thus, 
a  group,  such  as  given  above,  may  be  broken  up  completely 
into  the  several  single  values.  The  paper  will  be  offered  to 
the  Journal  of  the  Royal  Statistical  Society  (England). 

9.  Professor  Reaves  in  this  paper  makes  use  of  the  Wil- 
czynski  projective  theory  of  ruled  surfaces  to  study  some 
metric  properties  of  such  surfaces.  These  relate  chiefly  to 
the  flecnodes,  flecnode  curves,  osculating  quadric,  and  the 
locus  of  the  center  of  the  osculating  quadric. 

10.  Euler  proved  that  orthocenter,  circumcenter,  and 
centroid  of  a  triangle  are  collinear,  and  the  line  through  them 
has  received  the  name  "Euler  line."  He  also  proved  that 
the  Euler  line  of  a  given  triangle  together  with  two  of  its 
sides  forms  a  triangle  whose  Euler  line  is  parallel  with  the 
third  side  of  the  given  triangle.  By  the  use  of  vector  coordi- 
nates or  ordinary  projective  coordinates.  Professor  Gossard 
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proves  the  following  theorem:  the  three  Euler  lines  of  the 
triangles  formed  by  the  Elder  line  and  the  sides,  taken  by 
twos,  of  a  given  triangle,  form  a  triangle  triply  perspective 
with  the  given  triangle  and  having  the  same  Enler  line.  The 
orthocenters,  eircumcenters  and  centroids  of  these  two  triangles 
are  symmetrically  placed  as  to  the  center  of  perspective. 

11.  In  Mr.  Rayworth's  paper,  the  number  of  ways  of  gener- 
ating any  epicycloidal  or  hypocycloidal  curve,  the  locus  of  a 
point  on  the  nth  rolling  circle,  is  shown  to  be  (n  +  1)  I  Since 
the  arcs  of  the  circumferences  rolled  over  are  arbitrary 
multiples  of  the  preceding  arcs,  a  dependence  exists  between 
them  which  finds  expression  thus:  the  sum  of  the  products  of 
the  angles  in  the  terms  of  the  equations  by  their  respective 
coeflScients  vanishes  identically.  Similar  results  are  found 
when  the  fixed  circle  is  replaced  by  a  straight  line.  Some 
particular  cases  are  considered. 

12.  A  simple  construction,  suggested  by  the  methods  of 
descriptive  geometry,  for  the  graphical  representation  of  a 
function  of  a  function,  and  of  a  function  given  by  two  para- 
metric equations  is  given  in  Professor  Roever's  second  paper. 
The  paper  will  appear  in  the  American  Mathematical  Monthly. 

13.  In  a  problem  connected  with  integral  equations,  it  is 
of  interest  to  know  about  the  signs  of  the  first  minors  of  the 
symmetric  matrix  [a^y  —  Sijp]  for  the  roots  of  the  secular  equa- 
tion |a,y  —  Sijp\  =  0,  where  Sij  =0  for  i  4=  j  and  5»7  =  1 
for  i  =  j.  It  is  known  that  any  set  of  principal  minors  of  this 
matrix,  each  of  which  is  a  first  minor  of  the  preceding,  forms 
a  Sturm  sequence.  Professor  Kellogg  shows  that  if  all  the 
minors  of  [a^y]  are  ^  0,  the  functions  la^y  —  5iyp|,  and  the  minors 
of  the  elements  of  its  first  row,  -4ii(p),  A^ip),  •••,  Auip), 
form,  for  positive  values  of  p,  a  Sturm  sequence.  This  gives 
information  on  the  signs  of  all  first  minors,  because  of  the 
proportionality  subsisting  among  first  minors  of  a  vanishing 
determinant. 

14.  The  purpose  of  Professor  Porter's  paper  is  to  show  how 
Savary's  elegant  construction  can  be  derived  by  the  most 
elementary  considerations  from  projective  geometry.  The 
paper  will  be  offered  to  the  ATnerican  Maihemxitical  Monthly. 

O.  D.  Kellogg, 
Secretary  of  the  Section. 
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A  NOTE  ON  THE  PROBLEM  OF  LAGRANGE  IN  THE 
CALCULUS  OF  VARIATIONS. 

BY  PROFEBSOB  GILBERT  AMES  BLISS. 

(Read  before  the  American  Mathematical  Society,  December  31, 1915.) 

There  are  two  theorems  concerning  the  solutions  of  a 
system  of  linear  differential  equations,  due  to  von  Escherich 
and  A.  Mayer,*  which  play  an  important  r61e  in  the  proofs 
of  the  sufficient  conditions  for  a  problem  of  the  calculus  of 
variations  in  the  form  proposed  by  Lagrange.  Bolza  remarksf 
that  the  theory  of  the  second  variation  has  so  far  been  essential 
to  the  establishment  of  these  two  theorems,  as  well  as  to  the 
proof  of  the  necessity  of  Jacobi's  condition  in  the  exceptional 
cases  not  covered  by  the  geometrical  theory  of  Kneser.  In 
a  paper  which  will  appear  in  the  near  future,  the  writer  has 
shown  that  for  problems  in  parametric  form  in  any  number 
of  dimensions  an  inclusive  proof  of  the  Jacobi  condition  may 
be  made  very  simply  by  an  application  of  Euler's  equations 
and  the  usual  corner  point  condition  to  the  second  variation. 
A  similar  result  has  been  attained  for  the  problem  of  Lagrange 
by  D.  M.  Smith.  It  is  desirable  therefore  to  have  deductions 
of  the  two  theorems  mentioned  above  which  also  shall  be 
independent  of  the  complicated  transformations  of  the  second 
variation.    The  proofs  given  below  have  this  advantage. 


The  formt 


§  1.  The  Differential  Equations. 


where  i,  k,  j8  have  the  ranges 

i,  A:  =  1,  2,  •  •  •,  n;    j3  =  1,  2,  •  •  •,  m;    m  <  n, 

is  quadratic  and  homogeneous  in  the  variables  17,  1;',  ju,  with 
coefficients  and  variables  which  are  supposed  to  be  functions 
of  X  of  class  C  on  an  interval  xi  ^  x  ^  X2.    The  prime  denotes 

*  See  Bolza,  Vorlesungen  liber  Variationsrechnung,  p.  633. 

t  Loc.  cit.,  p.  634. 

t  Bolza,  loc.  cit.,  p.  621. 
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diflFerentiation  with  respect  to  ar.  In  the  sequel  it  will  be 
convenient  to  represent  multipartite  numbers  and  matrices 
by  single  symbols,  with  the  usual  agreements  as  to  the  mean- 
ings of  their  products.*    The  expression  for  Q  would  then  be 

The  matrices  P  and  R  are  symmetric. 

The  system  of  m  +  n  linear  differential  equations  to  be 
considered  can  now  be  represented  in  the  form 

(1)         $(,;)  =  Q^  =  o,    *(i;,m)  =  Q,-^Q,'  =  0, 

where  the  symbol  fl^,  for  example,  represents  the  multipartite 
number  (dQ/dfii,  •  •  •,  d2/d/Xt»).  A  multipartite  number  is  by 
definition  equal  to  zero  only  when  every  element  is  zero. 
There  are  therefore  m  of  the  former  equations  and  n  of  the 
latter. 
The  quadratic  form  Q  satisfies  the  well-known  relations 

where  (u,  a)  is  a  second  set  of  arguments  of  the  type  (17,  /i)> 
and  Qu,  for  example,  is  the  row  of  derivatives  of  the  function 
Q(w,  u^,  a)  with  respect  to  the  elements  of  u.  The  product, 
indicated  by  a  dot,  of  two  multipartite  numbers  such  as  17 
and  12u,  is  the  sum  of  the  products  of  theu*  respective  elements. 
As  a  result  of  the  second  of  the  relations  (2)  one  finds  the 
formula 

d 


*  The  notations  and  properties  used  here  are  very  simple.    The  symbols 
fi,  rj',  fij  for  example,  denote  the  mtiltipartite  numbers 

V  =  (m>  vtf  •  •  •>  Vn)f  fi'  =  (lyi'i  m%  ' ' -I  Vn),  m  =  0*i,  /^,  •  •  -i  A*m), 
and  Q  is  the  matrix  of  elements  Qa  (t,  A;  »  1,  2,  -  •  •,  n).    Then  Q17  is  by 
definition  a  multipartite  number 

and  Qi7-i7'  is  the  bilinear  expreeeion  found  by  multiplying  each  element  of 
Q17  by  the  corresix>ndin^  element  of  17'  and  adding^  according  to  the  usual 
defimtion  of  scalar  multiplication.  If  further  details  seem  to  be  necessary 
for  the  developments  of  the  present  paper,  see  Bliss,  "  The  solutions  of 
differential  equations  of  the  firat  order  as  functions  of  their  initial  values," 
Annals  0/  Mathematics,  2d  series,  vol.  6  (1905),  p.  58. 
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Every  pair  of  solutions  (17,  /x),  {u,  a)  of  the  equations  (1) 
clearly  makes  the  last  expression  in  parenthesis  have  a  con- 
stant value.  When  this  constant  is  zero  the  two  solutions 
are  said  to  be  conjugate. 

A  conjugate  system  of  solutions  is  a  system  of  n  linearly 
independent  solutions  every  two  of  which  are  conjugate. 
The  functions  u,  a  belonging  to  such  a  system  are  the  elements 
of  two  matrices  U,  S,  the  former  of  which  has  n  columns  and 
rows,  while  the  latter  has  n  columns  and  m  rows.  A  column 
of  U  with  the  corresponding  column  of  S  forms  a  solution  of 
type  (17,  /i)  of  the  equations  (1).  The  solutions  (u,  a),  (v,  t) 
defined  by  the  equations 

u  ^  Uc,    0-  =  Sc;        »  =  Ud,     r  =  Sd, 

where  c  and  d  are  constant  multipartite  numbers  of  n  elements, 
satisfy  the  relation 

(3)  w-Qp.- i?-Q„/  =  0, 

since  a  similar  relation  holds  for  every  pair  of  the  solutions 
of  the  conjugate  system  U,  S.  It  is  important  to  note  that 
the  equation  (3)  is  an  identity  in  the  elements  of  c  and  d,  and 
would  remain  true  even  if  these  elements  were  fimctions  of  x. 

§  2.  The  Proofs  of  the  Theorems  in  Question, 

Let  (ji,  /i)  be  an  arbitrarily  selected  set  of  functions  of  the 
type  described  in  the  preceding  section.  If  17,  2)  is  a  conjugate 
system  of  solutions  with  determinant  |  U  \  different  from  zero 
on  the  interval  Xi  ^x  ^  s^,  the  linear  equations 

(4)  ri==  Uc 

determine  uniquely  the  elements  of  c  as  functions  of  x;  in 
other  words,  there  passes  a  unique  solution 

u  =  Uc,    0"  =  Sc 

through  each  point  of  the  curve  defined  by  the  functions  ri 
in  the  (n  +  l)-dimensional  ariy-space. 

Lemma.  If  the  system  (17,  /i)  is^  a  solviion  of  the  equations 
(1),  then  in  every  interval  xi  ^x  ^oc2for  which  the  determinard 
of  the  matrix  U  is  different  from  zero 

(5)  ^  17 •  (fly  -  ««')  =  R(V'  -  W) .  (17'  -  u'). 
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For  let  (v,  r)  be  the  solution 

(6)  V  =  W,  T  =  Sc' 

defined  at  each  point  of  the  xiy-curve  by  the  derivatives  of 
the  functions  c  determined  by  equations  (4).  With  the  help 
of  the  first  of  the  relations 

u'  =  U%  v'  ==  U'c' 

it  follows  from  (4)  by  differentiation  that 

(7)  7i'  =  U'c  +  U&  =  i^'  +  u. 
Now 

where  the  symbol  of  partial  differentiation  indicates  that 
during  that  operation  the  elements  of  c  are  regarded  as 
constants.  The  expression  12u/  is  linear  in  the  elements  of  c, 
and  the  expression  12u'c-c'  is  therefore  precisely  Qu'  with  c 
replaced  by  c',  that  is,  Q^u  The  last  equation  may  therefore 
be  written,  with  the  help  of  equations  (1)  and  the  relations 
7j  ^  Uf  f\'  =  1^'  +  t^,  in  the  form 

d 

^17. (JV  -  Qu')  =  i7'-(Q,'  -  Q«')  +  ^-(0,  -  Q«  -  n.0 

But  equation  (3)  holds  even  when  the  values  c  and  d^  c' 
are  functions  of  a:,  and  since  2^  =  Q^  =  0  the  formulas  (2)  give 

^17.(0,.  -  i2uO  =  2Q(i7,  7i\  fj)  -  2Q{u,  u\  tr)  -  2(17'  -  w')  -Qu'. 

The  expression  on  the  right  is  readily  identified  with  the  second 
member  of  (5)  by  an  application  of  Taylor's  formula.  For 
since  rj  =  u 

Q(ri,  ri\  m)  =  Q(w,  u\  <7)  +  Qu-  W  -  u')  +  Q,  -  (ji  -  a) 

The  third  term  on  the  right  evidently  vanishes,  and  the  last 
also  because 

0  =  fl^  -  Q^  «  0^^.(17'  -  u'). 
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The  matrix  Q„/„.  is  precisely  the  matrix  R. 

Let  F,  W  be  two  matrices  of  order  n  whose  columns  belong 
to  solutions  of  equations  (1),  as  described  in  the  preceding 
paragraphs,  without  being  necessarily  conjugate  to  each  other. 
Let  A(x,  f)  represent  the  determinant  of  order  2n 


A(a:,  f)  - 


V{x)     W(x) 

The  first  of  the  two  theorems  mentioned  is  then  as  follows: 
If  at  every  point  of  an  interval  xi  ^  a:  ^  a^  the  quadratic 
form  with  matrix  R  is  positive  definiie,  and  if  furthermore  there 
exists  a  conjugate  system  U  tvith  determinant  \  U\  ^  0  on  the 
interval,  then  on  the  same  irderval  the  determinant  A{x,  {) 
vanishes  only  atx=  ^  or  else  is  iderUicaUy  zero. 

Under  the  hypothesis  of  the  theorem  a  solution  (rj,  fi)  of 
equations  (1)  having  elements  17  vanishing  simultaneously 
at  two  points  f  and  f '  of  the  interval  in  question  must  be 
identically  zero.  For  the  derivative  of  the  function 
rj  •  (Q^  —  Qu')  expressed  by  formula  (5)  is  clearly  positive  or 
zero  between  ^  and  f '  since  the  quadratic  form  with  matrix 
jR  is  positive  definite.  If  the  elements  of  rj  vanish  at  f  and 
^',  so  does  the  function  17 -(2,/  —  fi„/),  and  the  derivative  of 
this  function  must  be  identically  zero  between  f  and  ^'. 
In  that  case  the  elements  ot  rj'  —  u'  =  v  are  identically  zero, 
and  equations  (7)  and  (6)  show  that  the  functions  c  are 
constant.  The  elements  of  17  can  not  then  vanish  at  all 
unless  the  elements  of  c  are  all  zero,  since  the  determinant  of 
the  matrix  U  in  equations  (4)  is  different  from  zero. 

If  A(f',  ^)  =  0  for  a  value  {'  4=  ^,  it  is  always  possible  to 
find  a  set  of  functions 

ri{x)  =  V{x)'C+  W(x)'d 

linear  in  the  2n  constants  c  and  d  and  vanishing  at  ^  and  {'. 
These  fimctions  17  belong  to  solutions  of  the  linear  equations 
(1),  and  by  the  reasoning  of  the  preceding  paragraph  must 
be  identically  zero.  But  in  this  case  it  follows  readily  that 
A(a:,  f )  =  0  since  c,  d  are  not  both  zero. 

It  can  be  shown  that  for  every  point  ^  there  exists  a  matrix 
U  of  conjugate  solutions  with  determinant  different  from  zero 
at  f.*    The  last  theorem  then  shows  that  the  zero  a;  =  f 

♦  Von  Escherich,  Wiener  BerichU,  vol.  108  (1899),  p.  1339;  Bolza,  loc. 
cit.,  p.  627. 
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of  the  determinant  A(a:,  f )  is  an  isolated  one.  This  is  the 
second  theorem  of  Bolza  mentioned  in  the  introduction  above. 
The  formula  (5)  is  identical  with  a  formula  of  von  Escherich* 
when  the  values  of  c  from  equations  (4)  are  substituted  and  rj 
replaced  by  2.  The  proof  here  is,  however,  of  an  entirely 
different  character  and  by  far  more  simple  than  his.  Bolza 
uses  the  formula  of  von  Escherich  for  the  purpose  of  trans- 
forming the  second  variation,  and  with  the  help  of  this  trans- 
formation deduces  the  theorem  last  given.  This  process 
seems  very  much  less  direct  than  the  argument  given  above. 
University  op  CmcAGo. 


CONCERNING   A    NON-METRICAL   PSEUDO- 
ARCHIMEDEAN  AXIOM. 

BT  DR.  ROBERT  L.  IfOORE. 

(Read  before  the  American  Mathematical  Society,  April  26,  1013.) 

§  1.  Irdfoduction, 

Let  H\  denote  Hilbert's  Tplane  Axioms  of  Groups  I  and  Ilf 
or  Veblen's  Axioms  I-VIILf  Let  H2  denote  Hi  together  with 
Desargues'  theorem§  (considered  as  an  axiom)  and  Hilbert's 
III  (axiom  of  parallels).  It  is  well  known  that  if  a  two- 
dimensional  space  S  satisfies  H2  together  with  Hilbert's 
congruence  axioms  of  Group  IV  and  the  archimedean  axiom 
that  of  any  two  non-congruent  segments  some  multiple  of 
the  smaller  is  larger  than  the  greater,  then  S  is  either  an  ordi- 
nary euclidean  space  of  two  dimensions  or  an  everywhere 
dense  subset  of  such  a  space. 

Consider  the  following  non-metrical  pseudo-archimedean 
axiom: 

Axiom  A.  If  (1)  the  points  of  a  line  I  (Fig.  1)  are  divided 
into  two  sets  Si  and  S2  such  thai  no  point  of  either  of  these  sets 
is  between  two  points  of  the  other  one  and  such  thai  no  point  P  is 

*  Loc.  cit.,  p.  1283,  formula  (9);  Bolza,  loc.  cit.,  p.  630,  formula  (68). 

t  D.  Hilbert,  Foundations  of  Geometry,  translated  by  E.  J.  Townsend, 
Open  Court  Publishing  Co.,  Chicago,  1902. 

to.  Veblen,  ''A  83^em  of  axioms  for  geometry,"  Transactions  Amer, 
Math.  Society,  vol.  6  (1904),  pp.  343-384. 

i  Cf.  Hilbert,  loc.  cit.,  p.  71. 
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between  every  point  of  Si  distinct  from  P  and  every  point  of  S2 
distinct  from  P,  (2)  A  and  B  are  distinct  points  on  the  same  side 
of  If  (3)  tis  a  triangle  whose  interior  corUains  a  poini  of  Si  and 
a  poini  of  S2; 

then  there  exists  within  t,  and  on  the  far  side  of  I  from  A  and 
By  a  point  C  such  that  the  interior  of  the  triangle  ABC  contains 
a  point  of  Si  and  a  point  of  S2. 

In  the  present  paper  it  will  be  shown  that  every  two- 


FiQ.  1. 

dimensional  space  that  satisfies  Hi  and  Axiom  A  is  equivalent, 
from  the  standpoint  of  analysis  situs,  either  to  an  ordinary 
euclidean  space  of  two  dimensions  or  to  an  everywhere  dense 
subset  of  such  a  space.  For  a  precise  formulation  of  this 
proposition  and  for  a  theorem  concerning  the  part  that  Axiom 
A  plays  in  connection  with  the  system  H2,  the  reader  is  referred 
to  §  3.* 

In  view  of  these  results  it  is  clear  that  the  non-metrical 
Axiom  A  plays  a  r61e  which  is,  in  certain  respects,  analogous 
to  that  played  by  the  above  mentioned  metrical  archimedean 
axiom. 

§  2.  Deductions  from  Hi  and  Axiom  A, 

Theorem  1.  If  P  is  a  point  on  a  line  I,  then  there  exist  on  I 
two  countably  infinite  sequences  of  points  Au  A2,  Azt  •  •  •  and 
Bi,  Bi,  Bz,  •  •  •  such  that  (1)  for  every  m  and  n,  P  is  between 
Am  and  Bn,  (2)  A„^i  and  5n+i  are  between  An  and  Bny  (3)  if 
P'  ^  P  there  exists  an  n  such  that  the  segment  AnBn  does  not 
contain  P'. 

Proof.  There  exist  points  0,  Mi,  N,  A  and  C  such  that  0 
is  on  /  but  distinct  from  P,  Mi  is  not  on  /,  P  is  between  Mi 
and  N,  A  is  within  the  angle  NPO  and  C  is  between  A  and 

*With  regard  to  another  form  of  non-metrical  pseudo-archimedean 
axiom,  see  references  to  Vahlen  in  §§  2  and  3  below. 
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P.  The  segment  AMi  contains  a  point  Ai  in  common  with 
the  ray  PO.  The  segments  CMi  and  PAi  have  a  point  A2 
in  common.  There  exists  a  point  M2  on  the  segment  PMi 
and  in  the  order  AA2M2.  The  segments  CM2  and  PA2  have 
in  common  a  point  Az.  Continue  this  process.  In  general, 
for  every  n  the  following  orders  hold:  AAnMn,  PArt^iAn, 
CAnr^iMn.  Suppose  there  exists,  on  the  ray  PO,  a  point  X 
such  that  no  point  of  the  sequence  Au  A2,  Az,  •  •  •  is  between 
P  and  X.  Let  Si  denote  the  set  of  all  such  points  [X]  together 
with  all  points  [Y]  such  that,  for  some  X,  Y  is  on  the  ray  XP. 
Let  S2  denote  the  set  of  all  other  points  of  the  line  /.  With  the 
assistance  of  Axiom  A  it  can  be  shown  that  there  exists, 
within  the  angle  OPMi,  a  point  Z  such  that  the  interior  of 
the  triangle  ACZ  contains  at  least  one  point  K  belonging  to 
Si  and  at  least  one  point  Am  of  the  sequence  Au  A2,  Az,  •  •  • . 
It  is  clear  that  Am+i  is  between  P  and  K.  Thus  the  supposi- 
tion that  there  exists  a  point  X  as  described  above  leads  to  a 
contradiction.  It  follows  that,  for  every  point  P'  on  the  ray 
PO,  the  segment  PP'  contains  a  point  of  the  sequence  Ai,  A2, 
Az,  •  •  •  .*  Similarly,  there  exists  on  the  ray  PO'  (where  0' 
is  a  point  in  the  order  OPO')  a  sequence  of  points  5i,  B29 
Bz,  •  •  •  such  that,  for  every  n,  £n+i  is  between  Bn  and  P  and 
such  that  if  P'  is  a  point  on  the  ray  PO'  then  the  segment  PP' 
contains  a  point  of  the  sequence  5i,  B2,  Bz,  •  •  • .  It  is  clear 
that  the  sequences  Ai,  A2,  Az,  •  •  •  and  2?i,  B2,  Bz,  •  •  •  satisfy 
conditions  (1),  (2)  and  (3). 

Theorem  2.  //  the  points  of  the  line  V  are  divided  into  two 
sets  Si  and  S2  siLch  that  no  point  of  either  of  these  sets  is  between 
two  points  of  the  other  one,  then  there  exist  two  sequences  of 
points  Ai,  A2',  Az',  '  •  •  and  Bi,  B2',  Bz',  •  •  •  such  that  (a) 
every  An  belongs  to  Si  and  every  Bn  belongs  to  S2,  (b)  for  every 
n  the  points  An^-i  and  Br^i  are  between  An  and  Bn,  (c)  if 
C  and  D'  are  distinct  points  on  V,  there  exists  n  such  that  the 
segment  An'Bn  does  not  contain  both  C  and  D'. 

Proof.  There  exist  two  points  A  and  B  lying  on  the  same 
side  of  /'  (Fig.  2).  Between  A  and  B  there  is  a  point  P.  Let 
I  denote  the  line  AB.    By  Theorem  1  there  exist,  on  the  rays 

*  In  connection  with  two  or  three  theorems  in  his  paper  "Curves  in 
non-metrical  analysis  situs  with  an  application  in  the  calculus  of  varia- 
tions,'' Lennes  x2akes  use  of  an  axiom  (which  I  will  call  Axiom  B)  to  the 
effect  that  P  is  a  limit  point  of  the  sequence  Ai,  At,  At,  •  •  -.  Cf.  Amer, 
Jtmr.  of  Mathematics,  vol.  33  (1911),  p.  305.  Cf.  also  K.  T.  Vahlen, 
Abstrakte  Geometrie,  Leipzig,  1905,  p.  156. 
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PA  and  PB  respectively,  sequences  Ai,  A2,  Az,  •  •  •  and  JBi, 
B2,  Bz,  •  •  •  satisfying  conditions  (1),  (2)  and  (3).  By  Axiom 
A  there  exists,  on  the  remote  side  of  V  from  A,  a  point  Oi 
such  that  the  interior  of  the  triangle  AiOiBi  contains  a  point 
Ai  of  Si  and  a  point  Bi  of  S2.  Within  the  triangle  AiOiBi 
therfe  is  a  point  O2  such  that  the  interior  of  the  triangle  A2O2B2 


contains  a  point  A2  of  Si  and  a  point  B2'  of  ^2  in  the  order, 
A\A2B2B\.  Continue  this  process.  In  general,  the  point 
Oa+i  is  within  the  triangle  An'O^Bni  the  points  An  and  Bn 
belong  to  Si  and  S2  respectively  and  are  both  within  the 
triangle  AnOnBn,  and  the  points  An,  Anr^i,  Bn,  5ih-i'  are  in 
the  order  ^n'^M-i'^M-i'^n'.  It  is  clear  that  the  sequences 
Ai,  A2,  Azy  •  •  •  and  B\,  B2,  Bz\  •  •  •  satisfy  conditions  (o) 
and  (6).  That  they  satisfy  condition  (c)  may  be  proved  as 
follows. 

Suppose  that  they  do  not  satisfy  condition  (c).  Then  there 
exist,  on  /',  two  distinct  points  C  and  D'  such  that  for  every 
n  the  segment  AJBn  contains  both  C  and  D'  and  such  that 
D'  is  between  C  and  every  Bn-    But  between  C  and  D' 
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there  is  a  point  0.  There  exists  a  point  T  in  the  order  OPT^ 
There  exist  on  the  line  /  points  C  and  D  in  the  orders  TCC 
and  TDD'.  There  exists  m  such  that  Am  and  Bm  are  both 
between  C  and  Z),  If  neither  Am  nor  BJ  is  between  C  and 
D'  then  the  lines  A^Am  and  BmPm'  intersect  in  a  point  within 
or  on  the  triangle  TCD.  But  by  hypothesis  they  intersect 
on  the  remote  side  of  V  from  A  and  B.  Thus  the  supposition 
that  condition  (o)  is  not  satisfied  here  leads  to  a  contradiction. 

Definition  1.  Two  segments  AB  and  CD  are  said  to  be 
separaied  if  no  point  or  end  point  of  AB  is  either  a  point  or 
an  end  point  of  CD,  Two  triangles  are  said  to  be  separated 
if  no  point  of  either  of  them  is  on  or  within  the  other  one. 

DEFiNiriON  2.  Suppose  U,  fei  <3,  •  •  •  is  a  countable  sequence 
of  triangles  such  that  (1)  for  every  n,  Cn  is  within  tn,  (2)  if 
each  of  the  segments  AB  and  CD  intersects  every  tn,  then 
AB  and  CD  are  not  separated.  Then  the  set  of  all  triangles 
[t]  such  that  the  interior  of  t  contains  some  triangle  of  the 
sequence  ti,  fe,  tz,  •  •  •  is  called  an  ideal  point.  The  sequence 
ti,  fe,  tz,  •  •  •  is  said  to  be  a  fundamental  sequence  for  this  ideal 
point.  If  a  is  an  ideal  point,  ta  denotes  one  of  the  triangles  of 
which  a  is  composed. 

Definition  3.  If  the  line  I  intersects  every  triangle  of  the 
ideal  point  a  then  I  is  said  to  contain  a,  and  a  is  said  to  lie 
on  I.  If  some  triangle  of  a  lies  on  a  given  side  of  I  then  a 
is  said  to  lie  on  that  side  of  /. 

Theorem  3.  If  a  and  fi  are  distinct  ideal  points  then  there 
exist  two  triangles  which  belong  to  a  and  fi  respectively  and  are 
separated  from  each  other. 

Theorem  4.  If  tj  and  t^'  are  triangles  belonging  to  the  ideal 
point  a  then  there  eodsis  a  triangle  tj^"  belonging  to  a  and  lying 
within  both  tj  and  t^\ 

Theorem  5.  If  A  is  a  real  point,  the  set  of  all  triangles 
whose  interiors  contain  A  is  an  ideal  point.* 

Theorem  6.  If  the  points  of  the  line  V  are  divided  into  two 
sets  Si  and  S2  such  that  no  point  of  either  of  these  sets  is  between 
two  points  of  the  other  one  then  there  exists  an  ideal  point  a 
su^h  that  every  triangle  of  a  contains  a  point  of  Si  and  a  point 

0fS2. 

Proof.    There  exist,  in  Si  and  S2  respectively,  sequences 

*  The  ideal  point  which  is  determined  in  this  way  by  the  real  point  A 
will  be  denoted  by  the  symbol  A*. 
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Aif  Aii  Azt  '  •  •  and  Bi,  B%\  Bt,  •  •  •  satisfying  conditions 
(a),  (6)  and  (c)  of  Theorem  2.  There  exist  points  P  and  P 
lying  on  opposite  sides  of  l\  It  follows  with  the  help  of 
Theorem  1  that  there  exist  on  the  segments  PAi  and  PBi 
respectively  sequences  of  points  Ai,  A2,  Az,  •  •  •  and  Bi,  Bt, 
Bz,  •  •  •  in  the  orders  PA1A2'  •  -Ai  and  PBiBf  •  -Bi  and  such 
that  if  Z  is  on  the  ray  AiP  and  Y  is  on  the  ray  BiP  then  there 
exists  m  such  that  Am  is  between  X  and  Ai  while  Bm  isj)etween 
Y  and  Bi.  Similarly  there_exist,  op  the  segments_P^'  and 
P5/  respectively j^sequences  Au  A2,  Az,  •  •  •  and  Bi,  B2,  Bz,  •  •  • 
in  the  orders  PAiA2'j_'Ai  and  PBiB2-"Bi  and  such  that 
if  X  is  on  the  ray  AiP  and  Y  is  on  the  ray  BiP  then_there 
exists  m  such  that  -4m  is  between  X  and  Ai  while  Bm  is 
between  7  and  Bi.  For  each  n  the  segments  An'Bn  and 
5n'^n  have  a  point  0»  in  common.  __There  exist  points jP„ 

and  Dn  in  the  orders  On^n+l'C„,  ^n'Cn^n,  0n5n+l'Z)n,  Bn'DnAn. 

Let  t»  denote  the  triangle  OnCnDn.  Let  a  denote  the  set  of 
all  triangles  [t]  such  that,  for  some  n,  tn  is  within  i.  It  can 
be  proved  that  a  is  an  ideal  point.  Every  triangle  6f  a 
contains  a  point  of  Si  and  a  point  of  S2. 

Theorem  7.  If  the  real  points  A  and  B  and  the  ideal  point 
a  aU  lie  on  the  same  side  of  the  line  I  and  a  is  not  on  the  line 
AB  then  there  exists  a  point  C,  on  the  same  side  of  I  as  A,  siLch 
that  the  interior  of  the  triangle  ABC  contains  some  triangle  of  a. 

Proof.  Suppose  there  exists  no  such  point  C.  If  t  is  any 
triangle  of  a  which  has  no  point  in  common  with  the  line  AB, 
there  exist  lines  at  and  bt  containing  A  and  B  respectively 
such  that  (1)  the  interior  of  t  is  entirely  on  the  -4 -side  of  bt 
and  entirely  on  the  5-side  of  at,  (2)  the  perimeter  of  t  contains 
a  point  of  at  and  also  a  point  of  bt.  Let  t  denote  a  definite 
triangle  of  a  whose  perimeter  has  no  point  in  common  with 
either  I  or  AB.  Let  ti,  fe,  tz,  •  •  •  be  a  fundamental  sequence 
of  triangles  of  a  such  that  ti  lies  within  t.  For  every  triangle 
t  that  lies  within  ti,  at  intersects  the  perimeter  of  ti  in  two 
points  At  and  At'  in  the  order  A  A /At  while  bt  intersects  the 
perimeter  of  ti  in  points  Bt  and  B/  in  the  order  BBtBt* 
Let  AtYtBt  denote  that  arc*  of  the  perimeter  of  t\  whose 
end  points  are  At  and  Bt  and  which  contains  neither  At  nor 
Bt.  Then  clearly,  for  every  n,  AtJ^tJ^t^  contains  At^^J^t^^^ 
Bt^i*    There  are  two  cases  to  be  considered. 

*  This  arc  is  either  a  segment  or  a  broken  line. 
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Case  I.  Suppose  there  existjwo  points  A  and  B  such  that 
on  At^Ytfitt  the  order  At^t^ABBj^Bt^  holds  true  for  every  n. 
Then  each  of  the  two  segments  AA  and  BB  intersects  every  /«. 
Thus  a  contradiction  is  reached.  _ 

Case  II.  Suppose  there  do  not  exist  two  such  points  A 
and  B.  Then  it  may  be  easily  proved  with  the  help  of  Axiom 
A  that  there  exists,  within  the  triangle  I,  a  point  C  such  that 
AC  and  BC  intersect  ti  in  points  A'  and  B'  respectively  such 
that,  for  some  w,  the  order  At^A'At^Bt^B'Bi^  holds  true  and 
thus  tn  lies  within  the  triangle  ABC.  Thus  again  a  contra- 
diction is  obtained. 

Theorem  8.  If  a  and  jS  are  two  distinct  ideal  points  which 
do  not  both  lie  on  the  line  I  then  there  do  not  exist  on  I  two  distinct 
points  A  and  B  such  that  for  every  <.,  t^  and  point  P  of  the  seg* 
merd  AB  there  is  a  line  through  P  thai  intersects  t^  and  t^. 

Proof.  Suppose  there  exists  such  a  segment  AB.  Suppose 
a  is  not  on  I  (Fig.  3).     There  exist  two  separated  triangles  ?. 


and  _?3  belonging  to  a  and  j8  respectively.  There  exists  a 
line  /  distinct  from  /  such  that  ?.  ai^d  ?3  lie  on  different  sides 
of  I.  There  exist,  on  the  segment  AB^  points  C  and  D  such 
that  /  contains  neither  C  nor  D  nor  any  point  between  C  and 
D.  There  exist  E  and  F  in  the  order  CEFD.  Suppose*  \ 
is  on  the  same  side  of  1  as  E.  By  Theorem  7  there  exists  a 
point  P  on  the  £-side  of  I  and  a  triangle  tj  belonging  to  a 
such  that  to!  lies  entirely  within  the  triangle  EPF.  Clearly 
Za  is  entirely  without  the  triangle  EPF.    There  exist  points 

*  Every  other  case  may  be  either  easily  disposed  of  or  reduced  to  a  case 
which  is,  apart  from  notation,  the  same  as  this  one. 
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E'  and  F  in  the  orders  EPE'  and  FPF\  If  every  triangle 
of  jS  contained  a  point  within  the  angle  EPF^  and  also  a  point 
within  the  angle  FPE'  then  each  of  the  lines  EP  and  FP 
would  intersect  every  triangle  of  i3.  But  not  every  triangle 
of  j8  contains  P.  Thus  j8  would  not  be  an  ideal  point  according 
to  Definition  2.  It  follows  that  one  of  the  angles  EPF'  and 
FPE'  is  such  that  some  triangle  of  j8  contains  no  point  within 
or  on  that  angle.  Suppose  this  is  true  of  the  angle  FPE'. 
Then,  by  Theorem  4,  there  exists  a  triangle  belonging  to  fi 
and  containing  no  point  within  or  on  the  triangle  EPF  or 
within  or  on  the  angle  FPE\  There  exists,  between  E  and  P, 
a  pont  G  such  that  no  point  of  t^  is  within  the  triangle  FEG. 
But  for  every  t^  there  is  a  line  passing  through  F  and  inter- 
secting tj  and  t^.  It  follows  that  every  t^  contains  a  point 
within  the  angle  HOP  where  ff  is  a  point  in  the  order  FGH. 
Hence  there  exists  a  triangle  t^  belonging  to  j8  and  lying 
entirely  within  the  angle  CEP,  There  exist  points  J,  J  and 
T  in  the  orders  CIE,  EJP,  FTP  and  IJT  and  such  that  tj 
is  within  the  triangle  ITF  while  t^'  is  within  the  angle  UP. 
But  /  is  coUinear  with  a  point  of  t/  and  a  point  of  ia.  It 
follows  that  t/  contains  a  point  within  the  triangle  IJE. 
But  tfi '  is  entirely  within  the  angle  13 P.  Thus  the  supposition 
that  Theorem  8  is  false  leads  to  a  contradiction. 

Definition  4.  If  a  and  j8  are  distinct  ideal  points,  the 
ideal  line  afi  is  the  set  of  all  ideal  points  [7]  such  that  for  every 
Kf  Ui  ^y  there  exist  three  collinear  real  points  A,  B,  C  such 
that  A  is  within  t^,  B  is  within  t^  and  C  is  within  iy.  If  a,  j8 
and  7  are  distinct  ideal  points  such  that  for  every  i^,  t^,  ty 
there  exist  real  points  A,  B  and  C  within  <»>  <^  aiid  ^7  respec- 
tively and  in  the  order  ABC  then  a  /S  and  7  are  said  to  be 
in  the  order  ajS^. 

Theorem  9.  If  A  and  B  are  two  distinct  real  points  and  a 
and  jS  are  two  distinct  ideal  points  such  thai  neither  A*  nor  B* 
is  on  the  ideal  line  afi,  and  if,  furthermore,  for  every  two  triang  es 
ta  and  tp,  belonging  to  a  and  j8  respectively,  there  exists,  between 
A  and  B,  a  point  which  is  collinear  with  some  point  of  ta  and 
some  point  of  t^  then  there  exist  t^  and  t^  such  thai  every  point  of 
I  which  is  collinear  with  a  point  of  t^  and  a  point  of  t^  lies  be- 
.ween  A  and  B  and  there  exists,  on  the  ideal  line  afi,  an  ideal 
point  y  in  the  order  A*yB*. 

Theorem  10.  //  a  and  fi  are  distinct  ideal  points,  there 
exists  an  ideal  point  y  in  the  order  afiy. 
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Theorem  11.  If  a,  P  and  y  are  three  ideal  points  in  the 
order  a^y  and  ?»,  i^ ,  %  are  mviually  separated  triangles  belonging 
to  a,  fi  and  y  respectively,  then  there  exists  t^  STAch  thai  (1)  every 
point  of  tg  is  coUinear  with  some  point  of  t^  and  some  point  of 
ty,  (2)  ifPa,  Pfi,  Py  are  collinear  points  belonging  to  l^,  t^  and  ly 
respectively  then  P.,  P^,  Py  are  in  the  order  PjP^Py. 

Theorem  12.  If  the  ideal  points  a,  j8,  y  are  in  the  order 
afiy  then  they  are  not  in  the  order  pya. 

Theorem  13.  If  the  ideal  point  fi  lies  on  the  ideal  line  a7 
then  for  every  t^  there  exist  t^  and  ty  svjch  that  every  line  that 
intersects  t^  and  ty  intersects  also  t^. 

Proof,  There  exists,  within  t^y  a  triangle  t^'  belonging  to  jS. 
For  every  t^  and  ty  there  is  a  line  intersecting  <»,  ty  and  t^^ 
It  follows  with  the  aid  of  Theorem  9  that,  for  some  lettering 
Ay  B,  C  of  the  vertices  of  t/y  it  is  true  that,  for  every  point  X 
in  the  order  ABX  there  exist  triangles  t^x  and  tyx  belonging 
to  a  and  y  respectively  such  that  every  line  that  intersects 
t^  and  tyx  intersects  also  the  segment  AX.  But  X  may* 
be  chosen  within  the  triangle  t^.  Thus  there  exist  ta  and  ty 
such  that  every  line  that  intersects  both  ta  and  ty  intersects 
also  tfi. 

Theorem  14.  If  71,  72,  yz  are  three  distinct  ideal  points 
lying  on  the  ideal  line  afi  then  yi  is  on  the  ideal  line  7273. 

Proof.  Suppose  <y„  ty^  and  ^,  are  triangles  belonging  to 
7i,  72  and  73  Respectively.  By  Theorem  13  there  exist  tri- 
angles tj^\  ta^^\  ta^^\  belonging  to  a,  and  triangles  t^^^^  t^^^^ 
t^^^\  belonging  to  j8,  such  that  if  i  =  1,  2  or  3  then  every  line 
that  intersects  ta^^  and  t^^*^  intersects  also  ty^.  But  by 
Theorem  4  there  exist  Z^  and  t^  belonging  to  a  and  j8  respec- 
tively such  that  ta  is  within  every  ta^*^  and  tp  is  within  every 
tfi^*^  (i  =  1,  2,  3).  Every  line  that  intersects  ta  and  is  must 
intersect  ty^,  ty,  and  ty^.    It  follows  that  71  is  on  7273. 

Theorem  15.  If  a,  jS,  7  and  d  are  four  distinct  ideal  points 
no  three  of  which  are  collinear*  and  for  every  ta,  t^,  ty,  t^  there 
exists  a  point  which  is  collinear  ivith  a  point  of  ta  and  a  point  of 
tfi  and  which  at  the  same  time  is  between  a  point  of  ty  and  a 
point  of  ti,  then  there  exists,  on  the  ideal  line  afi,  an  ideal  point 
6  in  the  order  yeS. 

Proof.    Since  no  three  of  the  points  a,  j8,  7  and  5  are 

*  Three  or  more  ideal  points  are  said  to  be  collinear  if  there  exists  an 
ideal  line  which  contains  them  all. 
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coUinear  there  exist  four  mutually  separated  triangles  ia,  1$, 
ly,  ii  belonging  to  a,  j3,  7,  5  respectively  and  such  that  no  line 
intersecting  ?.  and  t^  intersects  either  ty  or  Zj.     Let  t^,  t^, 

taZi      "  'y     Uu   t$2f   t^Z,      *  *  *,     tyj,   ty2,   ty^f    "*f   Ul,   tgi,   Uz,    '  •  •    bc 

fundamental  sequences  belonging  to  a,  j8,  y,  S  respectively 
and  such  that  tau  Uu  iyu  Ui  lie  within  ?«,  t^,  iy,  U  respectively. 
For  each  positive  integer  n  there  exists  a  convex  polygon  p„, 
of  six  sides  or  less,  such  that  (1)  with  the  exception  of  two  sides, 
every 'side  of  pn  is  a  side  of  ^  or  a  side  of  Un,  (2)  each  of  the 
two  remaining  sides  of  pn  has  for  one  end  point  a  point  of  tyn 
and  for  its  other  end  point  a  point  of  <««,  (3)  the  interior  of  pn 
contains  the  interiors  of  tyn  and  tm-  By  hypothesis  there 
exists,  within  pn,  a  point  Xn  which  is  coUinear  with  a  point 
of  tan  and  a  point  of  t^n*  It  follows  that  there  exists  a  quadri- 
lateral AnBnCJOn  such  that  (1)  every  point  on  or  within 
AnBnCnDn  is  betwecu  a  point  of  ty^  and  a  point  of  t^n  and  is 
also  on  some  line  that  intersects  tan  and  t^n,  (2)  every  point 
which  is  common  to  a  line  intersecting  t^n  and  t^n  and  a  line 
intersecting  tyn  and  <«»  is  on  or  within  AnBnCnDn-  If  there 
exists  m  such  that  for  every  n  greater  than  7n  the  interior  of 
AnBnCnDn  coutaius  a  point  of  the  diagonal  AmCm  then  it 
follows  with  the  help  of  Theorem  9  that  there  exists,  on  AmCmy 
an  ideal  point  which  is  coUinear  with  a  and  jS  and,  at  the  same 
time,  is  between  7  and  8.  If  there  exists  no  such  m  then  the 
sequence  of  triangles  A\BiCi,  AiCiDi,  A2B2C2,  A2C2D2,  •  •  • , 
contains,  as  a  subsequence,  an  infinite  sequence  <i,  ^2,  t^,  •  •  • 
such  that,  for  every  n,  Uirri  is  within  t».  There  do  not  exist 
two  separated  segments  each  of  which  contains  a  point  of 
every  4.  For  if  there  did  exist  two  such  segments,  ^i  and  ^2, 
they  would*  contain  two  ideal  points  €1  and  €2  respectively 
such  that  €1  and  €2  are  both  on  ap  and  both  on  78  and  therefore, 
by  Theorem  14,  a,  j8,  y  and  8  would  be  coUinear,  which  is 
contrary  to  hypothesis.  Hence  if  €  denotes  the  set  of  aU 
triangles  [t]  such  that  the  interior  of  t  contains  at  least  one 
triangle  of  the  sequence  ti,  fe,  ^3,  •  •  •  then  e  is  an  ideal  point. 
It  is  clear  that  e  is  between  y  and  5  and  coUinear  with  a  and  fi. 

Theorem  16.  If  a,  fi  and  y  are  novrcollinear  ideal  paints 
and  d  and  t  are  two  ideal  points  in  the  orders  afid  and  fiey  then 
there  exists,  on  the  ideal  line  Se,  an  ideal  poirU  ri  in  the  order  yrja. 

Proof.    There  exist  mutually  separated   triangles  t^u  t^i, 

*  Cf .  Theorem  9. 
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tyv  hu  t,i,  belonging  to  a,  j8,  y,  5,  €  respectively  and  such  that 
no  point  of  tyi  is  on  a  line  intersecting  t^  and  ^^i.  If  t^  and 
tsi  are  triangles  of  a  and  5  respectively  lying  within  ^.i  and  Ui 
respectively  then,  by  Theorem  11,  there  exists,  within  t^i,  a 
triangle  t^t  belonging  to  jS  and  such  that  every  point  of  ^^2 
is  between  some  point  of  t^  and  some  point  of  ^32.  Let  ty^  and 
t,2  deiiote  triangles  belonging  to  y  and  e  respectively.  By 
hypothesis  there  exist  within  t^i,  t,2  and  ty^,  three  points,  P^, 
P.  and  Py  respectively,  in  the  order  P^P^Py,  There  exist 
points  Pa  and  P^  within  t^  and  t^  respectively  and  in  the 
order  PJP^P^.  Since  P.,  P3  and  Py  are  not  coUinear  and 
furthermore  P^  is  between  P.  and  P  ^while  P,  is  between  P^ 
and  Pyy  it  follows  that  there  exists  a  point  P,  in  the  orders 
P^P.Py^  and  PyP,Pa.  It  follows  by  Theorem  15  that  there 
exists,  on  the  ideal  line  Sc,  an  ideal  point  17  in  the  order  yqa. 

Theorem  17.  //  the  points  of  an  ideal  line  are  divided  into 
two  sets  Si  and  S2  svch  that  no  point  of  either  of  these  sets  is 
between  two  points  of  the  other  one,  then  there  exists  an  ideal 
point  a  which  lies  between  every  point  of  S\  distinct  from  a 
and  every  point  of  S2  distinct  from  a. 

Theorem  18.  The  set  of  all  ideal  points  satisfies  Veblen's 
Axioms  I-VIII,  XI  {also  HilberVs  plane  axioms  of  Groups  I 
and  II  together  with  the  Dedekind  cut  postulate), 

§  3.  Conclusion.  1 

Definition.  A  space  S  consisting  of  a  definite  system  of 
points  and  lines  subject  to  definite  relations  of  alignment  and 
order  is  said  to  be  descriptively  equivalent  to  a  subset  S'  of  an 
ordinary  euclidean  space  E  if  there  exists  between  the  points 
of  S  and  the  points  of  S'  a  one-to-one  reciprocal  correspondence 
preserving  coUinearity  and  order.* 

Definition.  A  two-dimensional  space  S  consisting  of  a 
definite  system  of  points  and  lines  subject  to  definite  relations 
of  alignment  and  order  is  said  to  be  equivalent,  from  the  stand- 
point of  analysis  situs,  to  a  subset  S'  of  a  two-dimensional 
euclidean  space  E  if  there  exists,  between  the  points  of  S 

*  The  statement  that  such  a  correspondence  preserves  coUinearity  and 
order  signifies  that  if  A,  B,  C  are  three  points  of  S  and  A',  B',  C  respec- 
tively are  the  corresponding  points  of  S'  then  A,  B,  C  are  in  the  order  ABC 
on  a  line  in  5  if  and  only  if  A',  B',  C  are  in  the  order  A^B'C  on  a  line  in  E. 
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and  the  points  of  S\  a  one-to-one  reciprocal  correspondence 
preserving  limits.* 

The  following  theorems  may  be  easily  established  with 
the  assistance  of  Theorem  18  of  §  2  and  Theorem  IV  of  my 
paper  "On  a  set  of  postulates  which  suflSce  to  define  a  number- 
plane."t 

Theorem  A.  Every  two-dimensional  space  that  satisfies 
Hubert's  plane  aodoms  of  Groups  I  and  II  (or  Veblen's  I-VIII) 
together  with  Axiom  A  is  equivalent,  from  the  standpoint  of 
analysis  situs,  either  to  a  two^imensional  euclidean  space  or 
to  an  everywhere  dense  subset  thereof. 

Theorem  B.J  Every  two-dimensional  space  that  satisfies 
Hubert's  plane  axioms  of  Groups  I,  II  and  III  (or  Veblen's 
I-VIII,  XII)  together  with  Desargues*  theorem  and  Axiom  A 
is  descriptively  equivalent  either  to  a  two-dimensional  euclidean 
space  or  an  everywhere  dense  subset  thereof. 

Corollary.  Pascal's  theorem^  is  a  consequence  of  Hubert's 
plane  axioms  of  Groups  I,  II  and  III  together  with  Desargues* 
theorem  and  Axiom  A. 

The  Universitt  of  Pennsylvania. 


A   TYPE   OF   SINGULAR   POINTS   FOR   A   TRANS- 
FORMATION OF  THREE  VARIABLES. 

BY  DB.  W.   V.  LOVITT. 

(Read  before  the  American  Mathematical  Society,  December  31,  1915.) 

In  the  Transactions  for  October,  1915,  I  discussed  some 
singularities  of  a  point  transformation  in  three  variables 

(1)       X  =  <l>(u,  V,  w),    y  =  ypju,  v,  w),    z  =  x(^>  ^,  ^^) 

*  The  statement  that  such  a  correspondence  preserves  limits  signifies 
that  if  il  is  a  point  of  8,  M  ia  a,  point  set  of  /S,  ana  A'  and  Af'  respectively 
are  the  corresponding  point  and  point  set  of  S'  then  P  is  a  limit  point  of 
M  if,  and  only  if,  P'  is  a  limit  point  of  Af '.  Here  P  is  said  to  be  a  limit 
point  of  M  if,  and  only  if,  every  triangle  of  S  that  contains  P  tnthin  it 
contains  within  it  at  least  one  point  of  M  distinct  from  P. 

t  Transactions  of  the  American  Mathematical  Society^  vol.  16  (1916), 
pp.  27-32. 

tFor  a  corresi>onding  theorem  regarding  Axiom  B  (cf.  footnote  in  §  2) 
see  Vahlen,  loc.  cit.,  pp.  168-163. 

§  Cf .  Hilbert,  loc.  cit.,  p.  40. 
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with  detenninant 


4>u      <l>v 

^. 

^«  >. 

^, 

x»   x» 

X. 

J(u,  V,  w)  = 


In  that  paper  the  functions  <f>,  ^,  x  were  not  necessarily 
analytic  but  it  was  presupposed  that 

(a)  the  functions  ^,  \f/,  x  are  of  class  C""*  in  a  neighborhood 
of  the  origin  (u,  v,  w)  =  (0,  0,  0) ; 

(b)  the  following  initial  conditions  are  satisfied: 

<^(0,  0,  0)  =  ^(0,  0,  0)  =  x(0,  0,:0)  =  0; 

(c)  J(0,  0,  0)  =  0; 

(d)  at  the  origin  (u,  v,  w)  =  (0,  0,  0)  at  least  one  of  the 
determinants  of  the  matrix 

Vu        v«        vtV 

4>u    <l>v    4>w 

^t*      ^v      ^w 

Xu    Xv    x« 
is  dijfferent  from  zero. 

In  the  present  note  I  desire  to  show  that  the  results  of  that 
paper  apply  to  a  transformation  of  the  form 

fix,  y,  z;  u,  V,  w)  =  0, 

(2)  g{x,  y,  z;  u,  %  w)  =  0, 

K^9  Vf^'y    W,  ty  W)  =  0. 

The  functions  /,  g,  h  are  not  necessarily  analytic  but  it  wiU 
be  presupposed  that 

(a')  the  functions  /,  g,  h  are  of  class  C"  in  a  neighborhood 
of  the  origin  (x,  y,  z;  u,  v,  w)  =  (0,  0,  0;  0,  0,  0); 

(V)  the  following  initial  conditions  are  satisfied: 

/(O,  0,  0;  0,  0,  0)  =  g{0,  0,  0;  0,  0,  0)  =  A(0,  0,  0;  0,  0,  0)  =  0; 

(d')  at  the  origin  (x,  y,  z;  u,  v,  w)  =  (0,  0,  0;  0,  0,  0)  at 
least  one  of  the  determinants  of  the  matrix 

*Tfe' shall  day  that  a  single-valued  function/  of  (i*,  v,  tr)  is  of  class  C'^' 
if /(ti,  V|  w)  and  its  partial  derivatives  of  orders  one,  two,  and  tiuree  are 
continuous  in  a  region  in  which  /  is  defined. 
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Bu    B^    Bfo 

/.  /.  /« 

Qu    g%    Qv, 
hu     hv     hut 
is  different  from  zero; 

(«0  f  ^'  ^'  \  +  0,  at  the  origin. 

Assumption  (^0  assures  us  of  the  existence  of  a  solution  of 
equations  (2)  of  the  form  of  equations  (1).  We  shall  now 
consider  that  equations  (1)  have  been  obtained  from  (2), 
and  proceed  to  show  that,  on  account  of  the  conditions 
(aO,  (V),  (cO,  (d'),  («')>  equations  (1)  satisfy  the  conditions 
(a);  (6),  (c),  (d). 

Assumptions  (a)  and  (6)  follow  at  once  from  (a')  and  (6') 
as  a  result  of  the  ordinary  theorems  on  implicit  functions.* 
From  the  equation 

xgx  3(Jf  Qy  *)  ^(a^>  y>  g)  ^  ^(/.  g>  *) 

d{x,  y,  z)  d{u,  V,  w)      d(u,  v,  w) ' 

on  account  of  our  assumptions  (c')  and  {e'),  we  find 

d(x,  y,  z)  _  ^     .  ..        .. 
^7 :  =  0,  at  tne  ongm. 

The  left  hand  member  of  the  last  equation  is  the  jacobian 
J  of  the  equations  (1)  and  hence  the  condition  (c)  is  satisfied. 
From  equation  (3)  it  follows,  on  account  of  («')  and  (c),  that 
if  not  ail  of  Bu,  J?»,  J?u»,  then  also  not  all  of  Ju,  t/„  Jw,  vanish 
at  the  point  in  question.  It  is  easily  verified  that  if  the 
determinant  B  is  of  rank  two,  then  also  is  the  determinant  J 
of  rank  two.  Hence  it  follows  from  assumption  (d')  that  the 
assumption  (d)  is  satisfied. 

That  the  determinant  J  is  of  rank  two  is  seen  as  follows. 
Let  a,  j8  stand  for  some  two  of  the  variables  ti,  v,  w.    Then 

f±<l>a  +  fy^^a.  +  /aXa  =    —  /a, 

S^fi  +  fy^fi  +  f'Xfi  =  -  ffi, 

g±<t>a  +  Qy^a  +  g»Xa  =    —  Qay 

g^fi  +  gy^g  +  g,Xfi  =  -  9$' 

*  See  Bliss,  Princeton  Colloquium  Lectures,  p.  8. 
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Whence 

/.<73    /^y.  -  a(a^)^?vf-  a(«^)/*?--f-  a(«^)Afci-  a(«^)M- 

Now  if  the  determinant  J?  is  of  rank  two  we  must  have 
fjfi  "  ffiga  +  0,  at  the  origin; 

whence  it  follows  that  some  one  of  the  functional  deter- 
minants appearing  on  the  right  hand  side  of  the  last  equality 
does  not  vanish  at  the  origin,  and  hence  J  is  of  rank  two. 

PURDUB  UnIVEBSTTY. 


THE  HISTORY  OF  THE  CONSTRUCTION  OF  THE 
REGULAR  POLYGON  OF  SEVENTEEN  SIDES. 

Die  elemerUargeometrischen  Konstruktionen  des  regelmdssigen 

Siebzehnecks.    Eine  historisch-krUische  Darstellung.    Von  R. 

GoLDENRiNG.    Leipzig  und  Beriin,  Teubner,  1915.    8vo. 

6+69  pp.    Price  2.80  marks. 

Till  near  the  close  of  the  eighteenth  century,  mathema- 
ticians felt  sure  that  the  only  regular  polygons  which  could 
be  constructed  with  ruler  and  compasses  were  those  known  to 
the  Greeks.  But  the  extraordinary  discoveries  of  Gauss,  while 
yet  in  his  teens,  greatly  extended  this  class  of  polygons  and 
settled  for  all  time  the  limits  of  possibilities  for  such  con- 
structions. In  this  connection  the  discovery  that  the  regular 
polygon  of  seventeen  sides  could  be  constructed  with  ruler  and 
compasses  was  not  only  one  of  which  Gauss  was  vastly  proud 
throughout  his  life,  but  also,  according  to  Sartorius  von  Wal- 
tershausen,*  one  which  decided  him  to  dedicate  his  life  to  the 
study  of  mathematics.  Two  of  Gauss's  notes  recording  this 
turning  point  of  his  career  have  been  preserved.  The  very  first 
entry  in  his  "  Wissenschaftliches  Tagebuch  1796-1814 ''t  is: 

"Principia  quibus  innititur  sectio  circuli  ac  divisibilitas 
eiusdem  geometrica  in  septemdecim  partes  etc.  Mart,  30. 
Brunsvigae"    And  again,  in  his  own  copy  of  his  Disquisitiones 

*  Gauss  sum  Gedfichtniss,  Leipzig,  1856,  p.  16. 

t  This  was  "mit  Anm^kungen  nerausgegeben  von  F.  Klein,"  Math, 
Annalen,  Band  57  (1903),  pp.  1-^4. 
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Arithmeticae*  he  wrote  the  following  notef  in  the  margin 
beside  article  365:  "  Circulum  in  17  partes  divisibilem  esse 
geometriee,  deteximus  1796  Mart.  30." 

The  first  published  announcement  of  this  discovery  occurred 
about  two  months  later  in  the  Intelligenzblatt  of  the  famous 
Allgemeine  LUeraiur-Zeitung.X  As  files  of  this  periodical  are 
rare§  on  this  side  of  the  Atlantic,  it  would  seem  to  be  worth 
while  to  make  more  accessible  an  exact  transcription  of  the 
announcement.    It  is  as  follows: — 

"  III.    Neue  Entdeckungen. 

Es  ist  jedem  Anf  anger  der  Geometric  bekannt,  dass  verschie- 
dene  ordentliche  Vielecke,  namentlich  das  Dreyeck,  Viereck, 
Funf  zehneck,  imd  die,  welche  durch  wiederholte  Verdoppelung 
der  Seitenzahl  eines  derselben  entstehen,  sich  geometrisch 
construiren  lassen.  So  weit  war -man  schon  zu  Euklids  Zeit, 
und  es  scheint,  man  habe  sich  seitdem  allgemein  iiberredet,  dass 
das  Gebiet  der  Elementargeometrie  sich  nicht  weiter  erstrecke: 
wenigstens  kenne  ich  keinen  gegluckten  Versuch,  ihre  Grenzen 
auf  dieser  Seite  zu  erweiten. 

Desto  mehr,  dunkt  mich,  verdient  die  Entdeckung  Auf- 
merksamkeit,  dass  auaser  jenen  ordentlichen  Vielecken  noch  eine 
Menge  anderer,  z.  B.  das  Siebenzehneck,  einer  geometrischen 
Construction  fdhig  ist,  Diese  Entdeckung  ist  eigentlich  nur 
ein  CoroUarium  einer  noch  nicht  ganz  voUendeten  Theorie 
von  grosserem  Umfange,  und  sie  soil,  sobald  diese  ihre  Vol- 
lendung  erhalten  hat,  dem  Publicum  vorgelegt  werden. 
C.  F.  Gauss,  a.  Braunschweig, 
Stud,  der  Mathematik  zu  Gottingen. 

Es  verdient  angemerkt  zu  werden,  dass  Hr.  Gauss  jetzt  in 
seinem  ISten  Jahre  steht,  und  sich  hier  in  Braunschweig  mit 
eben  so  gliicklichem  Erfolg  der  Philosophic  und  der  classischen 
Litteratur  als  der  hoheren  Mathematik  gewidmet  hat. 

Den  18  April  96. 

E.  A.  W.  Zimmermann,  Prof." 

Five  years  later  Gauss  published  the  "  Theorie  von  grosserem 
Umfange"  in  his  Disquisitiones  Arithmeticae.  The  only 
other  reference  to  the  regular  polygon  of  seventeen  sides,  in 

*  lipsise,  1801;  also  in  Werke,  Bd.  1,  Gottingen,  1870. 
t  Cf,  Werke,  Band  1,  p.  476. 

t  Nr.  66.  1  JuniuB,  1796,  col.  554.  Two  mistakes  in  this  reference  are 
made  by  Klein,  1.  c. 

§  There  is  a  set  in  the  library  of  Columbia  University. 
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Gauss's  Werke,  is  in  connection  with  a  report  of  a  paper  de- 
livered by  Erchinger  before  the  Royal  Society  of  Gottingen 
in  1825.*  Gauss  gives  Erchinger's  geometrical  construction 
of  the  regular  17-sidet  and  remarks  that  it  flows  naturally 
from  equations  which  he  had  given  in  the  Disquisitiones. .  He 
then  points  out  that  the  merit  of  Erchinger's  paper  was  not 
so  much  in  this  construction  as  in  the  synthetic  "  proof  J  of 
its  correctness  and  this  is  carried  through  with  such  admirable, 
painstaking  care  to  avoid  anything  not  elementary,  that  it 
reflects  honor  on  the  author  and  inspires  the  hope,  that  his 
truly  uncommon  mathematical  talent  may  find  every  encour- 
agement." While  Gauss  refers  to  two  of  the  earlier  synthetic 
constructions  of  Paucker,§  he  remarks  that  that  of  Erchinger 
is  "  different  and  carried  through  more  in  the  spirit  of  pure 
geometry." 

Goldenring  commences  his  little  work  by  showing  that  the 
problem  of  Qie  solution  of  the  equation  x^''  =  1  may  be  re- 
duced to  the  solution  of  certain  quadratic  equations.  Geo- 
metrical solutions  of  such  equations  are  indicated  in  the  next 
nine  pages.  Then  follow  about  a  score  of  geometrical  con- 
structions for  the  regular  polygon  of  seventeen  sides.  They 
include,  of  course,  the  geometrographical  construction  of 
Giintsche  (1902),  the  so-called  Steinerian  constructions  of 
von  Staudt  (1842)  and  Schroter  (1872),  and  the  Mascheronian 
construction  of  Gerard  (1897) .  Two  of  the  constructions  given 
are  claimed  as  new:  one  by  Professor  Haussner,  of  the  Uni- 
versity of  Jena,  to  whom  the  book  is  dedicated,  and  one  by 
the  author  himself,  through  inversion  of  the  von  Staudt- 
Schroter  figure.  In  an  appendix  (pages  65-66)  is  given, 
without  any  indication  of  authorship,  a  construction  by  means 
of  a  right  angle.  II 

*  "Geometrische  Constructiion  des  regelm&ssigen  Siebenzehnecks," 
OoeUingische  Gelehrie  Ameigen,  Dec.  19,  1825,  no.  203,  p.  2025;  Werke, 
Band  2,  pp.  186-187.  See  also  Bulletin  des  Sciences  mathimatigues,  vol.  5 
(1826),  pp.  29^300. 

t  Curiously  enough,  Goldenring  gives  the  impression  (pages  15  and  68) 
that  Erchinger's  construcHan  ia  unknown. 

X  Unfortunately  this  proof  has  not  been  preserved. 

§  (1)  '^Geometrische  Verzdchnung  des  regelmfissigen  17-Ecks  und 
257-Ecks  in  d.  Kreis,"  Jahresverhandl.  d,  kurldndiache  Geedlechaft  fUr 
LUeratur  und  Kunst,  Mitau,  Band  2,  1822.  Apparently  unknown  to 
Goldenring.  (2)  Die  ebene  Geometrie  der  geraden  Linie  und  des  Kreises. 
Kdnigsberg,  1823,  p.  187.  Paucker  is  also  the  author  of:  (3)  De  divisione 
geometrica  iseripheriae  circuli  in  XVII  partes  sequales,  Kdnigsberg,  1817. 
This  date  is  incorrectly  mven  as  1814  by  Goldenring. 

II  This  is  due  to  Adler,  Theorie  der  geometrischen  Konstruktionen, 


Digitized  by 


Googk 


242  REGXTLAB  POLYGON  OF  SEVENTEEN  SIDES.         [Feb., 

Until  the  publication  of  Goldenring's  pamphlet  the  most 
elaborate  accoimt  of  the  work  done  in  connection  with  con- 
structions of  the  regular  17-side  was  in  the  sketch  by  E.  Daniele, 
"  Sulle  costruzioni  dell'  ettadecagono  regolare."*  While 
Goldenring  has  performed  a  service  in  presenting  something 
much  more  elaborate,  which  is  also  usefully  arranged,  it  is  far 
from  being  anything  like  complete.  The  only  reference  to 
Gauss  is  to  his  Disquisitiones  and  at  least  two  geometrical 
solutions,  published  several  years  before  Erchinger's,  are 
nowhere  mentioned.  These  are  by  John  Lowry  (1819)  t 
and  Samuel  Jones  (1820). t  Again,  we  are  informed  (page  67) 
that  Ampere's  construction  announced  to  the  French  Academy 
in  1835§  "  does  not  appear  to  have  been  published  " ;  but  surely 
this  is  the  solution  "attribute  a  AmpSre,"  published,  since 
1844,  in  at  least  five  editions  of  La  Fr^moire  and  Catalan's 
"Th6oremes  et  probl^mes."||     This  solution  was  also  given 

Leipzig,  1906,  p.  227.  See  also  A.  Mitzscherling,  Das  Problem  der  KreLs- 
teilung,  Leipzigj  1913.  pp.  73-74. 

*  Questioni  nguaraanti  le  matematiche  elementari  racoolte  e  coordinate 
da  F.  Enriques.    Vol.  2,  Bologna,  1914,  pp.  167-183. 

t  The  MathemaHcal  Repository,  new  series,  vol.  4  (1819),  p.  160.  Lowry's 
proof  occupies  pages  160-168. 

JThe  paper  dated  "Dublin,  17th  October,  1819"  and  read  Jan.  24, 
1820,  was  published  in  Transactions  of  the  Irish  Academy,  vol.  13  (1818), 
pp.  175-187. 

§  "  Division  de  la  circonf^rence  de  cercle,"  Comptes  rendus  de  VAcad. 
d.  Sc,  vol.  1  (1835),  pp.  119-120.  It  is  here  stated  that  M.  Ampere  had 
presented  to  the  academy,  a  geometric  figure  in  which  was  represented  a 
very  simple  construction  for  dividing  the  circumference  of  a  circle  into  17 
equal  parts.  He  also  announced  that  he  soon  expected  to  read  a  note  the 
"aim  of  which  was  to  make  clear  to  those  who  are  still  studying  elementary 
geometry,  why  one  can  divide,  with  ruler  and  compasses,  the  circumference 
of  a  circle  into  a  prime  number  of  equal  parts  only  when  this  number 
exceeds  imity  by  a  power  of  2.  M.  Ampere  will  indicate^  at  the  same  time, 
a  method  leading  to  this  end,  that  is  to  say  to  the  desured  division  in  all 
possible  cases  and  that,  without  having  recourse  to  any  of  the  theories  of 
higher  algebra." 

"The  utility  of  introducing  these  notions  into  treatises  of  elementary 
geometry  and  the  question  of  why  the  ancients  did  not  discover  the  divi- 
sion into  17  parts  were  (questions  which  led  to  a  discussion  by  MM. 
Poinsot,  Ampere  and  Libri.  We  abstain  from  giving  this  discussion  at  the 
present  time  since  it  has  been  indicated  that  it  will  be  renewed  at  the  time 
when  M.  Ampere  will  read  the  note  which  he  has  been  content  to  simply 
announce  to-aay." 

Apparently  this  new  note  was  never  read.  Amp^  died  in  the  following 
year. 

II  Th^or^mes  et  probl^mes  de  g^om^trie  ^Mmentaire  par  H.  C.  de  la 
Fr^moire.  Second  ^ition  enti^rement  revue  et  corrig6e  par  E.  Catalan. 
Paris,  1852,  pp.  178-180,  207-209.  Sixitoe  6d.  1879,  pp.  267-269,  298- 
302;  La  Fi^moire's  name  no  longer  appears  on  the  title  page  of  this 
edition. 
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in  abridged  form  by  John  Casey.* 

In  the  Bibliography  (pages  67-69)  there  are  references  to 
7  pamphlets  and  17  special  articles  on  the  regular  polygon 
of  seventeen  sides,  and  there  are  some  15  references  to  more 
general  articles  or  books  in  which  the  same  topic  is  treated. 
My  copy  of  H.  A.  Rothe's  pamphlet  De  divisione  peripherise 
circuli  in  17  et  13  partes  sequales  was  published  at  Erlangen 
in  1805  not  180^  (page  67). t  There  are  many  omissions  in 
the  Bibliography.  Some  of  these  have  been  already  indicated 
above.  Here  are  more  references  which  I  happen  to  have 
met  with  in  the  last  few  years.  J 

J.  J.  Barniville,  Educ.  Times  Repr.,  vol.  54  (1891),  p.  28, 
question  10176 — Bochow,  "  Eine  einfache  Berechnung  des 
17  Ecks,''  Zeitschrift  fur  Math.  u.  Phys.  (Schlomilch),  vol.  38 
(1893),  pp.  250-252— A.  Cayley,  "  On  the  equation  ar^^- 1  =  0," 
Messenger  of  MaiK  vol.  19  (1890)  pp.  184-188;  Collected 
Papers,  vol.  13  (1897)  pp.  60-63— C.  H.  Chepmell,  "  In  a 
given  circle  to  inscribe  the  regular  polygon  of  thirty-four  sides," 
Educ.  Times y  March,  1911;  Educ.  Times  Repr.  (2),  vol.  20 
(1911),  pp.  51-54 — E.  CoUignon,  "  Construction  du  polygone 
rSgulier  de  17  c6tes,"  Ass.  Franc.  Comptes  R.,  tome  8 
(1879),  pp.  162-169— L.  Gerard,  "  Construction  du  polygone 
rfigulier  de  17  c6t6s,"  Bull,  de  Math.  (Umcntaires,  tome  2 
(mars,  1897),  pp.  164-167— J.  A.  Grunert,  "  Regulare  Sieb- 

The  Kauffmann-Reuschle  German  translation  (Stuttgart,  1858)  of  the 
second  edition  contains  (p.  155)  the  definite  statement:  "Der  hier  ange- 
fUhrte  geometrische  Beweis  ist  von  Ampdre." 

*  For  example  in  his  Elements  of  Euclid,  16th  ed.,  Dublin,  1897,  pp. 
302^04. 

t  While  there  seems  to  be  authority  for  the  statement  (p.  67)  that  H. 
Bimbaiun's  paper,  "Ueberdas  regulfire  Siebzehneck, "  was  published  as  a 
pamphlet  in  1834  (e.  g.,  L.  A.  Sohncke's  Bibliotheca  Mathematica,  Leipzig. 
1854,  p.  140),  there  was  an  edition  in  1833  in  connection  with  a  school 
programme,  the  title  page  of  which  contains  the  invitation:  *^Z\i  der 
dfFentlichen  Freitags  den  29  Mfirz  1833  zu  haltenden  PrUfung  der  drei 
obem  Classen  des  Helmstedt-Schdnin^enschen  Gymnasiums  und  zu  dem 
damit  verbundenen  Redeacte  ladet  die  Eltem  so  wie  alle  Freunde  des 
Schulunterrichts  mit  geziemender  Ehrerbietung  ein  Dr.  Philipp  Karl 
Hess,  Professor  und  Director." 

JThe  most  extensive  bibliography  which  has  been  previously  pub- 
lished appeared  in  UlnUrnUdiaire  dea  MathSmaHcienaf  1897,  pp.  23-24, 
86,  229;  1899,  p.  179;  1901,  p.  221;  1902,  p.  82  and  1905,  p.  112.  The 
contributors  were  H.  Bocard,  A.  R.  Ericsson.  E.  B.  Escott,  A.  Goulard, 
Langel  and  E.  Lemoine.  Another  bibliograpny,  by  Max  Simon,  is  given 
on  p.  79  of  his  Ueber  die  Entwicklung  der  Elementar-Geometrie  im  XIX. 
Jahrhundert,  Leipzig.  1906.  The  astounding  inaccuracies  throughout  the 
book  are  here  in  evidence;  for  instance:  when  Bertan  is  printed  the  reader 
is  supposed  to  know  that  Breton  (de  Champ)  was  intended,  also  that 
Eninger  stands  for  Erchinger. 
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zehneck  im  Kreise/'  Archiv.  f.  Math.  u.  Phys.  (Grunert), 
vol.  42  (1864),  pp.  361-374— R.  Guntsche,  "Geometro- 
graphische  Siebzehnteilung  des  Kreises,"  Archiv  f.  Math.  u. 
Phys.  (3),  vol.  4  (1903)— K.  Hagge,  "  Einfache  Behandlung 
der  Siebzehnteilung  des  Kreises,"  Zs.  Math.  Unterr.,  vol.  41 
(1910),  pp.  320-325— J.  Houel,  "  Sur  le  polygone  rggulier  de 
17  c6tfe,"  [Exposition  of  von  Staudt's  construction],  Nouv. 
Annates  de  Math.,  vol.  16  (1857),  pp.  310-311— S.  Katayama, 
"  The  construction  of  a  regular  17-sided  polygon,"  The  Tdhoku 
Math.  Journal,  vol.  4  (Feb.,  1914),  pp.  197-202— A.  Padoa, 
"  Poligoni  regolari  di  34  lati.  Trattazione  elementare," 
Boll,  di  Mat,  Bologna,  vol.  2  (1903),  pp.  2-10— W.  Schoenborn, 
Elementare  Beweise  fiir  einige  Gleichungen,  die  Statt  haben 
zwischen  dem  Radius  eines  Kreises,  der  Seite  und  der  Diagonale 
der  eingeschriebenen  regularen  10-,  14-,  18-,  26-,  34-ecke, 
Pr.  Krotoschin,  1873— Steggall,  "The  value  of  cos  2x/17 
expressed  in  quadratic  radicals,"  Proc.  Edinb.  Math.  Soc., 
vol.  7  (1888-89),  pp.  4-5. 

Of  additional  references  to  general  articles  or  books  the 
following  may  be  mentioned:  B.  Amiot,  "  M6moire  sur  les 
polygones  r6guliers,"  Nouv.  Annates  de  Math.,  vol.  4  (1844), 
pp.  264r-278 — ^J.  W.  Butters,  "  On  the  solution  of  the  equation 
a:^  —  1  =  0  (p  being  a  prime  number),"  Proc.  Edinb.  Math. 
Soc.,  vol.  7  (1888-89),  pp.  10-22— H.  S.  Carslaw,  "  Gauss's 
theorem  on  the  regular  polygons  which  can  be  constructed 
by  Euclid's  methods,"  Proc.  Edinb.  Math.  Soc.,  vol.  28  (1910), 
pp.  121-128 — L.  E.  Dickson,  "  Constructions  with  ruler  and 
compasses,"  in  Monographs  on  Modern  Mathematics  (1911), 
17-side:  pp.  371-373— F.  Giudice,  "  Sulla  divisione  del  circolo," 
P&riodico  di  mat.  (3),  vol.  9  (1912),  pp.  161-169— F.  Klein, 
"  Elementarmathematik  vom  hoheren  Standpunkte  aus," 
Teil  I,  Leipzig  (1908),  pp.  122  ff.— K.  Kommerell,  "  Uber  die 
Konstruktion  der  regularen  Polygone,"  Math.  Annalen,  vol.  72 
(1912),  pp.  588-592 — I.  L.  A.  Le  Cointe,  Legons  sur  la  thSorie 
des  fonctions  circulaires  et  la  trigonometric,  Paris  (1858), 
p.  186f . — ^A.  M.  Legendre,  Traitfi  de  trigonom6trie  at  end  of 
Elements  de  ggomarie,  8^"**  6d.,  Paris  (1809),  §  VII,  "Du 
polygone  r^gulier  de  dix-sept  c6t6s,"  pp.  419-421 — ^J.  Leslie, 
Elements  of  geometry,  geometrical  analysis,  and  plane  trigo- 
nometry, second  ed.,  Edinburgh  (1811)  p.  419  f.* 

*  It  is  also  of  interest  to  recall  the  passage  in  the  letter  which  Sir  William 
Rowan  Hamilton  wrote  to  De  Morgan  in  1852:  "Are  you  sure  that  it  is 
impossible  to  trisect  the  angle  by  Euclid?    I  have  not  to  lament  a  single 
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In  conclusion,  let  us  consider  approximate  constructions  of 
the  regular  17-side.*  In  the  seventeenth  century  C.  Renaldini 
gave  an  interesting  construction  for  any  inscribed  regular 
polygon. t  It  is  as  follows:  "  Construct  on  the  diameter 
AB  of  a  circumference  C,  an  equilateral  triangle  ABD\  divide 
AB  into  n  equal  parts;  join  the  extremity  E,  of  the  second 
division,  to  the  point  D  by  the  secant  DEFy  then  AF  is  either 
exactly  or  approximately  the  length  of  the  side  of  the  required 
regular  inscribed  polygon  of  n  sides."  About  two  centuries 
later  Housel  considered  the  accuracy  of  this  formula  for  values 
of  n  from  3  to  17;  J  for  n  =  3  or  4  or  6  the  construction  is 
exact;  for  w  =  17  the  angle  subtended  by  AF  at  the  center  of 
the  circle  is  about  36'  37"  too  large.  Other  approximations 
to  the  regular  17-side  were  given  by  Breton  de  Champ§  and 
Catalan  1 1  and  Postula.^f    Catalan  pointed  out  that  a  closer 

hour  thrown  away  on  the  attempt,  but  fancy  that  it  ib  rather  a  tact,  a 
feeling,  than  a  proof,  which  makes  us  think  that  the  thing  cannot  be  done. 
No  doubt  we  are  influenced  by  the  cubic  form  of  the  algebraic  equation. 
But  would  Gauss's  inscription  of  the  regular  polygon  of  seventeen  sides 
have  seemed,  a  century  ago,  much  less  an  impossible  thing,  by  line  and 
circle?" 

De  Morgan  replied:  "As  to  the  trisection  of  the  angle,  Gauss's  dis- 
covery increases  my  disbelief  in  its  possibility.  When  x^"^  —  1  is  separated 
into  (quadratic  factors,  we  see  how  a  construction  by  circles  may  tell. 
But,  it  being  granted  ax^  -\-}Mfi  -\- ex  +d]&noi  separable  into  a  real  quad- 
ratic and  a  linear  factor,  I  cannot  imagine  how  a  set  of  intersections  of 
circles  can  possibly  wye  no  more  or  less  than  three  distinct  points."  Graves' 
Life  of  Sir  Wm.  R.  Hamilton,  vol.  3  (1889)^  pp.  433-434. 

The  first  rigorous  proof  of  the  impossibihty  of  the  problem  of  the  tri- 
section of  an  angle,  imder  euclidean  conditions,  seems  to  have  been  given 
by  L.  Wantzd  in  1837  {lAovmOe,  tome  2,  p.  369  f.). 

*  These  are  not  discussed  b^  Goldenring. 

t  De  resolutione  et  comp>ositione  mathematica,  Patavii,  1668,  pp.  367- 
368.  Renaldini  considered  that  his  construction  was  accurate  in  all  cases. 
His  error  was  first  shown  by  Schultz  in  his  Dissertatio  de  circuli  divisione, 
Kdnigsberg,  1691.  (See  S.  Gtinther,  Oiterr.  Zeitschrift  fur  Realsckidwesen, 
vol.  3,  pp.  523, 764.)  For  further  history  of  this  problem  see  A.  G.  Kastner, 
Geometrische  Abhandlungen,  Erste  Sammlung,  Gottingen,  1790,  pp.  266- 
281;  also  Zeiis.  f.  Math,  u,  Naiurw,  UnierridU,  vol.  28  (1897),  pp.  239, 
252-255.  Renaldini's  approximate  construction  is  sometimes  attributed 
to  Bion  since  it  occurs  in  his  Traits  de  la  construction  et  des  principaux 
usages  des  instruments  de  mathdmatiques,  4®  ^.,  Paris,  1752. 

X  "Division  pratique  de  la  circonfdrence  en  parties  6gales,"  Nonv. 
Annalea  de  Math.,  vol.  12  (1853),  pp.  77-79.  See  also  remarks  on  this 
article  by  Tempier,  N(yu»,  AnruUea  de  Math,,  vol.  12  (1853),  pp.  345-347; 
vol.  13  (1854),  p.  295. 

S  Nouv.  Annales  de  Math.,  vol.  5  (1846),  pp.  226-227,  340. 

II  Thdor^mes  et  probl^es  de  gdomdtrie  lldmentaire  par  H.  C.  de  la 
Frdmoire.  Second  Edition  enti^ment  revue  et  corrigde  par  E.  Catalan, 
Paris,  1852,  pp.  211-212. 

If  £.  Catalan,  Th^r^mes  et  probl^mes  de  gdomdtrie  dldmentaire,  6®  6d., 
Paris,  1879,  p.  283. 
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approximation  than  that  of  Renaldini  is  found  by  taking  for 
the  side  of  the  regular  inscribed  17-side,  one  half  the  difference 
of  the  length  of  a  side  of  the  inscribed  equilateral  triangle  and 
of  a  side  of  the  regular  inscribed  hexagon.  For  the  unit  circle 
this  leads  to  the  length  of  a  side  of  the  17-side  as  0.36602, 
which  differs  from  the  correct  value  by  about  0.001.  Ac- 
cording to  Renaldini's  construction  the  length  is  l/V? 
=  0.37796. . .,  which  is  about  0.02  too  large. 

R.  C.  ARCfflBALD. 
Brown  Univbrsity, 

PBOVmENCE,  R.  I. 


SHORTER  NOTICES. 

Plane  TrigonoTnetry  and  Tables.    Edited  by  George  Went- 

WORTH  and  David  Eugene  Smith.    Ginn  and  Company, 

1915.    V  +  188  +  V  +  104  pp.    Price,  $1.10. 

The  formulation  of  the  subject  matter  in  the  mind  of  the 

teacher  largely  determines  the  text  he  wants  to  use.    This 

formulation  is  naturally  the  product  of  his  experiences  with 

texts  studied  and  taught,  and  of  his  own  cogitations  on  the 

subject  and  how  he  can  most  forcefully  and  successfully 

present  it.    The  text  under  review  fits  into  the  plan  of  the 

reviewer  for  present  purposes  more  happily  than  any  of  the 

many 'texts  he  has  examined. 

The  authors  ^tate  that  as  to  sequence  of  material  they 
have  followed  the  rule  "that  the  practical  use  of  every  new 
feature  should  be  clearly  set  forth  before  the  abstract  theory 
is  developed." 

The  six  functions  of  acute  angles  are  defined  as  ratios  and 
put  to  practical  use.  The  functions  of  complementary  angles, 
and  of  angles  of  30®,  45®,  60°  are  developed  on  pages  7  and 
8  and  put  to  immediate  use.  On  page  23  appear  the  line 
definitions  of  the  functions.  The  changes  in  the  functions  as 
the  angle  changes  from  0®  to  90®  are  exhibited  through  a 
figure  giving  the  lines  representing  the  six  functions.  Thus 
the  student  is  brought  to  visualize  the  subject. 

The  natural  trigonometric  functions  are  employed  just 
long  enough  to  be  known,  and  to  cause  the  first  twinges  of  the 
vexation  of  multiplication,  when  the  subject  of  logarithms  is 
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clearly  set  forth.  Thereafter,  the  sine,  cosine,  tangent,  and 
cotangent  serve  all  purposes  in  computation.  The  more 
serious  work  with  right  triangles  follows,  extending  to  page  77. 

The  functions  of  any  angle  are  introduced  as  ratios  involving 
the  coordinates  of  a  point  on  the  rotating  line  or  terminal 
side  of  the  angle;  yet,  as  before,  these  functions  are  at  once 
visualized  as  lines. 

The  advanced  theoretical  portions  are  well  presented  and 
ample  for  any  student  in  his  college  course  through  the 
calculus.  A  clear  open-faced  index  ends  the  text,  pages  187- 
188. 

The  ten  tables  in  the  latter  half  of  the  book  are  so  varied 
and  so  superior  in  arrangement  and  appearance  as  to  be  worth 
the  full  price  of  the  book,  as  the  list  of  tables  that  the  student 
might  regularly  use  in  the  future,  even  if  he  goes  into  any 
one  of  many  lines  of  technical  work. 

This  new  revision  has  all  the  good  features  of  the  former 
texts  and  a  spring-like,  refreshing  breath  from  the  Napier 
Tercentenary  in  1914  brought  to  it  by  Professor  Smith. 
It  is  also  a  text  that  will  be  likely  to  "dominate  the  teaching 
of  the  subject"  in  the  next  and  more  exacting  generation. 

C.  C.  Grove. 

Modem  Instruments  and  Methods  of  Calculation.  A  handbook 
of  the  Napier  Tercentenary  Eidiibition.  Edited  by  E.  H. 
HoRSBURGH  with  the  cooperation  of  a  committee.  London, 
G.  Bell  &  Sons,  1914.  New  York,  The  Macmillan  Company, 
viii  +  343  pp.    8vo.  *  $1.90. 

It  is  very  refreshing  to  read  a  book  that  provides  so  much 
more  than  its  title  leads  one  to  expect,  as  does  the  volume 
under  review.  Even  in  its  distinctively  handbook  features 
it  gives  copious  notes  concerning  the  special  characteristics 
and  history  of  the  exhibits,  the  inventor,  his  period,  etc. 
The  editor  states  that  "an  endeavor  has  been  made  to  make 
the  Exhibition  and  Handbook  useful  to  the  laboratory  com- 
puter, the  engineer,  the  astronomer,  the  statistician,  and  to 
all  who  are  interested  in  calculation,"  and  success  has  crowned 
the  effort  in  respect  to  the  handbook  at  least. 

There  are  a  dozen  sections  lettered  A  to  M,  omitting  J.  In 
section  A  is  an  historical  essay,  reprinted  from  the  Proceedings 
by  permission  of  the  Royal  Philosophical  Society  of  Glasgow 
by  Professor  George  A.  Gibson  on  Napier's  Life  and  Works. 
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Section  C  alone,  on  Mathematical  Tables,  would  give  the 
book  a  place  in  every  mathematical  reference  library.  It 
contains  an  account  by  Professor  Cargill  G.  Knott,  D.Sc,  of 
Dr.  Edward  Lang's  Logarithmic,  Trigonometrical,  and  Astro- 
nomical Tables:  A  Working  List  of  Mathematical  Tables 
most  conveniently  arranged  and  amplified  by  notes  by 
Herbert  Bell,  M.A.  and  J.  R.  Milne,  D.Sc.,  both  members  of 
the  editorial  committee,  as  was  also  Professor  C.  G.  Knott, 
its  honorary  secretary.  There  is  also  an  historical  essay  by 
W.  G.  Smith  on  "  Special  development  of  calculating  ability  " 
that  considers  the  psychology  of  calculating  ability,  with 
numerous  references  to  the  literature  of  the  subject.  Section 
D  on  Calculating  Machines  was  written,  or  edited  in  part, 
by  F.  J.  W.  Whipple  who  presents  the  subject  along  the 
lines  of  the  Catalogue  raisonnfe  which  he  prepared  for  the 
Exhibition  in  connection  with  the  Fifth  International  Congress 
of  Mathematicians  held  at  Cambridge,  in  1912.  His  point 
of  view  is  that  "of  the  user  of  a  machine  who  wishes  to  have 
a  general  idea  of  how  it  works  rather  than  that  of  the  expert 
who  has  to  master  every  detail."  He  lets  many  of  the 
manufacturers  describe,  through  a  scholarly  expert,  their  own 
machines,  hence  I  said,  "edited  in  part."  He  outlines  the 
prominent  and  essential  mechanical  means  of  performing  the 
various  arithmetical  operations,  and  as  an  expert  that  he  is, 
adds  a  paragraph  on  "  The  scope  for  improvement  of  cal- 
culating machines  "  that  to  the  reviewer  was  of  interest  and 
inspiration. 

It  must  be  remembered  that  this  is  a  catalog  of  the  cal- 
culating machines  on  exhibition,  not  of  all  that  have  existed 
or  are  now  on  the  market.  With  this  in  mind,  attention  was 
attracted  by  the  sentences  (pages  74,  75) : 

"In  the  first  place,  it  is  remarkable  that  no  machine  which 
does  long  multiplication  automatically  is  on  the  market  at 
present.  ...  I  fancy  that  it  would  not  be  diflScult  to  modify 
the  Thomas  machine  to  enable  it  to  act  in  this  way." 

On  page  89  there  follows,  in  another  paper,  the  sentence: 

"  Two  separate  multiplications  can  be  carried  out  at  the 
same  time  by  turning  the  handle." 

These  statements  refer  to  quite  different  operations  but 
they  brought  to  the  mind  of  the  reviewer  a  vague  recollection 
of  having  heard  that  the  former  process  had  been  accom- 
plished, possibly  in  some  such  way  as  described  on  pages  124- 


Digitized  by 


Google 


1916.]  SHORTER  NOTICES.  249 

125.  They  reminded  him  of  experience  with  a  Thomas 
machine  in  student  days  and  of  his  wish  then  for  a  key-board 
instead  of  levers  and  for  a  carrying  device  for  the  quotient 
register.  It  may  interest  some  readers  to  know  that  an 
American  machine,  the  Monroe,  supplies  much  of  this  that 
was  left  to  be  desired. 

An  article  by  P.  E.  Ludgate  on  "  Automatic  calculating 
machines,"  which  will  interest  anyone  who  has  seen  a  loom 
weaving  the  pictures  of  presidential  candidates,  say,  into  silk 
ribbon;  an  article  by  T.  C.  Hudson  on  "H.  M.  Nautical 
Almanac  OflSce  anti-difference  machine  ";  and  one  on  "  Mathe- 
matical and  calculating  typewriters,"  complete  section  D. 

Section  E  gives  an  abridgment  of  a  classic  article  on  *'  The 
abacus  "  by  Dr.  Cargill  G.  Knott,  professor  of  physics.  Imperial 
University  of  Tokyo,  published  in  1886  in  the  Transactions  of 
the  Asiatic  Society  of  Japan  and  so  almost  unobtainable  by  us. 

Space  does  not  permit  me  further  to  enumerate  the  essays 
and  notes,  each  written  by  a  specialist  and  authoritative, 
concerning  slide  rules  (25  pages),  integraphs,  integrometers, 
planimeters,  their  use  in  naval  architecture,  differentiating 
machine,  harmonic  analysers,  tide-predicting  machine,  etc., 
but  I  cannot  pass  unnoticed  Section  H  on  Ruled  Papers  and 
Nomograms  by  the  editor  and  Professor  M.  d'Ocagne  respec- 
tively, which  are  parts  of  the  literature  to  be  read  by  anyone 
who  would  know  the  subject;  also  Section  I  (26  pages)  on 
Mathematical  Models,  and  Section  K,  a  catalogue  of  portraits, 
engravings  and  medals  of  the  collection  of  Prof.  W.  W. 
Rouse  Ball,  author  of  the  well-known  Short  Account  of  the 
History  of  Mathematics. 

The  volume  closes  with  a  list  of  contributors  and  exhibitors, 
Section  M.  The  names  of  the  former  are  suflBcient  guarantee  of 
the  value  of  the  articles.  Their  authority  will  secure  for  the 
book  wide  use  amongst  those  for  whom  it  was  published. 

C.  C.  Grove. 

Tables  and  Formulas  (revised  edition).  By  William 
Raymond  Longley.  Ginn  and  Company,  1915.  37  pp. 
Price,  50  cents. 

The  author  states  in  his  preface:  "This  collection  of  tables 
and  formulas  is  intended  for  use  as  a  handbook  for  solving 
numerical  problems  in  connection  with  the  courses  in  mathe- 
matics in  technical  schools  and  colleges.''    It  is  a  good  coUec- 
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tion  for  such  a  purpose.  It  will  fill  a  long-felt  need  of  both 
teacher  and  student,  not  only  because  the  most  frequently 
used  tables  and  formulas,  which  are  usually  found  scattered 
throughout  half  a  dozen  text-books,  are  here  found  within 
the  covers  of  a  booklet  easily  carried  in  one's  pocket,  but  also 
because  the  more  extended  tables  are  usually  too  cumbersome, 
and  give  results  to  a  much  higher  degree  of  accuracy  than  is 
commensurate  witTi  the  data  of  the  problem. 

The  book  contains  four  place  tables  of  common  logarithms, 
and  the  natural  and  logarithmic  values  of  trigonometric 
functions  (interval  of  I''),  three-place  tables  of  radian  equiva- 
lents of  degree  measure  and  the  natural  values  of  trigonometric 
functions  (interval  of  0.05  radians).  There  are  tables  of 
squares  and  cubes  from  1  to  100,  square  roots  and  cube  roots 
from  1  to  1,000,  reciprocals  from  1  to  10  (interval  of  0.1), 
Napierian  logarithms  from  1  to  10  (interval  of  0.1)  and  from 
10  to  100  (unit  interval),  and  values  of  the  exponential  and 
hyperbolic  functions  from  0  to  10  (interval  of  0.1).  The 
collection  of  formulas  contains  the  ordinary  ones  from  algebra, 
geometry,  trigonometry,  anal>i:ic  geometry,  and  the  calculus, 
the  last  including  some  standard  series,  formulas  for  differentia- 
tion, and  a  well-chosen,  well-arranged  table  of  177  integrals. 
The  booklet  concludes  with  the  formulas  for  the  solutions  of 
the  differential  equations  of  harmonic  motion,  and  damped 
and  forced  vibrations. 

The  reviewer  would  like  to  see  the  following  formulas 
included  in  the  collection:  the  length  of  the  arc  of  a  circle, 
8  =  ra  (radians),  the  products  like  2  sin  u  cos  v  =  sin  (w  +  t?) 
+  sin  {u  —  v)y  and  the  area  of  a  triangle  in  terms  of  the  three 
sides.    One   serious   defect   of   the   table   of   trigonometric 

integrals  is  that  these  are  given  as  fsinxdx,  etc.,  instead  of 

J  sin  axdx,  etc.,  especially  since  J  sin  vdu,  etc.,  are  nowhere 

given;   the  forms  f  ta.n^  dx  sec^  ax  dx,  etc.,  should  also  be 

included  since  the  form  fu^du  is  not  given.  Mention  should 
also  be  made  of  the  method  of  integrating  rational  fractions. 
The  type  is  clear  and  the  tables  are  easily  read.  The  many 
excellent  qualities  of  the  booklet,  together  with  its  small 
price,  will  commend  it  to  the  students  in  the  mathematics 
courses  in  colleges  and  technical  schools. 

Joseph  Lipka. 
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VorUaungen  iiber  projektive  Geometric.  By  Federigo  Enriques. 

Second  German  edition  by  H.  Fleischer.    Leipzig,  Teubner, 

1915.    xiv  +  354  pp.     Price  (cloth),  10  Marks. 

The  first  German  translation  (with  a  prefatory  note  by 
Klein)  of  Enriques's  lectures  on  projective  geometry  appeared 
in  1903  and  was  ably  reviewed  in  the  Bulletin*  by  Professor 
Virgil  Snyder.  As  the  second  edition  does  not  contain  any 
essential  changes,  not  much  needs  to  be  added  to  that  review. 
In  view  of  the  considerable  advances  that  have  been  made  in 
this  field  during  the  past  two  decades,  a  fuller  discussion  of 
the  various  aspects  of  the  fundamental  theorem  of  projective 
geometry  would  have  been  of  great  assistance  to  the  student. 
At  any  rate  the  otherwise  well  written  historic-critical  note 
at  the  end  of  the  treatise  might  have  been  brought  up  to  date 
in  this  respect.  In  the  discussion  of  projective  coordinates, 
pages  332-336,  which  is  essential  for  a  proper  understanding 
of  the  one-to-one  correspondence  between  an  analytic  space 
(xi,  X2,  Xz,  Xi)  and  the  space  based  upon  and  abstracted 
from  intuition  (parabolic,  hyperbolic,  or  elliptic),  in  which 
the  points  are  defined  by  means  of  cross-ratios,  a  detailed 
proof  of  this  correspondence  would  be  commensurate  with 
its  importance. 

From  a  didactic  standpoint  Enriques's  "lectures"  can  still 
be  recommended  as  an  excellent  introduction  to  the  subject. 

Arnold  Emch. 

Descriptive  Geometry.  By  H.  W.  Miller,  head  of  the  depart- 
ment of  general  engineering  drawing  in  the  University  of 
Illinois.  New  York,  Wiley  and  Son,  third  edition,  1915. 
149  pages,  86  figures  and  8  quiz  sheets. 

Descriptive  Geometry  for  Students  in  Engineering  Science  and 
Architecture.  A  carefully  graded  course  of  instruction,  by 
Henry  C.  Armstrong,  associate  professor  of  descriptive 
geometry  and  drawing,  McGill  University.  New  York, 
Wiley  and  Son,  1915.     vi  +  125  pages  and  114  figures. 

Darstellende  GeowMricy  von  Marcel  Grossmann,  professor 
at  the  technical  school  of  Zurich.    Leipzig,  Teubner,  1915. 
V  +  137  pages  and  109  figures. 
The  first  sentence  of  the  preface  to  Professor  Miller's  book 

reads:  "Believing  that  no  one  study  plays  a  larger  part  than 

♦  Vol  10,  pp.  365-58,  April,  1904.  ~ 
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descriptive  geometry  in  the  shaping  of  the  student's  mind 
into  the  analytic  thinking  machine,  necessary  to  success  in 
any  engineering  profession,  the  author  has  outlined  and 
written  the  text  with  this  as  its  chief  aim/' 

Minute  instructions  as  to  lettering,  trimming,  weighting 
lines,  notation,  methods  of  study  precede  the  subject  proper. 
The  variety  of  type  and  prominence  of  figures  leave  no  ques- 
tion of  clearness,  but  the  page  has  in  places  a  striking  resem- 
blance to  a  bill  board  in  consequence.  The  method  of  repre- 
senting a  point,  line,  plane  are  explained  n  great  detail. 
It  provokes  a  smile  to  read  on  page  16,  "Axiom:  The  two 
projections  of  a  point  must  be  on  the  same  perpendicular  to 
GL"  and  similar  incidents  on  page  24,  in  which  one  statement 
is  followed  by  a  proof.  No  exercises  are  given  for  the  student, 
and  no  numerical  cases  are  worked  out  at  all.  This  defect 
is  partly  remedied  by  a  series  of  eight  quiz  sheets  with  draw- 
ings, put  at  the  end  of  the  book. 

The  chapter  on  revolution,  general  profile,  and  problems 
relating  to  them  is  longer  than  the  others.  The  figure  repre- 
senting the  perspective  of  a  circle  is  hardly  necessary  at  this 
stage  and  is  rather  too  hard  to  understand.  Most  of  the 
theorems  are  well  explained,  but  their  inter-relations  are  not 
well  brought  out.  The  chapter  (Chapter  6)  on  lines  and 
surfaces  would  hardly  bear  mathematical  analysis.  The 
classification  of  lines  and  surfaces  is  a  curiously  arbitrary  one, 
which  would  greatly  confuse  a  bright  student.  Single  and 
double  curvature  contact  are  not  defined,  and  are  crudely  em- 
ployed. The  definitions  of  a  ruled  surface,  developable, 
and  double  curved  surface  are  such  as  to  apply  only  to  the 
few  elementary  illustrations  employed,  yet  this  fact  is  no- 
where stated.  The  concept  of  a  tangent  plane  to  the  ellipsoid 
should  at  least  have  been  shown  to  be  unique.  The  inter- 
sections of  certain  surfaces  with  planes  is  more  satisfactorily 
discussed,  as  is  also  the  development  of  cylinders  and  cones. 
Thus  far  95  pages  have  been  covered,  which  includes  all  of 
descriptive  geometry  that  is  treated.  Chapter  10  is  on 
shades  and  shadows — well  written  from  an  architectural  or 
structural  standpoint — it  contains  no  new  mathematics.  The 
last  chapter  is  on  perspective.  It  brings  in  no  new  mathe- 
matical principles;  it  treats  of  a  number  of  elementary 
properties  in  a  rather  empirical  way,  totally  overlooking  the 
beautiful  transition  from  descriptive  to  projective  geometry. 
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The  reviewer  is  not  competent  to  speak  of  the  merits  of  the 
book  from  the  engineer's  viewpoint,  but  had  the  text  been 
more  mathematical  and  a  more  scientific  aim  kept  in  mind, 
the  claims  of  the  first  sentence  of  the  preface  would  have 
been  much  more  generally  fulfilled. 

Professor  Armstrong's  book  shows  many  contrasts  with  the 
preceding.  It  contains  no  mechanical  instructions  for  the 
reader;  it  does  not  use  bold-faced  type,  and  very  little  explana- 
tion is  given  concerning  different  kinds  of  lines.  The  book  is 
full  of  exercises,  an  appropriate  list  being  furnished  at  intervals 
of  a  few  pages.  In  fact,  so  little  explanation  is  given  that  a 
student  without  a  competent  teacher  would  have  to  exercise 
considerable  patience  to  master  the  text.  •  All  the  steps  are 
given,  but  in  a  very  concise  form.  Thus,  restricted  positions 
of  lines,  planes,  plane  figures,  polyhedra,  involving  shadows 
on  the  horizontal  and  vertical  planes,  are  all  treated  in  forty 
pages. 

Part  II,  which  treats  of  planes,  lines,  and  points  in  un- 
restricted position,  is  less  concise.  The  discussion  is  clear, 
is  usually  mathematically  correct,  and  the  frequent  exercises 
allow  the  reader  to  test  his  grasp  of  every  point.  What  seems 
an  objection  is  that  too  many  figures  are  prepared,  the  draw- 
ings given  are  completed,  before  the  student  can  understand 
how  it  was  done.  Of  course  this  diflSculty  is  at  once  obviated 
by  a  good  teacher.  It  is  unusual  to  meet  with  axometric 
projection  as  early  in  the  development  (page  69)  as  in  the 
present  book.  It  is  also  presented  in  an  unusual  way,  namely, 
as  the  ordinary  horizontal  and  vertical  projections  of  the  corner 
and  the  edges  of  a  cube,  the  idea  of  scale  being  developed  later. 
The  explanations  are  clear,  but  the  whole  treatment  of  this 
section  (8  pages)  is  too  brief  to  be  of  much  use.  But  the 
last  chapter  of  Part  II,  devoted  to  sections  of  simple  solids 
and  traces  of  cylinders  and  cones  is  excellently  well  done. 
The  figures  alone  completely  show  the  whole  process,  and 
they  are  supplemented  by  a  brief  description  and  followed  as 
usual  by  exercises  for  the  student. 

Part  III  begins  with  problems  involving  tangent  planes  to 
cones  and  cylinders  and  their  applications  to  sections  of  solids; 
tangent  planes  of  a  sphere,  common  to  two  or  three  spheres. 
The  text  is  almost  always  correct  mathematically — only  such 
problems  are  considered  in  which  the  tangent  line  to  a  conic 
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can  be  constructed  geometrically.  Then  follow  simple  inter- 
sections and  their  developments;  here  the  treatment  is  the 
usual  one.  One  modest  case  of  a  screw-thread  is  worked  out. 
Finally,  a  short  chapter  on  perspective  is  given;  it  is  very 
clear  as  far  as  it  goes,  and  includes  some  excellent  examples 
for  the  student,  but  it  stops  just  as  the  student's  interest  is 
aroused.  Perhaps  this  is  first  class  pedagogy,  but  somewhat 
dangerous  without  a  good  teacher. 

Although  the  title  of  Professor  Grossmann's  text  could 
hardly  convey  less  information  than  it  does,  this  book  s  not 
for  beginners — ^indeed  it  presupposes  a  fairly  comprehensive 
course  in  orthographic  descriptive  geometry  and  considerable 
familiarity  with  the  technique  of  mechanical  drawing.  Its 
purpose  is  more  specifically  mathematical,  to  explain  the 
meaning  of  the  processes  employed,  and  to  compare  their 
merits.  The  first  discussion  is  to  show  that  the  ground  line 
is  not  needed,  and  that  any  line  in  a  plane  of  projection  may 
be  used  as  new  ground  line.  Then  follows  a  carefully  written 
discussion  of  axonometry.  If  it  could  have  been  supple- 
mented with  a  generous  list  of  appropriate  exercises,  what  a 
fine  presentation  it  would  make  I  It  includes  a  good  demon- 
stration of  Polke's  theorem,  that  any  three  segments  on  three 
arbitrary  concurrent  lines  can  be  taken  as  the  projections  of 
three  concurrent  edges  of  a  cube.  The  chapter  on  perspective 
is  less  satisfactory;  the  details  are  clear  enough  but  the 
purpose  of  it  all  is  not  as  clearly  presented  as  it  might  be, 
metrical  details  coming  in  imusually  early  in  the  discussion. 
Later  the  problem  develops  in  a  more  interesting  way.  An 
unusual  theme  is  a  full  discussion  of  stereographic  projection. 
A  dozen  pages  are  devoted  to  the  interesting  topic  of  photo- 
grammetry.  Both  inner  and  outer  position  are  treated,  and 
reconstruction  from  two  vertical  photographs,  or  from  two 
oblique  ones. 

The  second  part,  curves  and  surfaces,  begins  with  a  con- 
siderable digression  on  the  analytic  theory  of  plane  and  space 
curves,  including  parametric  representation  and  differential 
properties.  As  is  too  liable  to  be  the  case,  this  attempt  has 
but  little  purpose.  It  is  too  brief  really  to  teach  one  un- 
familiar with  the  ideas  concerned,  and  unnecessary  to  one 
already  acquainted  with  it.  In  the  corresponding  treatment 
of  curved  surfaces,  a  number  of  theorems  are  stated  without 
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references  or  attempts  at  proofs.  After  a  very  brief  discussion 
of  the  simple  helix,  the  first  surfaces  discussed  are  a  topo- 
graphical map  and  forms  of  embankments  and  excavations. 
Granted  this  is  important  to  one  learning  uses  of  graphical 
methods,  a  less  felicitous  application  of  the  earlier  theory 
could  hardly  be  devised.  Cones  and  cylinders  fare  rather 
better,  as  they  connect  directly  with  the  theory.  Plane 
perspective  is  developed  from  the  standpoint  of  geometric 
correspondence;  use  is  made  of  cross-ratio,  and  a  fairly  full 
discussion  of  conies  from  the  Steiner  construction  is  given, 
including  the  theorems  of  Pascal  and  Brianchon,  and  a  few 
applications. 

The  treatment  of  intersections  of  cones  and  cylinders  is 
rather  brief;  space  quartics  (of  the  first  kind)  and  space  cubics 
are  considered  and  a  few  examples  given.  Plane  sections  of 
surfaces  of  revolution,  and  illumination  are  next  discussed. 
Prom  the  three-page  description  the  average  reader  can  expect 
but  a  very  vague  and  indefinite  idea  of  a  ruled  surface.  In  one 
line  the  half-dual  property  is  disposed  of.  Nearly  five  pages 
are  given  to  the  helicoid,  six  to  the  ruled  quadrics,  and  three  to 
non-ruled  quadrics.  At  the  end  of  the  volume  is  a  list  of  a 
dozen  other  texts  for  references;  all  of  them  have  been  reviewed 
in  the  Bulletin. 

While  it  would  certainly  be  desirable  to  have  students  of 
geometry  in  the  technical  schools  and  colleges  familiar  with 
the  topics  here  cited,  I  cannot  believe  that  the  best  way  to 
accomplish  that  purpose  is  to  attempt  to  acquire  the  necessary 
knowledge  in  such  a  condensed  way. 

Virgil  Snyder. 


NOTES. 


The  opening  (January)  number  of  volume  17  of  the  Trans- 
actions of  the  American  Mathematical  Society  contains  the  fol- 
lowing papers:  "On  functions  of  several  complex  variables," 
by  W.  F.  Osgood;  "A  study  of  certain  functional  equations 
for  the  i^-functions,"  by  E.  B.  Van  Vleck  and  F.  H'Doubler; 
"A  set  of  four  independent  postulates  for  Boolean  algebras," 
by  B.  A.  Bernstein;  "Transformations  of  surfaces  Q  (second 
memoir),"  by  L.  P.  Eisenhart;  "On  figures  of  equilibrium  of 
a  rotating  compressible  fluid  mass;  certain  negative  results," 
by  E.  J.  MouLTON. 
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The  concluding  (December)  number  of  volume  1  of  the  Pro- 
ceedings of  the  National  Academy  of  Sciences  contains  the  follow- 
ing mathematical  papers:  "Theorem  concerning  the  singular 
points  of  ordinary  linear  differential  equations,"  by  G.  D. 
Birkhoff;  "Definition  of  limit  in  general  integral  analysis," 
by  E.  H.  MooRE.  The  volume  contains  in  all  21  articles  on 
mathematics. 

The  following  papers,  on  mathematics  or  mathematical 
physics  have  recently  appeared  in  the  Proceedings  of  the  Ameri- 
can Academy  of  Arts  and  Sciences:  "  Geometry  whose  element 
*  of  arc  is  a  linear  differential  form,  with  application  to  the  study 
of  minimum  developables,"  by  C.  L.  E.  Moore,  volume  50, 
pages  197-222;  "Expansion  problems  with  irregular  boundary 
conditions,"  by  Dunham  Jackson,  volume  51,  pages  381-417; 
"The  mechanics  of  telephone-receiver  diaphragms  as  derived 
from  their  motional-impedance  circles,"  by  A.  E.  Kennelly 
and  H.  A.  Affel,  volume  51,  pages  419-482. 

On  December  30  and  31,  1915,  there  was  held  at  Columbus, 
Ohio,  the  organization  meeting  of  a  new  mathematical  asso- 
ciation, the  call  for  which  had  been  signed  by  450  persons  re- 
presenting every  state  in  the  Union,  the  District  of  Columbia, 
and  Canada.  The  object  of  the  new  Association  is  to  assist 
in  promoting  the  interests  of  mathematics  in  America,  especi- 
ally in  the  collegiate  field.  It  is  not  intended  to  be  a  rival  of 
any  existing  organization,  but  rather  to  supplement  the  Sec- 
ondary Associations  on  the  one  hand,  and  the  American  Mathe- 
matical Society  on  the  other;  the  former  being  well  organized 
and  effective  in  their  field,  and  the  latter  having  definitely 
limited  itself  to  the  field  of  scientific  research.  In  the  field  of 
collegiate  mathematics,  however,  there  has  been,  up  to  this 
time,  no  organization  and  no  medium  of  communication  among 
the  teachers,  except  the  American  Mathematical  Monthly, 
which  for  the  past  three  years  has  been  devoted  to  this  cause. 
The  new  organization,  which  has  been  named  the  Mathematical 
Association  of  America,  has  taken  over  the  American  Mathe- 
matical  Monthly  as  its  official  journal. 

There  were  104  persons  present  at  the  organization  meeting. 
The  constitution  and  by-laws  together  with  a  full  report  of 
the  proceedings  have  been  published  in  the  January  issue  of  the 
Monthly.    The  following  officers  were  elected:  President,  E.  R. 
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Hedrick.  First  Vice-President,  E.  V.  Huntington;  Second 
Vice-President,  G.  A.  Miller;  Secretary-Treasurer,  W.  D. 
Cairns;  Publication  Committee,  H.  E.  Slaught,  W.  H.  Bussey, 
and  R.  D.  Carmichael. 

These  officers,  together  with  the  following,  constitute  the 
Executive  Council:  R.  C.  Archibald,  Florian  Cajori,  B.  F. 
Finkel,  D.  N.  Lehmer,  E.  H.  Moore,  R.  E.  Moritz,  M.  B. 
Porter,  K.  D.  Swartzel,  J.  N.  Van  der  Vries,  Oswald  Veblen, 
J.  W.  Young,  Alexander  Ziwet. 

At  the  annual  meeting  of  the  London  mathematical  society 
held  November  11,  the  following  papers  were  read:  By  G.  H. 
Hardy,  "The  second  theorem  of  consistency  for  summable 
series;  Weierstrass's  non-differentiable  series";  by  F.  B.  Pid- 
DiCK,  "The  kinetic  theory  of  the  motion  of  ions  in  gases";  by 
H.  W.  TuRNBULL,  "Some  singularities  of  surfaces  and  their 
differential  geometry";  by  J.  W.  Campbell,  "Periodic  solu- 
tions of  the  problem  of  three  bodies  in  three  dimensions";  by 
C.  R.  Dines,  "Functions  of  positive  type  and  related  topics 
in  general  analysis";  by  C.  H.  Yeaton,  "Surfaces  character- 
ized by  special  properties  of  their  directrix  congruences." 
At  the  meeting  of  December  9  the  following  papers  were 
read:  By  H.  Jeffreys,  "The  vibrations  of  a  special  type  of 
dissipative  system";  by  E.  J.  W.  Whipple,  "Diffraction  by  a 
wedge";  by  T.  L.  Wren,  "Some  applications  of  the  two-three 
birational  space  transformation";  by  T.  C.  Lewis,  "The 
circles  which  touch  the  escribed  circles  of  a  triangle." 

At  the  meeting  of  the  Edinburgh  mathematical  society  on 
December  10  the  following  papers  were  read:  "Real  linear 
substitutions  with  equimodular  multipliers,"  by  D.  G.  Taylor; 
"On  the  linear  differential  equation  of  the  second  order,"  by 
S.  Brodetsky;  "Fourier's  integral,"  by  T.  A.  Brown. 

The  annual  meeting  of  the  British  mathematical  association 
was  held  at  the  London  day  training  college  on  January  5. 
The  following  papers  were  read  at  this  meeting:  By  A.  N. 
Whitehead,  "The  aims  of  education,  a  plea  for  reform"  and 
"The  allowance  for  the  earth's  rotation  in  the  theory  of  pro- 
jectiles"; by  G.  W.  Palmer,  "The  results  of  an  investigation 
into  the  degree  of  accuracy  that  may  be  expected  in  simple 
arithmetical  work  in  boys'  schools";  by  A.  Lodge,  "  Discussion 
on  the  use  of  mathematical  tables;  desiderata  of  such  tables." 
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The  royal  society  of  Bologna  announces  the  following  prize 
problems  for  1916: 

"Set  forth  by  critical  and  historical  methods,  the  organic 
development  of  the  theory  of  elliptic  functions,  including  the 
different  points  of  view  under  which  the  theory  has  been  con- 
sidered from  the  end  of  the  eighteenth  century  to  the  present 
time.  Indicate  the  influences  which  these  various  points  of 
view  have  had  on  other  branches  of  analysis." 

"From  the  beginning  of  the  twentieth  century  it  has  been 
proposed  to  substitute  new  definitions  for  the  classic  definition 
of  a  definite  integral,  with  the  purpose  of  generalizing  the 
notion  of  an  integral  and  of  applying  it  to  classes  of  functions 
as  extended  as  possible.  It  is  proposed  to  submit  these  various 
definitions  to  a  critical  and  historical  analysis,  and  to  recognize 
those  definitions  which  one  would  preferably  adopt  together 
with  an  exhaustive  justification  for  the  choice  made." 

Competing  memoirs  should  be  submitted  to  the  secretary  of 
the  society  under  the  usual  conditions  before  December  31, 
1916.    The  value  of  the  prize  is  500  lire. 

The  royal  medal  of  the  Royal  society  of  London  has  been 
awarded  to  Professor  Sir  J.  Larmor  for  investigations  in 
mathematics  and  physics. 

The  firm  of  Macmillan  in  New  York  announce  that  a  book 
on  the  theory  of  errors  and  least  squares,  by  L.  D.  Weld,  of 
Coe  College,  Iowa,  is  in  the  press,  and  will  be  issued  in  Feb- 
ruary. 

At  Harvard  University  Dr.  Dunham  Jackson  has  been 
promoted  to  an  assistant  professorship  of  mathematics. 

Professor  P.  Vogel,  of  the  war  academy  of  Munich,  died 
in  October,  at  the  age  of  58  years. 


NEW  PUBLICATIONS. 

I.    HIGHER  MATHEMATICS. 

ABcmBALD  (R.  C).  Euclid's  Book  on  DivisiooB  of  Figures  {w^pl  diaip^<rca>y 
fiil3}dov)  with  a  restoration  based  on  Woepcke's  text  and  on  the  Practica 
Geometriae  of  Leonardo  Pisano.  Cambridge,  University  Press,  1915. 
8+88  pp.  68 
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Bagneba  (G.).    Lezioni  di  calcolo  infinitesimale.    Disp.  36-47  (ultima). 
Palermo,  tip.  Matematica,  1915.    8vo.    Pp.  12+281-375. 

Bolzano  (B.).  Wissenschaftslehre.  Neu  heraiisgegeben  von  A.  Hdfler. 
2ter  Band.    Leipzig,  F.  Meiner,  1915.  M.  12.00 

Carmichaxl  (R.  D.).  Diophantine  analysis.  (Mathematical  mono- 
graphs, No.  16.)    New  York,  Wiley,  1915.    Svo.    6+118  pp.    Qoth. 

$1.25 

CiAMPOLiNi  (S.).  Sulla  teoria  delle  curve  nello  spazio  ellitico.  Pisa,  tip. 
succ.  fratelli  Nistri,  1915.    Svo.    52  pp. 

Euclid.    See  Archibald  (R.  C). 

Hafner  (H.).    Deformation  einer  geradliniffen  Fl&che  imter  der  Bedin- 
gung,  dass  die  E^zeugenden  Erzeugende  bleiben  und  die  Langen  einer 
aequidistanten  Kurvenschar  unverandert  erhalten  werden.    (Diss. 
Techn.  Hochschule,  MQnehen.)    Mtinchen,  G.  Hafner,  1914. 

HdFLER  (A.).    See  Bolzano  (B.). 

Jacobbthal  (W.).    See  Weber  (H.). 

Knoblauch  ( J.) .    See  Weierstrass  (K.)  . 

Kratft  (M.).  Zur  Theorie  der  Faberschen  Polynome  imd  ihrer  zugeord- 
neten  Funktionen.     (Diss.)    Marburg,  1915. 

Krazer  (A.).  Zur  Geschichte  der  graphischen  Darstellimg  von  Funk- 
tionen.   Karlfflruhe,  J.  Langs,  1915. 

Leib  (D.  D.).  Problems  in  the  calculus  with  formulas  and  suggestions. 
Boston,  Ginn,  1915.     12+224  pp.    Cloth.  $1.00 

Leonardo  Pisano.    See  Archibald  (R.  C). 

Phillips  (H.  B.).  Analytic  geometry.  New  York,  Wiley,  1915.  Svo. 
7+197  pp.    Cloth.  $1.60 

RuNGE  (C).  Mathematik  imd  Bildung.  Festrede  im  Namen  der 
Georg-Augustr-Universit&t  am  9.  Juni  1915  gehalten.  Gdttingen, 
Dieterich,  1915. 

S.  J.  Drei  Gleichungen  als  Grundlage  fiXr  einen  Beweis  des  sogenannten 
grossen  Satzes  von  Fermat  allgemein-verstandlich  vorgeftihrt.  Darm- 
stadt, K.  Kohler,  1915.     16  pp.  M.  1.20 

Weber  (H.)  und  Wellstein  (J.).  Enzyclopadie  der  Elementar-Math&- 
matik.  Ein  Handbuch  ftir  I^hrer  imd  Studierende.  2ter  Band: 
Elemente  der  Geometric.  Bearbeitet  von  H.  Weber,  J.  Wellstein 
und  W.  Jacobsthal.    3te  Auflage.    Leipzig,  Teubner,  1915.    M.  12.00 

Weierstrass  (K.).  Mathematische  Werke.  5ter  Band:  Vorlesungen 
tiber  die  Theorie  der  elliptischen  Funktionen.  Bearbeitet  •  von  J. 
Knoblauch.    Berlin,  Mayer  und  MQller,  1915. 

Wellstein  (J.).    See  Weber  (H.). 

WiARDA  (G.).  Ueber  gewisse  Integralgleichungen  erster  Art,  besonders 
aus  dem  Gebiete  der  Potentialtheone.     (Diss.)  Marbivg,  1915. 

WiLDBRETT  (A.).  Algebraische  Analysis,  Algebra  imd  Infinitesimalrech- 
nung.  Lelu'buch  mit  Aufgabensammlung  ftkr  die  Oberstufe  von 
Realanstidten.  2ter  Teil:  Infinitesimahrechnung.  Ntimberg,  Kom, 
1915.     199  pp.  M.  3.80 

.    Analytische  und  projektive  Geometrie.    Lehrbuch  mit  Aufgaben- 
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sammlung  ftir  die  Obersiufe  von  Realanstalten.  Iter  Teil: 
Analytisdie  Geometrie  der  Qeraden  und  des  Kreises.  Elemente  der 
projektiven  Geometrie.  2ter  Teil:  Analytische  und  projektive 
Geometrie  der  Kegelschnitte.    Ntimberg,  Kom,  1915.     144+143  pp 

M.  2.90+2.90 

WoEPCKE  (F.).    See  Archibald  (R.  C). 

Wright  (W.  C).  Wright  vs.  Eratosthenes  or  observations  on  the  law  or 
conditions  of  sequence  of  prime  numbers,  with  a  statement  of  a  new 
and  short  method  of  determining  them,  and  illustrative  tables  and 
figures.    Boston,  Wright,  1915.    8vo.    15  pp.  «0.25 

II.    ELEMENTARY  MATHEMATICS. 

BURNER  (E.).    See  Suppantschitsch  (R.). 

Cajori  (F.)  and  Odell  (L.  R.).  Elementary  algebra.  First  year  course. 
New  York,  Macmillan,  1915.    8vo.    8+206  pp.    Cloth. 

Chappell  (E.).  Five  figure  mathematical  tables.  Edinburgh,  Chambers, 
1915.     16+320  pp.  5s. 

Draeger  (M.).    See  Lietzmann  (W.). 

DtJsiNG  (JC.).    See  Schtjltz  (E.). 

Fazzari  (G.).  Elementi  di  aritmetica  con  note  storiche  e  numerose  ques- 
tioni  varie  per  le  scuole  medie  superiori.  Parte  prima.  3a  edizione. 
Palermo,  Trimarchi,  1916.    8vo.    6+134  pp.  L.  1.60 

Glaber  (R.).  Stereometrie.  3te  verbesserte  Auflage.  (Sammlung 
Goschen.)    Berlin,  Goechen,  1915.  M.  0.90 

HiRTS  Kriegs-Rechenbuch.  Stoff-  und  Aufgabensammlung  zum  Welt- 
krieg  1914r-1915.    Leipzig,  Hirt,  1915.    40  pp.  M.  0.50 

Holm  an  (S.  W.).  Computation  rules  and  logarithms.  6th  reprint.  New 
York,  Macmillan,  1913.    77  pp.  $1.00 

Jackson  (C.  S.).  A  twentieth  century  arithmetic.  London,  Dent,  1915. 
8vo.  3s.  6d. 

Kandel  (I.  L.).  The  training  of  elementary  school  teachers  in  mathe- 
matics in  the  countries  represented  in  the  International  commission  on 
the  teaching  of  mathematics.  (United  States  Bureau  of  Education 
Bulletin,  1915,  No.  39.)  Washington,  Government  Printing  Office, 
1915.    56  pp. 

KRt^GER  (C).  Laerbog  i  Mathematik.  1.  Band:  Arithmetik  og  Algebra 
for  Gymnasiets  mathematisk-naturvidenskabelige  linie.  Kopen- 
hagen,  G.  E.  C.  Gads  Ferlag,  1914.    83  pp.  Kr.  1.75 

Lichtblau  (W.)  und  Wiebe  (B.).  Mathematisches  Unterrichtswerk 
fQr  Lehrerbildimgsanstalten.  Neubearbeitung.  Ite  Abteilung:  Rech- 
nen,  Arithmetik  und  Algebra.  3te  Auflage.  Breslau,  Hirt,  1915. 
352  pp.  M.  4.00 

Lietzmann  (W.).  Die  Ausbildung  der  Mathematiklehrer  an  den  hoheren 
Schulen  Deutschlands.  (Berichte  und  Mitteilungen,  veranlasst  durch 
die  Internationale  Mathematische  Unterrichtskommission.  Erste 
Folge,  XI.)     Leipzig,  Teubner,  1915.    Pp.  311-328.  M.  0.60 

Lietzmann  (W.)  und  Draeger  (M.).  Ergebnisse  zu  Bardey-Lietzmann, 
Aufgabensammlung  ftir  Arithmetik,  Algebra  und  Analysis.  Iter  Teil: 
Unterstufe.    Leipzig,  Teubner,  1915.    63  pp. 
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LOwENHAUPT  (V.).  Der  grosse  Krieg  in  Zahlen.  Eine  Erg&nzung  zu  den 
Rechenbtlchem.    Leipsdg,  Teubner,  1915.    48  pp.  M.  0.80 

NuKN  (T.  P.).  Exercises  in  algebra  (including  trigonometry).  Part  2, 
with  answers.  (Longman's  Modem  Mathematical  Series.)  8vo. 
12+651  pp.  6e.  6d. 

Odkll  (L.  R.).    See  Cajori  (F.). 

Reidt  (F.).  Sammlimg  von  Aufgaben  und  Beispielen  aus  der  Trigonom* 
etrie  und  Stereometrie.  2ter  Teil:  Stereometrie.  5te  Auflage.  Neu 
bearbeitet  von  H.  Thieme.    Leipzig,  Teubner,  1914.  M.  3.80 

Rutgers  (W.).  Beitrag  zur  Weiterentwicklung  der  Algebra.  Als  Manu- 
skript  herausgegeben  durch  die  Erben  des  Verfassers.  Oerliken  bei 
ZUnch,  F.  J.  Rutgers,  1915. 

Schneider  (A.).  Lefar-  und  Uebungsbuch  der  Geometrie.  Fttr  Lehrer- 
und  Lehrerinnenbildungsanstalten.  2ter  Teil:  Ebene  Trigonometrie, 
Stereometrie  und  spharische  Trigonometrie.    Leipzig,  Freytag,  1915. 

ScHULTZ  (E.)  und  DtsiNO  (K.).  Leitfaden  der  Stereometrie  fttr  hdhere 
technische  Lebranstalten  und  zmn  Selbstimterricht,  nebst  einer 
Sanunlung  von  Aufgaben  aus  den  Gebieten  der  Praxis.    Essen,  1915. 

M.  2.00 

Smith  (D.  E.).  The  teaching  of  elementary  mathematics.  9th  reprint. 
New  York,  Macmillan,  1914.    312  pp.  $1.00 

-^ — .    See  Wentworth  (G.). 

SuppANTSCHiTSCH  (R.)i  Mathcmatisches  XJnterrichtswerk;  fttr  Madchen- 
lyzeen  bearbeitet  von  E.  Bdmer.  Geometrie.  5ter  Teil:  Stereo- 
metrie.   Wien,  Tempsky,  1915.    43  pp.  Kr.  1.20 

Thieme  (H.).    See  Reidt  (F.). 

Umlauf  (K.).  Der  mathematische  Unterricht  an  den  Seminaren  und 
Volksschulen  der  Hansestadte.  (Abhandlungen  ttber  den  mathe- 
matischen  Unterricht  in  Deutschland,  Band  V,  Heft  5.)  Leipzig, 
Teubner,  1915.    7+160  pp.  M.  4.80 

Wentworth  (G.)  and  Smith  (D.  E.).  Plane  and  spherical  trigonometry 
and  tables.    Boston,  Ginn,  1915.    6+230+26+6+104  pp.    Cloth. 

$1.35 
WiESE  (B.).    See  Lichtblau  (W.). 

III.    APPLIED  MATHEMATICS. 

Albrecht  (T.).  Ergebnisse  der  Breitenbeobachtungen  auf  dem  Observa- 
torium  in  Johannisburg  von  Marz  1910  bis  M&rz  1913.    Berlin,  1915. 

M.  4.00 

Barton  (E.  H.).  An  introduction  to  the  mechanics  of  fluids.  New  York, 
Longmans,  1915.    8vo.     14+249  pp.  $1.75 

Bjerknes  (C.  a.).  Hydrodynamische  Femkr&fte.  5  Abhandlimgen  ttber 
die  Bewegung  Kugelformiger  Korper  in  einer  inkompressiblen  Flttssig- 
keit  (1863-1880).  Herausgegeben  von  A.  Kom  und  N.  Bierknes. 
Leipzig,  1915.  M.  5.60 

Bjerknes  (N.).    See  Bjerknes  (C.  A.).    . 

BoccARDi  (G.).  Elementi  di  astronomia:  supplemento  alia  parte  I. 
Torino,  tip.  s.  Giuseppe  degli  Artigianelli,  1915.    8vo.    404  pp. 

L.  3.50 
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Campbell  (W.  W.).  Elements  of  practical  astronomy.  4th  reprint. 
New  York,  Macmillan,  1913.    253  pp.  $2.00 

Castello  VroAL  (P.).  La  estrofoide  y  el  problema  del  billar  circular. 
Barcelona  (Mem.  Acad.),  1914.    4to.     18  pp.  M.  2.00 

FuRNESS  (C.  E.).  An  introduction  to  the  study  of  variable  stars.  Boston, 
Hou^ton-Mifflm,  1915.    20+327  pp.  $1.75 

HosKiNB  (L.  M.).  Elements  of  graphic  statics.  2d  edition.  New  York, 
MacmUlan,  1914.    200  pp.  $2.25 

Howe  (G.).  Mathematics  for  practical  men.  New  York,  Van  Nostrand, 
1915.     143  pp.  $1.25 

KoRN  (A.).    See  Bjerknes  (C.  A.). 

Kriemler  (C).  Technische  Mechanik.  Ein  Lehrbuch  der  Statik  und 
Dynamik  starrer  und  nachgiebiger  Kdrper.    Stuttgart,  1915. 

M.  14.00 

Kullrich  (E.).  Mathematisch-physikalische  Tafeln.  2te  Auflage.  Leip- 
zig, Teubner,  1915.     12  pp.  M.  0.60 

McKay  (R.  E.).    The  theory  of  machines.    London,  Arnold,  1915.     15s. 

MiLHAM  (W.  I.).  Meteorology.  Reprint.  New  York,  Macmillan,  1914. 
549  pp.  $4.50 

MouLTON  (F.  R.).  An  introduction  to  astronomy.  7th  reprint.  New 
York,  Macmillan,  1914.    557  pp.  $1j60 

Nettmann  (P.).    Der  Torsionsindikator.    Berlin,  1915.  M.  5.00 

Panofskt  (E.).  Dtlrers  Kunsttheorie  vomehmlich  in  ihrem  Verhaltnis 
zur  Kunsttheorie  der  Italiener.    Berlin,  Reimer,  1915.    209  pp. 

Pflieger-Haertel  (H.).  Ueber  die  kleinen  Schwingungen  einer  drei- 
gliedrigen  ebenen  Gelenkkette,  zugleich  ein  Beitrag  zur  Tlieorie  der 
einfachen  Hebelwage.     (Diss.)    Jena,  1914. 

PoppLEWELL  (W.  C).  The  elements  of  surveying  and  geodesy.  New 
York,  Longmans,  1915.    8vo.     12+244  pp.  $2.25 

Ruths  (C).  Neue  Relationen  im  Sonnensysteme  und  Universum. 
Darmstadt,  C.  Ruths,  1915. 

Skopik  (O.  L.).  Wie  berechnet,  konstruiert  und  baut  man  ein  Flugzeug? 
2te  unveranderte  Auflage.    Berlin,  1915.  M.  6.00 

Stephens  (J.  S.).  Theory  of  measurements.  London,  Constable,  1915. 
7+81  pp.  6s. 

Waterbury  (L.  A.).  A  vest  pocket  handbook  of  mathematics  for 
engineers.    New  York,  Wiley,  1915.     10+213  pp.  $1.50 

WiLDBRETT  (A.).  Dajstellende  Geometrie.  Lehrbuch  mit  Aufgaben- 
sammlung.  Ntlmberg,  Kom,  1915.  Iter  Teil:  Schiefe  Parallel- 
proiektion  imd  Orthogonalprojektion.  2ter  Teil:  Kegel,  Zylinder 
una  Kugel.    EinfUhrung  in  die  Perspektive.     147+101  pp. 

M.  3.20+2.00 

Zehnder  (L.).  Mathematische  Zus&tze  zum  Grundriss  der  Phjrsik.  2te 
Auflage.    Tubingen,  H.  Laupp,  1915.  M.  0.40 
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WOey  Mathematical  Books 

Theoty  and  Applications  of  Finite  Groups 

By  G.:A.  Milieu,  Frofesj«)r of  Mathematics  in  the  Univen»ity  of  Illinois; 
Ii;  F.  Bjlktkpeldt,  Professor  of  Mathematics  in  Stanfcml"  University', 
and  L.  E.  Di<;k90X,  Professor  of  Mathematics  in  the  Dniversity  of 
Chicago.  .  ^ 

Presents  the  more  fundamental  EHpeet^  of  the  subject  io  a  form  suited 
to  the  needs  both  oi  the  cUisHroom  and  ot  private  renders,  i'he  presentation 
is  elementiirj,  and  results  requiuetl  from  other  subject^  haye^not  been  pre- 
supposed, but  deveh>ped  in  detail. 

The  liook  also  cOntaind  an  abundance  of  illu8tra.tion8  and  simple  ex- 
j&reises. 

407  pf»gei,  6x9.    Qoih,.  $4.00  net. 


Analytic  Geometry 

By  Henkv  B.  Phillips,  AsBistant  Prof^isor  of  Mathematics,  Massacha- 
setts  Institute  of  Technology. 

The, author  has  written  this  text  to  supply  a  course  that  will  equip  the 
student  for  work  in  calcnliis  afid  engineering  without  bnrcieniDg  him  with 
a  mass  of  detail  URoftd  alone  for  the  student  of  mathematics  for  itH  own  sake: 
204  pages,  5x7j,  illustrated.     Cloth,  $1.50  net. 


Mathematical  Tables  for  Classroom  Use 

.    By  Mansfield  MERRiM.ir*.  Member,  American  MaUiematical  Sociity. 
This  book  gives  four-place  tables  by  which  the  time  spent  in  sucli  com- 
patationB  can  he  much  shortened.     Tables  of  trigonometric  functions,  of 
logarithms,  and  of  weights  and  measures  are  also  given. 
68  pages,  6x7f.     Cloth,  50  cents  net. 


Interpolated  Six-Place  Tables 

Of  the  Logarithma  of  NuAnboraand  the  Natural  and  Li>srarithmic- 
Trifi^onometric  Functiona. 

By  Horace  AVilmer  Marsh,  Head  of  the  Department  of  MathematicF, 
School  of  Science  and  Technology,  Pratt  Institute. 
167  pages,  6x9.    Cloth,  $1.25  net. 


Free  Examination  to  Members  of  the  American  Mathematical 
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THE  TWENTY-SECOND  ANNUAL  MEETING  OF  THE 
AMERICAN  MATHEMATICAL  SOCIETY. 

The  twenty-second  annual  meeting  of  the  Society  was  held 
in  New  York  City  on  Monday  and  Tuesday,  December  27-28, 
1915.  The  attendance  at  the  four  sessions  included  the  fol- 
lowing seventy-two  members: 

Mr.  J.  W.  Alexander  II,  Professor  Clara  L.  Bacon,  Dr.  Ida 
Barney,  Professor  R.  D.  Beetle,  Mr.  D.  R.  Belcher,  Dr.  A.  A. 
Bennett,  Professor  G.  D.  BirkhofT,  Professor  E.  W.  Brown, 
Dr.  T.  H.  Brown,  Dr.  R.  W.  Burgess,  Professor  F.  N.  Cole, 
Professor  J.  L.  Coolidge,  Professor  D.  R.  Curtiss,  Professor 
L.  E.  Dickson,  Professor  John  Eiesland,  Professor  L.  P. 
Eisenhart,  Professor  T.  C.  Esty,  Professor  F.  C.  Ferry,  Dr. 
C.  A.  Fischer,  Professor  W.  B.  Fite,  Professor  Tomlinson  Fort, 
Dr.  Meyer  Gaba,  Mr.  W.  Van  N.  Garrettson,  Dr.  G.  M. 
Green,  Professor  C.  C.  Grove,  Professor  J.  G.  Hardy,  Professor 
H.  E.  Hawkes,  Dr.  Olive  C.  Hazlett,  Professor  E.  R.  Hedrick, 
Dr.  Dunham  Jackson,  Mr.  S.  A.  Joflfe,  Professor  Edward  Kas- 
ner.  Professor  C.  J.  Keyser,©r.  Edward  Kircher,  Professor  J.  K. 
Lamond,  Dr.  D.  D.  Leib,  Dr.  P.  H.  Linehan,  Dr.  Joseph  Lipka, 
Professor  W.  R.  Longley,  Professor  C.  R.  Maclnnes,  Dr. 
W.  E.  Milne,  Professor  H.  H.  Mitchell,  Professor  C.  L.  E. 
Moore,  Dr.  R.  L.  Moore,  Professor  F.  M.  Morgan,  Professor 
Frank  Morley,  Professor  G.  D.  Olds,  Professor  W.  F.  Osgood, 
Dr.  Alexander  Pell,  Dr.  G.  A.  Pfeiffer,  Professor  H.  B.  Phillips, 
Professor  Arthur  Ranum,  Professor  L.  H.  Rice,  Professor 
R.  G.  D.  Richardson,  Dr.  P.  R.  Rider,  Mr.  J.  F.  Ritt,  Pro- 
fessor J.  E.  Rowe,  Dr.  Caroline  E.  Seely,  Professor  L.  P. 
Siceloff,  Professor  C.  G.  Simpson,  Professor  Mary  E.  Sinclair, 
Professor  Clara  E.  Smith,  Professor  P.  F.  Smith,  Professor 
Sarah  E.  Smith,  Professor  W.  M.  Smith,  Professor  Virgil 
Snyder,  Professor  Elijah  Swift,  Mr.  H.  S.  Vandiver,  Professor 
E.  E.  Whitford,  Dr.  C.  E.  Wilder,  Professor  Ruth  G.  Wood, 
Professor  J.  W.  Young. 

The  President  of  the  Society,  Professor  E.  W.  Brown, 
occupied  the  chair,  being  relieved  by  Professor  Edward  Kasner. 
The  Council  announced  the  election  of  the  following  persons 
to  membership  in  the  Society:  Professor  W.  E.  Edington, 
University  of  New  Mexico;  Professor  J.  L.  Gibson,  University 
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of  Utah;  Dr.  W.  E.  MUne,  Bowdoin  College;  Professor  L.  J. 
Reed,  University  of  Maine.  Nine  applications  for  member- 
ship in  the  Society  were  received. 

The  total  membership  of  the  Society  is  now  732,  including 
73  life  members.  The  total  attendance  of  members  at  all 
meetings,  including  sectional  meetings,  during  the  past  year 
was  418;  the  number  of  papers  read  was  197.  The  number  of 
members  attending  at  least  one  meeting  during  the  year  was 
253.  At  the  annual  election  204  votes  were  cast.  The 
Treasurer's  report  shows  a  balance  of  $10,470.58,  including 
the  life  membership  fund  of  $5,560.30.  Sales  of  the  Society's 
publications  during  the  year  amounted  to  $1,832.93.  The 
Library  now  contains  about  5,250  volumes,  excluding  unbound 
dissertations. 

The  Society  received  with  great  regret  the  resignation  of 
Professor  L.  E.  Dickson  from  the  Editorial  Committee  of  the 
Transactions,  to  take  effect  October  1,  1916,  at  the  end  of 
fifteen  years  of  editorial  services  including  six  years  as  member 
of  the  Bklitorial  Committee.  Committees  were  appointed  by 
the  Council  to  nominate  successors  to  Professor  Dickson  and 
Professor  D.  R.  Curtiss,  whose  first  term  as  member  of  the 
Ikiitorial  Committee  expires  on  October  1,  1916. 

Sixty  members  and  friends  attended  the  annual  dinner  of 
the  Society  on  Monday  evening. 

At  the  annual  election,  which  closed  on  Tuesday  morning, 
the  following  ofiicers  and  other  members  of  the  Council  were 
chosen: 

Vice-Presidents,    Professor  E.  R.  Hedrick, 
Professor  Virgil  Snyder. 
Secretary,  Professor  F.  N.  Cole. 

Treasurer,  Professor  J.  H.  Tanner. 

Librarian,  Professor  D.  E.  Smith. 

Committee  of  Pvblication, 
Professor  F.  N.  Cole, 
Professor  Virgil  Snyder, 
Professor  J.  W.  Young. 

Members  of  the  Council  to  Serve  until  December,  1918, 
Professor  G.  A.  Buss,  Professor  W.  B.  Fite, 

Professor  R.  D.  Carmichael,  Professor  F.  S.  Woods. 


Digitized  by 


Google 


1916.]  THE  ANNUAL  MEETING  OF  THE  SOCIETY.  265 

The  following  papers  were  read  at  this  meeting: 

(1)  Mr.  J.  F.  Ritt:  "  On  the  derivatives  of  a  function  at 
a  point." 

(2)  Mr.  J.  F.  Ritt:  "  The  finite  groups  of  a  class  of  func- 
tions of  a  real  variable." 

(3)  Professor  J.  E.  Rowe:  "A  new  method  of  deriving 
the  equation  of  a  rational  plane  curve  from  its  parametric 
equations." 

(4)  Professor  H.  B.  Phillips:  "  Elastic  nets." 

(5)  Professor  Arthur  Ranum:  "  The  singular  points  of 
analytic  space  curves." 

(6)  Dr.  H.  M.  Sheffer:  "  The  reduction  of  non-monadic 
relations  to  monadic  "  (preliminary  communication). 

(7)  Dr.  H.  M.  Sheffer:  "The  elimination  of  modular 
existence  postulates." 

(8)  Professor  Bessie  I.  Miller:  "A  new  canonical  form 
of  the  elliptic  integral." 

(9)  Mr.  A.  R.  ScHWEnzER:  "  On  the  use  of  supernumerary 
indefinables  in  the  construction  of  axioms." 

(10)  Professor  Tomlinson  Fort:  "Linear  difference  and 
differential  equations." 

(11)  Dr.  Dunham  Jackson:  "Algebraic  properties  of  self- 
adjoint  systems." 

(12)  Professor  G.  D.  Birkhoff:  "  On  dynamical  systems 
with  two  degrees  of  freedom." 

(13)  Professor  G.  D.  Birkhoff:  "  Infinite  products  of 
anal>i:ic  matrices." 

(14)  Professor  E.  B.  Wilson:  "  Ricci's  absolute  calculus 
and  its  application  to  the  theory  of  surfaces." 

(15)  Professor  C.  L.  E.  Moore:  "  Some  theorems  regarding 
two-dimensional  surfaces  in  euclidean  ?i-space." 

(16)  Dr.  Olive  C.  Hazlett:  "On  the  fundamental  in- 
variants of  nilpotent  algebras  in  a  small  number  of  units." 

(17)  Dr.  Edward  Kircher:  "Some  properties  of  finite 
algebras." 

(18)  Professor  M.  Fr^chet:  "On  Pierpont's  definition  of 
integrals." 

(19)  Professor  Edward  Kasner:  "  Infinite  groups  of 
conformal  transformations." 

(20)  Dr.  Joseph  Lipka:  "  Isogonal,  natural,  and  isother- 
mal families  of  curves  on  a  surface." 

(21)  Dr.   L.   L.   Silverman:    "On  the   consistency   and 
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equivalence  of  certain  generalized  definitions  of  the  limit  of 
a  function  of  a  continuous  variable." 

(22)  Professor  L.  P.  Eisenhakt:  "  Ruled  surfaces  generated 
by  the  motion  of  an  invariable  curve." 

(23)  Professor  L.  P.  Eisenhart:  "Transformations  of 
surfaces  Q  (second  paper)." 

(24)  Dr.  G.  M.  Green:  "  On  rectilinear  congruences  and 
nets  of  curves  on  a  surface." 

(25)  Professor  W.  F.  Osgood:  "On  infinite  regions." 

(26)  Professor  John  Eiesland:  "  On  sphere-flat  geometry." 

(27)  Professor  J.  L.  Coolidge:  "  The  meaning  of  Pliicker's 
numbers  for  a  real  curve." 

(28)  Professor  W.  M.  Smpih:  "  Characterization  of  the 
trajectories  described  by  a  particle  moving  under  central 
force  varying  inversely  as  the  nth  power  of  its  distance  from 
the  center  of  force." 

(29)  Professor  H.  H.  Mpichell  :  "  On  the  generalized  Jacobi- 
Kummer  cyclotomic  function." 

(30)  Professor  H.  H.  Mitchell:  "On  the  congruence 
ca:^  +  1  ^  dy^  in  a,  Galois  field." 

(31)  Professor  R.  D.  Beetle:  "Sets  of  properties  char- 
acteristic of  the  arithmetic  and  geometric  means." 

(32)  Dr.  R.  L.  Moore:  "  On  the  foundations  of  geometry." 

(33)  Dr.  W.  C.  Graustein:  "The  correspondence  of 
space  curves  by  the  transformation  of  Combescure  and  by  a 
transformation  thereby  suggested." 

(34)  Mr.  R.  E.  Gleason:  "  On  Dirichlet's  principle." 

(35)  Dr.  W.  E.  Milne:  "  On  the  degree  of  convergence  of 
Birkhofl's  series." 

(36)  Professor  G.  C.  Evans:  "  A  generalization  of  Bficher's 
analysis  of  harmonic  functions  "  (preliminary  report). 

(37)  J.  W.  Alexander,  II:  "  On  the  factorization  of  plane 
Cremona  transformations." 

(38)  Mr.  L.  B.  Robinson:  "  On  elimination  between  several 
polynomials  in  several  variables." 

Professor  Fr^chet's  paper  was  communicated  to  the  Society 
through  Professor  Curtiss;  Mr.  Gleason  was  introduced  by 
Professor  Birkhoff.  In  the  absence  of  the  authors  Professor 
Wilson's  paper  was  read  by  Professor  C.  L.  E.  Moore,  and  the 
papers  of  Dr.  Sheffer,  Professor  Miller,  Mr.  Schweitzer,  Pro- 
fessor Fr6chet,  Dr.  Silverman,  Professor  Coolidge,  Dr.  Grau- 
stein, Professor  Evans,  Mr.  Alexander,  and  Mr.  Robinson 
were  read  by  title. 
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Abstracts  of  the  papers  follow  below.    The  abstracts  are 
numbered  to  correspond  to  the  titles  in  the  list  above. 

1.  Mr.  Ritt  showed  in  an  earlier  paper  that,  if  a;  is  confined 
to  the  real  domain,  the  function 

z'^a-r^      (i<6„>Ki) 

has  On  as  its  nth  derivative  for  x  =  0,  even  if 


lim.  sup.  V|«n|/nl  =  oo. 

This  furnished  the  solution  of  a  problem  suggested  by  Pro- 
fessor Kasner,  for  which  other  solutions  had  been  given  by 
Borel  and  by  Serge  Bernstein. 

In  the  present  paper  the  domain  of  the  variable  is  extended 
over  a  sector  of  the  complex  domain,  and  a  solution  of  a 
problem  proposed  several  years  ago  by  Van  Vleck  is  thereby 
obtained. 

By  a  slight  modification  of  the  function  above  it  is  shown 
that  a  series  of  negative  powers  alone  can  be  found  which 
has  On  as  its  nth  derivative  for  a:  =  0  relative  to  a  sector  of 
the  plane. 

An  extension  to  the  case  of  several  variables  is  made. 

2.  In  a  former  paper  "On  Babbage's  functional  equation," 
Mr.  Ritt  considered  the  cyclic  groups  of  a  class  of  functions 
in  which  the  real  linear  fractional  functions  are  included. 

In  the  present  paper  it  is  shown  that  the  only  groups  of 
functions  of  this  class  are  the  cyclic  and  the  dihedral.  It  is 
shown  also  that  any  two  isomorphic  groups  can  be  transformed 
into  each  other.  The  distribution  of  certain  critical  points 
connected  with  the  group  is  studied.  Applications  are  made 
to  the  theory  of  real  linear  transformations. 

3.  The  neatest  form  of  the  equation  of  a  rational  plane 
curve  of  degree  n,  which  we  call  the  R^,  that  may  be  derived 
from  its  parametric  equations  is  found  by  equating  to  zero 
the  n-rowed  determinant  obtained  by  equating  to  zero  the 
Bezout  eliminant  of  two  line  sections  of  the  R^,  together  with 
the  application  of  a  well-known  translation  scheme.  The 
purpose  of  Professor  Rowe's  paper  is  to  show  how  this  same 
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equation  may  be  derived  from  the  equation  of  the  line  deteir 
mined  by  two  points  of  the  jR".  This  method  involves 
neither  the  Bezout  eliminant  nor  the  translation  scheme. 

4.  Take  a  finite  number  of  points  in  a  space  of  any  number 
of  dimensions.  Let  certain  pairs  of  the  points  attract  each 
other  with  a  force  proportional  to  the  distance.  The  factors 
of  proportionality  for  different  pairs  need  not  be  the  same. 
Let  some  of  the  points,  called  fixed,  be  held  in  arbitrarily 
assigned  positions,  while  the  others,  called  free,  adjust  them- 
selves in  positions  of  equilibrium.  If  each  pair  of  points  is 
connected  by  at  least  one  chain  of  free  points,  each  attracting 
the  preceding  and  following,  Professor  Phillips  calls  the 
resulting  configuration  an  elastic  net.  There  is  a  unique 
position  of  equilibrium.  The  net  has  some  curious  properties. 
For  example,  if  any  free  point  is  displaced  from  its  equilibrium 
position,  the  force  tending  to  return  it  is  proportional  to  the 
displacement  and,  independent  of  the  positions  of  the  fixed 
points.  If  any  point,  free  or  fixed,  is  moved,  none  of  the 
free  points  can  remain  at  rest,  but  all  move  in  the  same  direc- 
tion distances  independent  of  the  positions  of  the  fixed  points. 

5.  In  1901  Burali-Forti  classified  the  singular  points  of 
analytic  space  curves  not  only  with  respect  to  the  evenness 
or  oddness  of  the  exponents  X,  /x,  v  in  the  expansions 

X  =  au^  +  •  •  •,        y  =  hu*^  +  •  •  •,        3  =  cw"  +  •  •  •, 

but  also  with  respect  to  the  values  of  the  curvature  1/r  and 
the  torsion  1/p  of  the  curves  at  the  singular  points;  and  by 
combining  the  two  principles  he  found  fifty  classes  of  such 
points.  His  classification,  however,  has  the  disadvantage  of 
not  being  self-dual.  In  the  present  note  Professor  Ranum 
remedies  this  defect  by  taking  into  account  the  plane  curva- 
ture 1/r'  (defined  and  discussed  by  him  in  a  recent  number  of 
the  Quarterly  Journal),  which  is  the  dual  of  the  point  curva- 
ture 1/r.  One  result  is  that  the  number  of  classes  is  increased 
to  seventy-four. 

6.  A  postulate  set  for  a  deductive  system  is  usually  based 
on  one  or  more  undefined  classes  and  one  or  more  undefined 
relations,  each  relation  being  at  least  dyadic  (operations  are  a 
special  type  of  relation).    By  means  of  the  notion  of  (1,  2) 
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correspondence  Dr.  Sheffer  shows  (1)  how  to  reduce  non- 
monadic  relations  to  monadic;  and,  thus,  (2)  how  to  base 
postulate  sets  exclusively  on  (1, 2)  correspondences  and  classes. 

7.  Postulate  sets  for  groups,  fields.  Boolean  algebras,  and 
number  algebras  usually  contain  one  or  more  existence  postu- 
lates of  the  form 

(a)  There  is  a  iC-element  x  such  that  x^  x  =  x, 
or  of  the  form 

(j8)  There  is  a  iiT-element  x  such  that,  for  every  iiT-element 

a,  a^x  =  x°a=a. 

(Examples:  x  =  the  addition  modulus,  0;  x  =  the  multipli- 
cation modulus,  1.)  Postulates  of  type  (a)  or  of  tyi>e  (j8) 
may  be  called  modular  existence  postulates.  Dr.  Sheffer 
shows  how,  in  the  construction  of  postulate  sets,  modular 
existence  postulates  may  always  be  avoided. 

8.  A  particular  curve  of  the  family  of  elliptic  norm  curves 
Qn  in  Sn-i  which  admit  a  group  G^t  of  collineations  is  dis- 
tinguished by  a  value  of  the  parameter  r,  itself  an  elliptic 
modular  function  defined  by  the  modular  group  congruent  to 
identity  (mod  n). 

In  the  group  G^n*  there  are  certain  involutorial  collineations 
with  two  fixed  spaces.  If  Qn  is  projected  from  one  upon  the 
other,  Qn  is  mapped  by  a  family  of  rational  curves  Rm  with 
the  parameter  t.  Under  certain  conditions  the  quadratic 
irrationality  separating  involutorial  points  on  Qn  can  define 
the  elliptic  parameter 

(tdt) 


«-/ 


^{tr)a^'*~''ae 


r    «-8^   8 


In  Professor  Miller's  paper  the  form  u  is  studied,  is  contrasted 
with  Klein's  form,  and  its  natural  occurence  in  connection  with 
Qzf  Qi,  Qi  is  discussed. 

9.  In  his  well-known  set  of  axioms  for  euclidean  geometry 
Hilbert  uses  more  undefined  relations  than  are  necessary  for 
the  construction  of  the  desired  geometric  properties,  i.  e.,  on 
the  basis  of  his  system  certain  of  his  primitive  relations  may 
be  defined  in  terms  of  others.    The  possible  logical  advantage 
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of  such  supernumerary  indefinables,  however,  Hilbert  does  not 
bring  cleariy  to  view.  The  purpose  of  Mr.  Schweitzer's  note 
is  to  point  out  that  supernumerary  indefinables  may  some- 
times be  employed  to  eliminate  explicit  reference  to  existential 
properties  in  axioms;  this  is  illustrated  by  his  set  of  axioms  for 
afield.* 

10.  Professor  Fort's  paper  is  divided  into  three  parts.  In 
the  first  part  difference  and  differential  equations  are  set  up 
whose  coeflScients  obey  certain  laws  of  which  periodicity  is  a 
very  special  case  and  some  fundamental  theorems  are  proved 
for  equations  of  this  character. 

Part  two  extends  some  familiar  oscillation  theorems  prima- 
rily due  to  Sturm  to  equations  of  the  type  considered  and  proves 
the  continuity  of  the  characteristic  values  Xy,  for  fixed  boundary 
conditions  and  an  interval  of  fixed  length  but  of  variable 
position,  the  characteristic  values  being  considered  as  functions 
of  the  initial  point  of  the  interval. 

Part  three  considers  the  so-called  self-adjoint  boundary 
value  problems  for  the  differential  and  difference  equations 
where  both  coefficients  depend  upon  a  parameter  X.  It  is 
proved  that  the  extremes  of  a  certain  type  of  functions  Xy 
considered  under  part  two  are  the  characteristic  values  for 
the  problem  iii  hand.  The  existence  and  number  of  these 
characteristic  values  is  discussed,  and  means  for  distinguishing 
various  cases,  etc.,  taken  up.  A  theorem  of  oscillation  is 
given. 

11.  The  general  definition  of  adjoint  boundary  conditions 
associated  with  ordinary  linear  differential  equations  was  given 
by  Birkhoff  {Transactions,  1908).  Bficher  (Transactions, 
1913)  has  investigated  the  circumstances  under  which  a 
system  of  the  second  order  is  self-adjoint.  In  Dr.  Jackson's 
paper  a  condition  is  given  for  self-adjoint  sets  of  boundary 
conditions  associated  with  differential  equations  of  any  order. 
The  condition  is  expressed  by  a  matrix  equation  of  simple 
form,  involving  the  given  coeflScients.  It  becomes  particu- 
larly symmetric  if  the  given  differential  equation  itself  is 
self-adjoint  or  anti-self-adjoint. 

12.  Professor  Birkhoff  begins  by  reducing  the  equations  of 
motion  for  a  dynamical  system  with  two  degrees  of  freedom 

♦  Cf.  Bulletin,  vol.  21  (1914-1915),  p.  295. 
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to  a  special  form  which  he  has  earlier  employed.*  In  this 
way  he  is  able  to  develop  simple  and  general  criteria  for  the 
existence  of  periodic  orbits  of  a  certain  primary  type.  With 
the  aid  of  these  orbits  a  reduction  of  the  dynamical  problem 
to  a  problem  in  the  transformation  of  surfaces  into  them- 
selves is  effected  in  a  large  class  of  cases.  This  reduction 
affords  a  means  of  proving  the  existence  of  infinitely  many 
secondary  periodic  orbits,  and  of  determining  the  precise 
structure  of  certain  recurrent  orbits  and  of  orbits  asymp- 
totic to  periodic  and  recurrent  orbits.  Finally  the  structure 
of  the  general  orbit  is  determined.  A  number  of  applications 
of  the  theorems  to  special  dynamical  problems  are  given. 

13.  In  a  large  part  of  the  theory  of  functions  of  a  single 
complex  variable,  the  matrix  of  analytic  functions  rather  than 
the  single  analytic  function  must  be  considered  as  the  funda- 
mental element.  This  is  certainly  the  case  for  the  functions 
defined  by  linear  differential  and  difference  equations. 

The  goal  of  the  second  paper  by  Professor  Birkhoff  is  to 
show  that  the  classical  theorems  of  Weierstrass  and  Mittag- 
Leffler  treating  of  the  formation  of  functions  with  singu- 
larities of  assigned  tyi>e  admit  of  a  natural  extension  to 
matrices  of  analytic  functions. 

14.  Professor  Wilson  calls  attention  to  Ricci's  generally 
neglected  absolute  calculus  and  to  its  suggestiveness  as  an 
implement  of  research  in  developing  the  theory  of  surfaces  of 
two  dimensions  in  euclidean  space  of  n  dimensions. 

15.  Professor  Moore  shows  that  the  mean  curvature  of  a 
two-dimensional  surface  in  higher  dimensions  than  three  must 
be  regarded  as  a  vector  magnitude  and  that  the  properties 
connected  with  the  curvature  of  the  surface  may  be  expressed 
very  simply  with  reference  to  an  ellipse  in  the  normal  space, 
the  vector  from  the  surface  point  to  the  center  of  the  ellipse 
being  the  mean  curvature. 

16.  One  of  the  two  main  outstanding  problems  in  the  theory 
of  linear  algebras  is  that  of  the  invariantive  classification  of 
nilpotent  algebras — that  is,  algebras  such  that  some  power  of 
every  number  in  the  algebra  is  zero.     In  this  paper  Dr. 

♦  Rendicanti  del  Circolo  Maiematico  di  Palermo,  vol.  39,  pp.  265-334. 
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Hazlett  considers  rational  integral  invariants  of  such  alge- 
bras. All  rational  integral  invariants  for  n-ary  linear  algebras 
under  the  total  linear  group  reduce  to  zero  for  a  nilpotent 
algebra,  and  accordingly  we  consider  invariants  under  the 
group  which  leaves  unaltered  the  canonical  form.  For  such 
invariants  this  paper  proves  theorems  analogous  to  theorems 
about  invariants  of  algebraic  forms,  and  in  particular  proves 
the  finiteness  of  the  rational  integral  invariants.  The  funda- 
mental invariants  are  found  for  the  simpler  cases. 

17.  Vandiver  and  Fraenkel  have  studied  finite  algebras, 
but  the  former  did  not  take  up  the  question  of  factorization 
in  such  an  algebra,  while  Fraenkel  in  the  main  restricts  him- 
self to  decomposable  (zerlegbar)  rings  or  algebras.  In  this 
paper  Dr.  Kircher  takes  up  the  case  of  any  finite  algebra  whose 
elements  combine  by  addition  and  multiplication  subject  to 
the  commutative,  associative,  and  distributive  laws,  the 
algebra  possessing  unit  elements  with  regard  to  both  addition 
and  multiplication.  Division  is  not  always  possible,  and  when 
possible  is  not  necessarily  unique.  Since  every  algebra  ful- 
filling these  conditions  can  always  be  represented  by  the  residue 
classes  of  a  modular  system  the  subject  is  developed  from  this 
point  of  view.  Since  the  law  of  unique  factorization  fails,  a 
partial  restoration  is  effected  by  the  introduction  of  ideals 
among  which  a  certain  type  defined  as  absolute  prime  ideals 
is  of  great  use.  These  have  the  same  relation  to  prime  ideals 
in  the  algebra  that  an  absolute  prime  modular  system  has  to 
the  irreducible  modular  system  containing  it.  A  number  of 
theorems  analogous  to  well-known  number  theory  theorems 
are  also  obtained. 

18.  Professor  Fr6chet's  paper  appears  in  full  in  the  present 
issue  of  the  Bulletin. 

19.  The  groups  discussed  by  Professor  Kasner  are  related 
to  the  two  types  of  conformal  transformation  of  order  two 
presented  in  a  paper  read  at  the  Providence  meeting  and  there 
called  conformal  symmetries  and  conformal  involutions. 
The  first  type  reverses  the  orientation  of  angles  while  the 
second  preserves  it.  The  groups  are  infinite,  in  the  sense  of 
involving  an  infinite  number  of  parameters,  and  contain 
subgroups  generated  by  operators  of  period  two. 
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20.  The  principal  theorem  proved  in  Dr.  Lipka's  paper  is  a 
generalization  of  the  geometric  characterization  of  isogonal 
trajectories  on  a  surface  given  by  the  author  in  the  Annals 
of  Mathematics,  volume  15,  No.  2.  The  generalized  theorem 
states  that  if  from  the  geodesic  curvature  of  the  oo^  geodesic 
curvature  elements  composing  an  isogonal  family  we  subtract 
the  geodesic  curvature  of  the  corresponding  oo^  elements  of 
any  other  isogonal  family,  and  then  rotate  each  element  through 
a  right  angle,  the  oo'  new  elements  will  form  a  natural  family. 
This  gives  a  general  test  for  an  isogonal  family  of  curves  on  a 
surface. 

21.  In  this  paper  Dr.  Silverman  establishes  a  correspondence 
between  certain  functions  f(z)  and  certain  generalized  defini- 
tions of  the  limit  of  a  function  of  a  continuous  variable.  The 
results  obtained  are  similar  to  those  presented  to  the  Society 
in  September,  1914,  by  Silverman  and  Hurwitz,  who  estab- 
lished a  correspondence  between  certain  functions  f(z)  and 
certain  definitions  of  summability  of  a  divergent  sequence. 
As  in  the  case  of  sequences  the  following  propositions  are 
proved:  (1)  if /(z)  is  analytic  within  and  on  the  boundary  of 
the  circle  C  of  radius  §  about  the  point  |,  the  corresponding 
definition  is  regular,  i.  e.,  correctly  evaluates  any  existing 
limit  of  a  function  of  a  continuous  variable;  (2)  all  such  defi- 
nitions are  consistent,  i.  e.,  if  two  of  them  furnish  generalized 
limits  of  the  same  function,  the  values  are  the  same;  (3)  two 
definitions  are  equivalent,  i.  e.,  have  exactly  the  same  scope 
of  application,  provided  the  corresponding  functions  have  the 
same  zeros  with  the  same  multiplicities  in  C;  (4)  the  definitions 
for  the  limit  of  a  function  of  a  continuous  variable,  correspond- 
ing to  those  of  Cesfi,ro  and  Holder  of  the  same  order  for 
sequences,  are  equivalent.  The  last  result  is  not  new,  having 
been  first  proved  by  Landau  in  1913;  but  it  appears  here  as  a 
special  case  of  (3). 

22.  One  of  the  outstanding  problems  in  the  theory  of  sur- 
faces is  the  determination  of  those  surfaces  which  may  be 
generated  in  two  ways  by  the  motion  of  invariable  curves. 
The  quadrics  and  surfaces  of  translation  are  well-known 
examples  of  such  surfaces.  Professor  Eisenhart  proposes  and 
solves  the  problem  of  finding  all  ruled  surfaces  generated  by 
the  motion  of  an  invariable  curve  whose  points  describe  the 
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generators  in  the  motion.  It  is  found  that  cylinders  and  right 
conoids  are  the  only  surfaces  possessing  this  property.  A  right 
conoid  is  a  surface  whose  generators  meet  an  axis  to  which  they 
are  perpendicular.  A  circular  cylinder  with  the  axis  of  the 
conoid  for  an  element  meets  the  conoid  in  a  curve  whidi  goes 
into  a  congruent  curve  on  the  surface  as  the  cylinder  rolls 
on  the  envelope  of  the  family  of  circular  cylinders  with  the 
same  radii,  each  having  the  axis  of  the  conoid  for  an  element. 

23.  Professor  Eisenhart's  second  paper  appeared  in  full  in 
the  January  number  of  the  Transactions. 

24.  Starting  with  any  non-conjugate  net  N  on  a,  curved 
surface  S,  and  a  line  g  passing  through  each  point  of  the 
surface  and  not  lying  in  the  tangent  plane  of  that  point,  Dr. 
Green  associates  with  the  congruence  T  of  lines  g  a  second  con- 
gruence r'  bearing  a  certain  characteristic  relation  R  to  the 
congruence  F.  To  every  point  P  of  S  and  the  line  g  through 
it,  corresponds  a  line  g'  of  the  congruence  F'  lying  in  the  tangent 
plane  to  S  at  P,  and  not  passing  through  P.  The  relation 
R  between  the  congruences  F  and  F'  is  uniquely  determined 
by  the  net  of  parameter  curves  iV;  if  iV  is  altered,  the  con- 
gruence F'  is  in  general  also  changed.  If  iV  is  a  conjugate 
net,  the  relation  R  subsists  between  what  Wilczynski*  has 
called  the  axis  and  ray  congruences.  If  N  is  not  conjugate, 
the  generalized  axis  and  ray  congruences  as  defined  by  Dr. 
Green  in  another  paperf  are  also  in  the  relation  R.  Probably 
the  most  remarkable  case  in  which  the  relation  R  exists  is 
that  in  which  the  net  N  is  the  asymptotic  net,  and  the  con- 
gruences F  and  F'  are  Wilczynski's  directrix  congruences. 
In  this  connection  is  given  a  new  geometric  characterization 
of  these  congruences:  if  N  is  asymptotic,  then  two  congruences 
F  and  F'  in  the  relation  R  have  their  developables  in  corre- 
spondence if  and  only  if  F  and  F'  are  the  directrix  congruences. 
Applications  of  the  preceding  ideas  are  made  to  the  general 
theory  of  congruences  and  to  the  theory  of  surfaces. 

25.  Professor  Osgood's  paper  gives  a  general  definition  of 
infinite  regions  by  which  ordinary  complex  n-dimensional  space 
may  be  closed,  projective  space,  the  space  of  the  geometry  of 

♦  Transactions,  vol.  16  (July,  1915),  pp.  311-317. 

t  Cf.  the  abstract  in  the  July  Bulletin,  vol.  21  (1914-15),  pp.  484-5. 
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inversion,  and  the  space  of  analysis  being  the  most  familiar 
examples.  All  such  extended  spaces  are  linearly  simply  con- 
nected. An  extension  of  Weierstrass's  theorem  is  then 
obtained,  whereby  a  function  which  is  meromorphic  at  every 
point  of  such  a  closed  space  is  rational.  It  follows  that  any 
transformation  of  such  a  space  into  itself,  which  is  regular  at 
every  point,  is  birational,  and  the  Jacobian  cannot  vanish. 

26.  Professor  Eiesland's  paper  is  a  continuation  of  the 
author's  memoir  in  the  American  Journal  of  Mathematics, 
volume  35,  entitled,  "On  a  flat  spread-sphere  geometry  in 
odd-dimensional  space." 

In  the  first  part  of  the  paper  a  method  of  obtaining  sur- 
faces with  coordinate  lines  of  curVature  is  given,  based  on  two 
theorems  which  are  proved.  Surfaces  whose  lines  of  curva- 
ture are  plane  in  all  n  —  2  systems  have  been  derived  and 
particularly  the  molding  surfaces  in  /S„-i  and  the  generalized 
Diipin  cyclides  of  the  third  and  fourth  order. 

The  second  part  of  the  paper  deals  with  the  sphere-flat 
transformations,  and  surfaces  with  coordinate  asymptotic 
lines.  9 

The  asymptotic  lines  on  a  sphere  in  iSn^i  are  obtained  by 
the  integration  of  a  system  of  difiFerential  equations.  This 
integration  problem  reduces  to  that  of  a  Riccati  equation  and 
quadratures. 

27.  The  usual  geometric  definition  tor  the  Pliicker  numbers 
of  a  plane  curve,  order,  class,  etc.,  is  such  as  to  require  the 
recognition  of  both  real  and  imaginary  elements.  In  Pro- 
fessor Coolidge's  paper  new  definitions  are  found  which  are 
suitable  to  the  case  where  the  universe  of  discourse  includes 
only  the  real  elements  of  the  plane. 

28.  Professor  Smith's  paper  shows  that  the  trajectories  de- 
scribed by  a  particle  moving  under  central  force  varying  in- 
versely as  the  nth  power  of  its  distance  from  the  center  of  force 
are  completely  characterized  by  two  properties:  (1)  That  the 
trajectories  be  isothermal;  (2)  That  the  isoclines  be  straight 
lines.  By  isoclines  is  meant  the  curves  formed  by  joining 
points  on  consecutive  curves  which  have  parallel  tangents. 

29.  If  a  is  a  Xth  root  of  unity,  where  X  is  any  integer,  and 
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q  a  prime  of  the  form  \v+  \,  the  Jacobi  function  ^(a)  has 
the  property  that  ^{a)^l/{or'^)  =  g.  Professor  Mitchell  dis- 
cusses a  more  general  fimction  such  that  ^(a)^(a""^)  =  q\ 
where  q  is  any  prime  not  contained  in  X,  and  t  any  exponent 
for  which  g*  =  1,  mod.  X.  For  the  case  where  X  is  prime  and 
t  is  the  exponent  to  which  g  belongs,  mod.  X,  this  function  has 
been  considered  by  Kummer.  The  present  author  determines 
the  ideal  factors  of  the  function  by  essentially  the  same 
method  which  Kummer  used  in  the  special  case  mentioned. 
An  error  of  Kummer's  in  this  determination  is  found.  Certain 
properties  of  these  functions  are  also  established. 

30.  The  function  ^(a)  considered  in  Professor  Mitchell's 
first  paper  bears  the  same  relation  to  the  congruence  car^  +  1 
=  dy^  for  the  Galois  field  of  order  g*  that  the  Jacobi  function 
does  for  the  set  of  integral  residues,  mod.  g,  where  g  is  a  prime 
of  the  form  Xj'  +  1.  It  is  shown  in  his  second  paper  that  the 
number  of  solutions  of  any  such  congruence  is  determined  if 
the  functions  ^(a)  are  known.  Two  applications  of  this 
result  are  made,  one  to  obtain  an  expression  for  the  number 
of 'solutions  of  such  a  congruence  in  a  field  of  order  g**  in 
terms  of  those  for  a  field  of  order  g*,  and  another  to  determine 
the  exact  values  of  these  numbers  for  a  field  of  order  g^', 
provided  g*  =  —  1,  mod.  X. 

31.  If  xi,  X2,  '",  Xn  are  n  observed  values,  presumably 
equally  accurate,  of  a  magnitude  which  has  an  exact,  but 
unknown,  value,  it  is  customary  to  regard  the  arithmetic 
mean  of  the  observed  values  as  the  most  probable  value  of  the 
ipagnitude  determined  by  them.  A  number  of  writers  have 
attempted  to  justify  this  practice  by  selecting  a  set  of  proper- 
ties which  the  most  probable  value  ought  to  possess,  and  then 
proving  that  the  set  of  properties  characterizes  the  arithmetic 
mean.  In  his  paper.  Professor  Beetle  presents  a  set  of  three 
properties  which  characterizes  the  arithmetic  mean,  and  also 
a  set  of  three  properties  which  characterizes  the  geometric 
mean. 

If  we  denote  the  most  probable  value  determined  by  Xi, 
3*2,  '  ",Xn  by  /n(ari,  x^,  •  •  •,  arn),  the  three  properties  which 
characterize  the  arithmetic  mean  are 

(1)  fn{x,X,X,    "',X)=^  X\ 
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(2)  Sn{x\,  X2,  •  •  •,  o^n)  is  a  symmetric  function  of  its  arguments; 

(3)  fn{Xi  +  yu  X2  +  3^2,    •  •  •,  Xn  +  Vn) 

=  /n(a:i,  X2y    •  •  •,  OV.)  +  /n(yi,  ^2,    '  '  ',  Vn). 

The  first  two  of  the  three  properties  characteristic  of  the 
geometric  mean  are  the  same  as  the  first  two  for  the  arithmetic 
mean.    The  third  is 

(30  fnixiyi,  X2y2,  •  •  •,  Xnyn) 

=  fn{Xu  X2,    •  •  •,  Xn)fn{yu  2^2,    *  '  ',  ^n). 

These  sets  of  properties  are  not  only  extremely  simple, 
but  also  exhibit  very  clearly  the  essential  difference  between 
the  arithmetic  mean  and  the  geometric  mean.  In  each  set, 
the  three  properties  are  completely  independent. 

32.  Concerning  Hilbert's  group-theoretic  treatment  of  the 
foundations  of  geometry,*  Poincar6  says  (according  to  Hal- 
sted's  translationf) :  "  Without  doubt  this  is  still  not  entirely 
satisfactory  since  though  the  form  of  the  group  is  supposed 
any  whatever,  its  matter,  that  is  to  say,  the  plane  which  under- 
goes the  transformations,  is  still  subjected  to  being  a  number- 
manifold  in  Lie's  sense.     Nevertheless,  this  is  a  step  in  advance, 

The  treatment  to  which  Poincare  here  refers  is  based  on 
three  axioms  (Axioms  I,  II  and  III).  In  an  abstract  J  of  a 
paper  presented  to  the  Society  in  April,  Dr.  Moore  proposed 
a  set  of  12  axioms  (Axioms  1-12)  for  plane  analysis  situs. 
These  axioms  are  in  terms  of  point  and  region.  He  desires  to 
show  that  if  to  Axioms  1,  2,  4-7,  9-11  there  be  added  the 
following  Axioms  A  and  B  in  addition  to  Hilbert's  Axioms  I, 
II  and  III  (interpreted  so  as  to  apply  properly  in  this  new 
setting),  then  every  space  that  satisfies  the  thus  obtained  set  of 
axioms  is  either  a  euclidean  or  a  Bolyai-Lobachevskian  space 
of  two-dimensions  according  as  the  group  of  all  motions  does 
or  does  not  contain  an  invariant  subgroup.  This  treatment 
(based  on  a  set  of  axioms  involving  the  notions  point,  region, 
and  motion)  does  not  presuppose  that  space,  or  even  that  any 
part  of  space,  is  a  number  manifold. 

*  D.  Hilbert,  "Ueber  die  Grundlagen  der  Geometric,"  Math,  Annalen, 
vol.  66  (1902). 

t  Cf.  Science,  May  19,  1911,  p.  765. 

t  Cf.  this  Bulletin,  vol.  21  (July,  1915),  pp.  485-486. 
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A.  If  0  is  a  point  of  a  region  R  then  there  exists  a  region  K 
containing  0  and  such  that  K  plus  its  boundary  is  a  subset  of  R. 

B.  If  A  and  B  are  distinct  points  and  every  region  con- 
taining the  point  0  contains  a  point  of  the  point  set  M  then 
there  exists  a  point  P  belonging  to  M  and  such  that  every 
region  containing  A  and  B  can  be  moved  into  a  point  set 
containing  0  and  P. 

33.  Two  curves  corresponding  point  for  point  so  that  the 
tangents  at  corresponding  points  are  parallel  are  said  to  be 
related  by  a  transformation  of  Combescure.  This  trans- 
formation finds  an  analytic  parallel  in  a  second  point-to-point 
correspondence  of  two  curves,  in  which  the  tangents  at 
corresponding  points  have  as  their  common  perpendicular 
direction  that  of  the  principal  normal  at  the  point  of  the  given 
curve  and  make  with  one  another  an  angle  whose  cosine  is 
equal  to  the  ratio  of  the  corresponding  elements  of  arc,  so 
that  the  element  of  arc  of  the  given  curve  is  the  projection 
of  that  of  the  transformed  curve.  The  general  and  special 
correspondences  of  these  two  types  are  discussed  in  Dr. 
Graustein's  paper. 

34.  The  object  of  Mr.  Gleason's  paper  is  to  establish 
Dirichlet's  principle  in  n  dimensions  (n  >  2)  under  very 
general  conditions  by  a  new  method.  The  method  consists 
partly  in  the  formation  of  a  function  V  from  a  function  V, 
approximately  satisfying  the  given  boundary  values,  by  as- 
signing to  T,  as  its  value  at  any  point  of  its  region  of  definition, 
the  weighted  mean  of  V  throughout  an  n-dimensional  sphere 
with  center  at  this  point — ^the  sphere  being  divided  into  con- 
centric weighted  spherical  shells. 

The  w-dimensional  region  considered  is  bounded.  The 
(inner)  surface  distribution  v,  on  its  boundary  S  is  required  to 
be  limited  and  continuous  except  possibly  at  a  set  of  points 
(tt)  whose  projected  "area"  on  the  coordinate  hyperplanes 
is  of  outer  content  zero.  Then  (1)  if  the  number  of  times  a 
point  P  of  S  enters  as  a  point  of  the  inner  boundary  is  finite, 
and  either  (2)  the  "  projected  area  "  of  S  on  the  coordinate 
hyperplanes  is  finite  or  (2')  every  point  is  accessible  in  a  certain 
sense  from  without,  save  at  a  set  (tt'),  there  exists  a  unique 
function,  satisfying  the  given  boundary  values  save  at  (tt) 
and  (tt'). 
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This  harmonic  function  appears  as  the  double  limit  of  any 
sequences  V  for  which  th€  Dirichlet  integrals  of  the  corre- 
sponding set  F,  taken  over  any  inner  region,  approach  their 
lower  bound  for  that  region.  The  method  applies  also  to 
infinite  regions. 

35.  In  the  Transactions,  volume  9,  page  373,  Professor  Birk- 
hoff  has  shown  the  general  character  of  the  expansion  of  an 
arbitrary  function  f{x)  in  terms  of  the  characteristic  solutions 
of  a  certain  linear  differential  system  of  the  nth  order,  and  has 
proved  the  convergence  of  the  expansion.  In  the  present  paper 
Dr.  Milne  studies  the  degree  of  convergence  of  the  same  ex- 
pansion, and  shows  that  when  f{x)  and  its  first  m  —  1  deriva- 
tives vanish  at  both  ends  of  the  interval  the  remainder  after 
p  terms  of  the  expansion  will  be  less  than  a  constant  multiple 
of  1/v^  if  f^^^{x)  is  continuous  and  of  limited  variation,  and 
less  than  a  constant  multiple  of  log  v/v'^^  if  p'^^x)  satisfies 
a  Lipschitz  condition. 

36.  Professor  Evans  carries  out,  by  means  of  curvilinear 
coordinates,  a  generalization  to  any  curve  of  a  method  of 
B6cher  which  was  based  on  the  circle.  By  means  of  a  double 
integration,  regarded  as  an  iterated  integration  with  respect 
to  the  curvilinear  coordinates,  formulas  are  obtained  for 
solutions  of  Laplace's  and  Poisson's  equations  in  terms  of  the 
boundary  values  on  an  arbitrary  curve.  The  n0l*mal  deriva- 
tive of  the  Green's  function  thus  appears  as  a  ratio  of  two 
quantities  expressible  in  terms  of  the  curvilinear  coordinates, 
and  therefore  can  be  calculated  graphically  whenever  these  can 
be  drawn.  Green's  theorem  is  not  used  in  the  determination 
of  the  expressions  for  the  solutions. 

The  method  possesses  the  advantage  that  it  applies  directly 
to  three  dimensions  as  well  as  to  two. 

37.  Mr.  Alexander  gives  a  simple  proof  that  every  Cremona 
plane  transformation  is  the  product  of  quadratic  transforma- 
tions.   The  paper  will  appear  in  the  Transactions. 

38.  In  the  American  Journal  of  Mathematics  (1913)  Pro- 
fessor Dines  published  a  paper  on  the  "  Eliminant  of  several 
polynomials."  At  the  suggestion  of  Professor  Coble  Mr. 
Robinson  worked  out  the  same  problem  by  a  direct  method 
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analogous  to  the  greatest  common  divisor  process.  His  results 
were  published  in  the  last  issue  of  the  Johns  Hopkins  Circular 
(July,  1915). 

F.  N.  Cole, 
Secretary. 


WINTER  MEETING  OF  THE  SOCIETY  AT  COLUMBUS. 

The  thirty-sixth  regular  meeting  of  the  Chicago  Section, 
being  the  fifth  regular  meeting  of  the  American  Mathematical 
Society  in  the  west,  was  held  at  Columbus,  Ohio,  on  Thursday, 
Friday  and  Saturday,  December  30,  31,  1915,  and  January 
1,  1916,  in  aflBliation  with  the  American  Association  for  the 
Advancement  of  Science. 

About  one  hundred  persons  were  in  attendance  upon  the 
various  sessions,  including  the  following  sixty-seven  members 
of  the  Society:  Professor  R.  B.  Allen,  Professor  Frederick 
Anderegg,  Professor  G.  N.  Armstrong,  Professor  R.  P.  Baker, 
Professor  W.  H.  Bates,  Professor  P.  P.  Boyd,  Professor  Daniel 
Buchanan,  Professor  H.  T.  Burgess,  Professor  W.  D.  Cairns, 
Professor  R.  D.  Carmichael,  Professor  H.  E.  Cobb,  Professor 
Elizabeth  B.  Cowley,  Dr.  L.  C.  Cox,  Professor  D.  R.  Curtiss, 
Professor  S.  C.  Davisson,  Dr.  W.  W.  Denton,  Professor  L.  E. 
Dickson,  Professor  Peter  Field,  Professor  B.  F.  Finkel, 
Professor  T.  M.  Focke,  Professor  W.  S.  Franklin,  Professor 
Harriet  E.  Glazier,  Professor  M.  E.  Graber,  Professor  Harris 
Hancock,  Professor  E.  R.  Hedrick,  Dr.  Cora  B.  Hennel,  Dr. 
L.  A.  Hopkins,  Professor  L.  C.  Karpinski,  Professor  A.  M. 
Kenyon,  Mr.  J.  H.  Kindle,  Professor  H.  W.  Kuhn,  Professor 
Gertrude  I.  McCain,  Dr.  J.  V.  McKelvey,  Dr.  T.  E.  Mason, 
Professor  F.  E.  Miller,  Professor  G.  A,  Miller,  Professor  J.  A. 
Miller,  Professor  U.  G.  Mitchell,  Professor  C.  N.  Moore, 
Professor  C.  C.  Morris,  Professor  F.  R.  Moulton,  Professor 
A.  D.  Pitcher,  Dr.  V.  C.  Poor,  Professor  S.  E.  Rasor,  Professor 
H.  W.  Reddick,  Professor  H.  L.  Rietz,  Professor  W.  J.  Risley, 
Professor  W.  H.  Roever,  Professor  R.  E.  Root,  Professor  D.  A. 
Rothrock,  Professor  F.  H.  Safford,  Miss  Ida  M.  Schottenfels, 
Mr.  A,  R.  Schweitzer,  Dr.  H.  M.  Sheffer,  Professor  H.  E. 
Slaught,  Professor  K.  D.  Swartzel,  Dr.  E.  H.  Taylor,  Mr.  C.  E. 
Van  Orstrand,  Professor  C.  A.  Waldo,  Professor  C.  J.  West, 
Professor  H.  S.  White,  Professor  E.  J.  Wilczynski,  Professor 
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F.  B.  WUey,  Professor  C.  B.  Williams,  Professor  B.  F.  Yanney, 
Professor  A.  E.  Young,  Professor  Alexander  Ziwet. 

The  opening  session  on  Thursday  afternoon  was  a  joint 
meeting  with  Section  A  of  the  American  Association,  at  which 
the  program  consisted  of 

(1)  Retiring  address  of  Professor  H.  S.  White,  Vice-President 
of  Section  A,  on  "  Poncelet  polygpns." 

(2)  Retiring  address  of  Professor  E.  J.  Wilczynski,  Chair- 
man of  the  Chicago  Section,  "  Some  remarks  on  the  historical 
development  and  the  future  prospects  of  the  differential 
geometry  of  plane  curves." 

(3)  Address  by  Professor  W.  W.  Campbell,  of  the  Lick 
Obsenratory,  President  of  the  American  Association,  on  "  The 
rotation  of  planetary  nebulae." 

In  the  absence  of  Professor  A.  O.  Leuschner,  vice-president 
of  Section  A,  Professor  C.  A.  Waldo  was  called  upon  to  preside 
at  this  meeting.  At  the  other  sessions  of  the  Chicago  Section, 
the  chairman,  Professor  E.  J.  Wilczynski,  presided,  with 
occasional  relief  by  Professor  H.  S.  White,  former  president  of 
the  Society. 

At  the  business  meeting  of  the  Chicago  Section  on  Friday 
afternoon,  the  following  oflBcers  of  the  Section  were  elected 
for  the  ensuing  period  of  two  years:  Professor  W.  B.  Ford, 
chairman;  Professor  Arnold  Dresden,  Secretary;  Professor 
H.  L.  Rietz,  third  member  of  the  program  committee.  In 
presenting  the  nominations  for  these  offices,  Professor  G.  A. 
Miller,  chairman  of  the  committee,  announced  that  Professor 
H.  E.  Slaught,  who  had  served  as  Secretary  of  the  Section 
since  1907,  had  expressed  a  desire  to  be  relieved  at  this  time. 
On  Professor  Miller's  motion,  appreciation  of  Professor 
Slaught's  services  was  indicated  by  a  unanimous  rising  vote. 

Professor  R.  D.  Carmichael  reported  for  the  retiring  program 
committee  that  no  arrangements  had  been  made  for  a  sym- 
posium at  the  next  meeting  and  recommended  that  this 
question  be  continued  in  the  hands  of  the  new  program 
committee.    This  recommendation  was  adopted. 

The  joint  dinner  of  Section  A  and  the  Chicago  Section  on 
Thursday  evening  was  held  at  the  Ohio  Union,  where  the 
arrangements  and  service  were  unusually  satisfactory  and 
highly  appreciated.  About  seventy  were  present  at  the 
dinner,  which  was  followed  by  an  evening  of  enjoyable  social 
intercourse,   interspersed   with   some   informal   remarks   by 
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Professors  H.  S.  White,  E.  R.  Hedrick,  H.  E.  Slaught,  and 
others  who  were  called  on  by  the  chairman. 

On  Friday  morning,  the  Department  of  Mathematics  of 
Ohio  State  University  tendered  a  luncheon  to  all  mathema- 
ticians in  attendance  at  the  meetings,  thus  affording  another 
opportunity  for  a  social  gathering  and  placing  all  guests  of  the 
occasion  under  renewed  obligation  to  their  hosts. 

By  a  rising  vote  at  the  final  session  Saturday  afternoon  the 
members  of  the  Society  acknowledged  their  deep  obligation 
to  the  local  committee  under  the  direction  of  Professor  S.  E. 
Rasor,  to  the  Department  of  Mathematics  of  Ohio  State 
University,  and  to  the  University  as  a  whole,  for  the  very 
careful  attention  which  had  been  given  to  all  the  provisions 
for  these  meetings  and  for  the  generous  hospitality  which 
had  been  extended  in  every  way  throughout  the  period. 

The  following  papers  were  presented  at  this  meeting: 

(1)  Professor  H.  T.  Burgess:  "Note  on  the  reduction  of 
a  family  of  quadratic  forms." 

(2)  Professor  J.  B.  Shaw:  "Orthogonal  vector  systems  in 
vector  fields  of  three  and  more  dimensions." 

(3)  Dr.  A.  J.  Kempner:  "  On  transcendental  numbers." 

(4)  Dr.  V.  C.  Poor:  "  A  certain  type  of  exact  solutions  of 
the  equations  of  motion  of  a  viscous  liquid." 

(5)  Dr.  V.  C.  Poor:  "Transformation  theorems  in  the 
theory  of  the  linear  vector  function." 

(6)  Professor  A.  E.  Young:  "On  the  determination  of  a 
certain  class  of  surfaces." 

(7)  Professor  C.  J.  West:  "  Note  on  nine-fold  and  four-fold 
correlation." 

(8)  Professor  R.  D.  Carmichael:  "  On  a  general  class  of 
series  of  the  form  S  Cng{x  +  n)." 

(9)  Dr.  H.  M.  Sheffer:  "  On  a  set  of  independent  postu- 
lates for  complex  algebra." 

(10)  Dr.  H.  M.  Sheffer:  "  Mutually  prime  postulates." 

(11)  Professor  C.  H.  Sisam:  "  On  surfaces  doubly  generated 
by  conies." 

(12)  Professor  G.  A.  Buss:  "A  note  on  the  problem  of 
Lagrange  in  the  calculus  of  variations." 

(13)  Professor  Daniel  Buchanan:  "Three-dimensional 
periodic  orbits  of  a  particle  subject  to  the  attraction  of  a 
sphere  having  prescribed  motion." 
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(14)  Dr.  W.  V.  Lovitt:  "A  type  of  singular  points  for  a 
transformation  of  three  variables." 

(15)  Dr.  W.  W.  Kustermann:  "Functions  of  bounded 
variation." 

(16)  Professor  T.  H.  Hildebrandt:  "  Green's  functions 
connected  with  general  linear  differential  equations." 

(17)  Professor  C.  N.  Moore:  "On  the  developments  in 
Bessel's  functions." 

(18)  Professor  E.  J.  Wilczynski:  "  Integral  invariants  in 
projective  geometry." 

(19)  Professor  G.  A.  Miller:  "  Limits  of  transitivity  of  a 
substitution  group." 

(20)  Professor  G.  A.  Miller:  "  Finite  groups  represented 
by  special  matrices." 

(21)  Professor  R.  P.  Baker:  "  The  four-color  map  theorem." 

(22)  Mr.  W.  L.  Hart:  "  Differential  equations  and  implicit 
functions  in  infinitely  many  variables." 

(23)  Professor  S.  E.  Rasor  : "  On  the  integration  of  Volterra's 
derivatives." 

(24)  Mr.  A.  R.  Schweitzer:  "An  apparent  anticipation 
of  Hilbert's  conception  of  completeness." 

(25)  Mr.  A.  R.  Schweitzer:  "  A  bifurcative  generalization 
of  a  functional  equation  due  to  Cauchy." 

(26)  Miss  Ida  M.  Schottenfels:  "A  class  of  functions 
which  are  self-reciprocal  in  the  sense  of  Mellin." 

Mr.  Hart  was  introduced  by  Professors  E.  H.  Moore  and 
F.  R.  Moulton.  The  papers  of  Professors  Shaw,  Sisam,  Bliss, 
and  Hildebrandt,  Drs.  Lovitt  and  Kustermann,  Miss  Schot- 
tenfels, and  the  first  paper  of  Mr.  Schweitzer,  were  read  by 
title. 

Abstracts  of  the  papers  follow  in  the  order  indicated  in  the 
above  list  of  titles: 

1.  Let  \A  +  Bhe  the  matrix  of  a  family  of  quadratic  forms 
in  which  A  is  non-singular.  Subject  the  family  successively 
to  the  two  linear  transformations  whose  matrices  are  H  and  T 
respectively.    Then 

H'(KA  +  B)H  =  H'AHH-'Qil  +  A'-'B)H  =  R(KI  +  N), 

rR(Kl  +N)T=  TRTT-^Q^i  +  N)T --  MQil  +  N). 

Professor  Burgess  points  out  that  the  matrix  H  may  be  so 
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chosen  that  N  is  in  the  normal  form  and  at  the  same  time  R 
is  a  matrix  blocked  off  into  principal  minors  each  of  which 
corresponds  to  an  elementary  divisor  of  \I  +  N.  The  orders 
of  the  principal  minors  are  the  degrees  of  the  corresponding 
elementary  divisors;  none  of  these  principal  minors  overlap. 
He  next  shows  that  the  matrix  T  may  be  so  chosen  that 
the  normal  form  is  unchanged  and  at  the  same  time  M 
differs  from  R  in  having  all  of  its  elements  zero  except  those 
in  the  left  principal  diagonal  of  each  of  its  blocks.  As  a 
consequence,  all  the  well-known  theorems  on  the  elementary 
divisors  of  \A  +  B  follow  without  further  demonstration. 
The  method  of  determining  H  and  T  is  extremely  simple  and 
practical. 

2.  Professor  Shaw's  paper  is  a  consideration  of  systems  of 
three  or  more  mutually  orthogonal  vectors  in  a  field,  such  as 
the  tangent,  normal,  and  binormal  of  the  vector  lines,  the 
normal  and  tangents  of  lines  of  curvature  for  a  system  of 
surfaces,  and  similar  figures  for  polydimensional  space.  A 
linear  vector  operator  of  fundamental  importance  and  much 
utility  not  hitherto  noticed  is  exhibited,  which  for  three- 
dimensional  space  is,  in  quaternion  notation,  a,  /3,  7  being  the 
moving  orthogonal  unit  vectors, 

0()  =  p()  -  (VS7a)Sa  -  iV^P)Sp  -  iV^y)Sy, 

where  2p  =  SaVa  +  S/SV/S  +  S7 V7. 

In  terms  of  this  operator  the  vector  differential  of  any  one 
of  the  three,  in  any  one  of  the  three  directions  is  given  by 

(-  SXV)iu  =  V,ie(K). 

The  operator,  of  long-known  use,  —  SO  V  •  fi,  is  given  by 

Application  is  made  to  congruences  of  lines. 

3.  Liouville  (Journal  de  Math&matiques,  volume  16,  1851) 
proved  that  ^IZ^arloT^y  where  the  ar  are  real  integers  limited 
in  absolute  value  and  a  a  real  integer  ^  2,  represents  a 
transcendental  number  when  the  positive  integral  exponents 
mo,  mi,  ?7i2,  •  •  •  increase  with  sufficient  rapidity.     It  is  not 


Digitized  by 


Google 


1916.]       THE   COLUMBUS  MEETING   OF  THE  SOCIETY.  285 

known,  however,  what  constitutes  this  suflScient  rapidity,  so 
that  the  theorem  does  not  serve  to  decide  the  transcendency 
of  a  number  given  in  the  form  22^*?ar/a*"-  except  in  some 
extreme  cases  (including  for  example  mr=  rUmr=  r^  (see 
Faber,  Mathematischi  Annalen,  volume  68,  19Q4). 
Dr.  Kempner  proves  that  the  power  series 

has  a  transcendental  value  for  every  real  rational  value  of  x, 
if  a  and  c  are  real  integers  ^  2,  and  if  certain  conditions  are 
imposed  on  the  integers  ar.  These  conditions  are  amply 
satisfied  when:  (1)  \ar\  <  3/%  M  arbitrary  but  fixed,  and  (2) 
only  a  finite  number  of  the  ar  =  0. 

4.  The  diflSculty  in  obtaining  exact  solutions  of  the  differ- 
ential equations  of  a  viscous  liquid  is  due  to  their  quadratic 
character.  The  most  recent  work  of  this  kind  has  been  done 
by  C.  W.  Oseen.  (See  Arlciv  for  Mathematik,  Astronomi  och 
Fysiky  volumes  3,  4,  6,  7,  9.  Also  Acta  Mathematica,  volume 
34, 1911.)  In  the  present  paper,  Dr.  Poor  proves  the  existence 
of  a  solution  of  the  differential  equations  of  a  viscous  liquid 
for  all  positive  values  of  the  time  and  in  an  infinite  region. 
The  body  forces  are  assumed  to  be  of  the  particular  form 

F(x,  y,  z,  t)  =  F^^\x,  y,  a)^-*"'. 

The  method  used  is  one  of  successive  approximations.  The 
successive  steps  involve  solutions  of  sets  of  linear  partial 
differential  equations,  the  existence  of  which  solutions  is 
proved.  Finally  the  convergence  of  the  process  is  proved  by 
using  a  dominance  property  of  the  successive  steps.  This 
dominance  property  persists  if  F^'^^  is  properly  restricted. 
Vector  methods  are  used  throughout  the  analysis. 

5.  Dr.  Poor's  second  paper  appeared  in  full  in  the  January 
Bulletin. 

6.  In  two  previous  papers.  Professor  Young  has  discussed 
the  problem  of  determining  various  classes  of  surfaces,  taking 
as  the  starting  point  the  fundamental  equations  written  in  the 
form  first  suggested  and  used  by  Bonnet  in  similar  work.     In 
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the  present  paper,  he  discusses  from  the  same  standpoint  the 
general  class  of  smfaces  characterized  by  having  D  =  =b  D", 
using  the  customary  notation,  the  lines  of  reference  being 
lines  of  curvature. 

7.  Statistical  data  in  the  social  sciences  frequently  cannot 
be  classified  into  more  than  two  or  three  broad  classes.  Pro- 
fessor West  derives  the  working  formulas  for  the  application 
of  the  method  of  the  correlation  r^tio  to  this  type  of  corre- 
lation problems  and  discusses  the  value  of  the  method  as 
compared  with  certain  other  methods  that  have  been  proposed. 

8.  The  series  treated  by  Professor  Carmichael  are  of  the 
form 

Qix)  =  "Ecngix  +  n),        m  =  gc„  ^-^j^. 
where  g(x)  is  a  function  having  the  asymptotic  character 

valid  for  x  approaching  infinity  in  a  positive  sense  along  any 
line  whatever  parallel  to  the  axis  of  reals,  the  functions 
P{x)  and  Q{x)  being  polynomials^  For  the  special  case  in 
which  g(x)  =  1/T(x)  the  series  (Qx)  is  a  factorial  series. 
Professor  Carmichael  points  out  that  the  series  Q{x)  and  Q{x) 
are  of  great  importance  in  investigating  the  properties  of 
functions  in  the  neighborhood  of  singularities  of  certain 
frequently  occurring  sorts  and  indicates  his  purpose  to  devote 
several  memoirs  to  the  development  of  a  general  theor}^  of 
these  series,  especially  in  relation  to  the  function-theoretic 
problem  mentioned.  In  the  present  paper  the  foundation  of 
a  general  theory  of  these  series  is  laid.  In  case  the  series 
Q(x)  neither  converges  everywhere  nor  diverges  everywhere 
its  region  of  convergence  [absolute  convergence]  is  the  half- 
plane  R{<Tx)  ^  X  [R{(rx)  ^  fi],  where  X[m]  is  a  constant  de- 
pending on  Co,  Ci,  C2,  •  •  •  and  <r  is  the  coefficient  of  the  leading 
term  in  Q{x)  or  in  P(x)  according  as  Q{x)  is  or  is  not  of  greater 
degree  than iP(a:).  For  the  values  of  X  and  jjl  explicit  formulas 
are  given  analogous  to  the  Cauchy-Hadamard  formula  for  the 
radius  of  convergence  of  a  power  series.    The  paper  contains 
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also  a  treatment  of  uniform  convergence,  of  the  existence  of 
singularities  of  the  sum-function  on  the  boundary  of  the  region 
of  convergence  and  of  uniqueness  of  expansions  in  these  series. 
A  given  function  f{z)  has  not  more  than  one  expansion  Q{x) 
or  Q{x)  when  g{x)  is  given  and  R{a)  >  0.  For  use  in  investi- 
gating this  theory  it  was  found  convenient  to  employ  a  certain 
interesting  generalization  of  the  "generalized  Dirichlet  series"; 
and  the  theory  of  these  generalized  series  was  developed  to 
the  extent  needed  for  the  applications  in  question. 

9.  The  postulate  set  for  ordinary  complex  algebra  presented 
by  Dr.  Sheffer  is  based  on  an  undefined  class  and  three  un- 
defined operations.  The  set  differs  from  previous  sets  in  that: 
(1)  the  number  of  undefined  entities  and  of  postulates  is 
reduced;  (2)  the  order  relation  is  defined;  and  (3)  the  existence 
of  0,  1,  negatives,  reciprocals,  and  imaginaries  is  proved. 

10.  A  set  of  m  postulates  such  that  no  m  —  1  of  the  postu- 
lates imply  the  mth  is  called  independent.  If  P  and  Q  are 
any  two  postulates  of  an  independent  set,  P  does  not  imply 
the  whole  of  Q.  P  may  imply,  however,  a  part  of  Q,  Two 
postulates,  neither  of  which  implies  any  part  of  the  other, 
may  be  called  mutually  prime;  and  a  set  of  postulates  which 
are  mutually  prime  by  pairs  may  be  called  a  set  of  mutually 
prime  postulates.  Obviously,  mutual  primeness  implies 
independence;  but  not  conversely.  Also,  mutual  primeness 
implies  E.  H.  Moore's  complete  independence;  but  not  con- 
versely. Dr.  Sheffer  shows  how  to  construct  sets  of  postulates 
which  are  mutually  prime. 

11.  In  this  paper.  Professor  Sisam  determines  some  funda- 
mental properties  of  the  surfaces  of  order  seven  and  eight  which 
contain  two  pencils  of  conies. 

12.  Professor  Bliss's  paper  appeared  in  full  in  the  February 
Bulletin. 

13.  In  an  article  entitled  "A  class  of  periodic  orbits  of  an 
infinitesimal  body  subject  to  the  attraction  of  n  finite  bodies" 
{Transactions,  voinme '8  (1907),  pages  159-188),  Longley  dis- 
cussed the  periodic  motion  of  a  particle  which  moves  subject 
to  the  Newtonian  attraction  of  n  finite  bodies  having  pre- 
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scribed  motion.  The  finite  bodies  and  the  particle  are  re- 
stricted to  move  in  the  one  plane  and  the  coordinates  of  the 
finite  bodies,  when  referred  to  one  of  the  bodies  as  origin,  are 
assumed  to  be  known  functions  of  the  time.  In  the  present 
paper  Professor  Buchanan  discusses  the  periodic  motion  of 
the  particle  when  the  finite  bodies  have  the  motion  prescribed 
in  Longley's  article,  but  the  particle  is  not  restricted  to  move 
in  a  plane.  Periodic  solutions  are  determined  as  power  series 
in  a  certain  parameter  which  may  be  expressed  as  a  function 
of  the  initial  projection  from  the  plane  of  motion  of  the  finite 
bodies.  These  solutions  have  a  period  commensurable  with 
the  period  of  Longley's  solutions  and  reduce  to  the  latter 
when  the  initial  projection  from  the  plane  of  motion  becomes 
zero. 

14.  Dr.  Lovitt's  paper  appeared  in  full  in  the  February 
Bulletin. 

15.  The  idea  of  a  function  of  bounded  variation,  first 
developed  for  functions  of  one  variable  by  Jordan,  has  been 
extended  to  two  variables  by  Arzela  and  Hardy  in  papers 
published  in  1905.  These  authors'  generalizations  differ 
definitionally.  Dr.  Kiistermann  asks  whether  they  coincide 
conceptually  and  shows  that  they  do  not  by  constructing  a 
function  wUch,  while  monotonically  increasing  in  both  x  and  y, 
and  hence  of  bounded  variation  in  Arzela's  sense,  is  not  so 
according  to  Hardy's  definition.  Since  both  types  of  func- 
tions are  integrable  and  can  be  developed  into  a  double  Fourier 
series  it  thus  appears  that  Arzela's  generalization  is  not  only 
the  broader,  but  also  the  more  natural  one,  preserving  more 
closely  the  analogy  to  functions  of  a  single  variable.  Never- 
theless, in  recent  papers,  Lebesgue  and  W.  H.  Young,  appar- 
ently unacquainted  with  Arzela's  work,  are  using  Hardy's 
definition.  At  any  rate  the  designation  "function  of  bounded 
variation  in  two  variables"  is  not  unique,  but  applies  to-day 
to  two  distinctly  different  classes  of  functions. 

16.  The  paper  of  Professor  Hildebrandt  is  a  generalization, 
in  the  sense  of  Moore's  general  analysis,  of  the  memoir  by 
Schlesinger:  "Zur  Theorie  der  linearen  Integralgleichungen"* 

*  JcJiresbericht  der  DeuUchen  MathemaUker-Vereiniguiig,  voL  24,  pp. 
84-123. 
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and  that  of  Bounitzky:  "Sur  la  fonction  de  Green  des  Equa- 
tions diff&entielles  Unbares  ordinaires."*  The  differential 
equations  treated  are  of  the  form: 

(1)  £  vipV'x)  -  a(pV'x)  -  J,^^MpYx)v(qV'x)  =  0, 

(2)  ^  vip'r^)  -  J^^'MpY^MqV'x)  =  0, 

where  p'  and  p"  range  over  two  general  classes  ^'  and  ^" 
respectively,  x  ranges  over  a  bounded  linear  interval  Xq  ^  x 
^  Xi,  a  and  rj  are  suitably  conditioned  functions  of  these 
variables,  and  J  is  a  linear  operator  on  functions  of  the  type 
ic(g"g')«  The  first  part  of  the  paper  contains  existence 
theorems,  general  solutions  of  the  equatfons  (1)  and  (2),  a 
consideration  of  the  analogue  of  the  Fredholm  determinant 
for  the  solutions,  and  a  Green's  theorem  relating  to  the  right- 
hand  members  of  equations  (1)  and  (2),  and  suitably  defined 
adjoint  expressions.  The  second  part  is  devoted  to  the 
consideration  of  a  system  of  Green's  functions  r(p'p"ar,  y) 
which  are  continuous  in  x  and  y  except  for  a:  =  y,  where  the 
discontinuity  is  a  function  of  the  form  K(p^p'').  These  Green's 
functions  satisfy  equations  of  the  form  (2),  and  certain 
general  boundary  conditions.  The  usual  theorems  relating 
to  such  functions  are  obtained,  as  well  as  the  solutions  of  non- 
homogeneous  equations  of  the  form 

^  vipY'x)  =  ccoipY'x)  +  J^^MpY^MqV'x), 

satisfying  the  given  initial  conditions. 

17.  There  are  certain  methods  of  establishing  the  con- 
vergence of  the  developments  in  Bessel's  functions  that  leave 
unsettled  the  question  of  the  value  to  which  they  converge. 
One  of  these  methods  is  the  only  means  thus  far  available  of 
establishing  the  convergence  at  the  origin  of  the  developments 
in  Bessel's  functions  of  order  zero  for  the  case  where  the 
function  developed  has  discontinuities. t  Hence,  in  order  to 
have  a  complete  treatment  of  the  developments  in  question 

♦  Journal  de  MathSmatiguea,  ser.  6,  vol.  5  (1909),  pp.  65-125. 
tCf.  Transactions,  vol,  12  (1911),  p.  181. 
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that  is  adequate  for  the  applications  to  mathematical  physics 
and  at  the  same  time  is  not  unnecessarily  cumbersome,  it  is 
desirable  to  have  a  simple  proof  of  the  fact  that  the  con- 
vergence is  to  the  desired  value.  In  Professor  Moore's  paper 
such  a  proof  is  given. 

18.  The  simplest  integral  invariant  of  the  projective 
theory  of  plane  curves  may  be  written  in  the  form 

(1)  H  =  /^dx, 
where 

(2)  /"  +  3piy"  +  3p2y'  +  Pzy  =  0 

is  the  differential  equation  of  the  curve,  and  where 

Pa  =  p2  -  Pi^  -  Pi',         Pa  =  Ps  -  3pip2  +  2pi'  -  pi", 

^8=^8""  f  Pa'* 

Any  other  integral  invariant  of  the  curve  may  be  expressed 

in  the  form  JIdH,  where  /  is  any  one  of  its  absolute  differential 

invariants. 

The  integral  H  is  as  fundamental  in  the  projective  theory  of 
plane  curves  as  the  length  of  arc,  the  fundamental  integral 
invariant  of  the  metrit  theory,  is  for  metric  geometry.  The 
purpose  of  Professor  Wilczynski's  paper  is  .to  call  attention 
to  this  fact  and  to  provide  a  geometric  interpretation  for  the 
integral  H.    His  interpretation  is  as  follows: 

Consider  any  arc  of  the  curve  corresponding  to  the  interval 
a  ^x  ^b  ot  the  independent  variable.  Divide  this  interval 
into  n  parts  by  means  of  the  values  xq  =  a,  Xi,  x^,  •  •  •  Xn-i, 
Xn=^  h  such  that  lim  ixu  =  lim  (xk^\  —  a:*)  =  0  as  n  grows 
beyond  bound.  Let  -4,  Pi,  P2,  •  •  •  Pn^i,  B  be  the  points  on 
the  curve  which  correspond  to  these  n  +  1  values  of  x.  Let  tk 
be  the  tangent  and  Ch  the  eight-pointic  nodal  cubic  of  P*. 
The  three  points  of  inflection  of  the  cubic  Ck  are  on  a  line  ih 
which  intersects  tk  in  a  point  Ik>  Denote  by  t*  one  of  the 
inflectional  tangents  of  Ch  and  let  Tk  be  its  intersection  with  tk* 
The  line  PjbPjb+i  will  intersect  4  and  tk  in  two  points  Ik 
and  Tk,  and  the  cross-ratio  (/*',  Tk,  Pk,  P*+i)  turns  out  to 
be  equal  to 

o  

1  -  -T^  '^BiiXk)  hxi. 
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By  a  perspective  correspondence  the  three  points  /'»-i, 
Ty^^u  Pf^i  of  Pn-iB  may  be  projected  into  the  points  /'n-2, 

r„^2,  Pr^l  of  Pn-2Pn-l.       Lct  B^i  fac  thc  point  of  P^jPn^l 

which  in  this  perspective  corresponds  to  B.  Then  project 
similarly  /'n-2,  r'»-2,  Pn-2,  -Bn-i  into  the  four  points  /'«-«, 
T^nr-z,  Pfi^t,  Bnr-2  of  Pnr-zPn^2,  and  continuc  in  this  way.  We 
shall  finally  obtain  upon  the  line  APi  a  point  Bi  determined 
from  B  by  this  sequence  of  perspectives.  As  n  grows  beyond 
bound,  Bi  will  approach  a  limiting  position  Q  on  the  initial 
tangent  to  of  the  arc  AB.  Let  k  denote  the  double-ratio 
K  =  (Jo,  To,  A,  Q).    We  shall  have 


''^'^^N^r^^'^' 


Vio 

which  gives  the  desired  interpretation. 

It  is  also  easy  to  write  down  projective  integral  invariants 
in  the  theory  of  space  curves  and  surfaces.  None  of  these 
however  have  as  yet  received  any  interpretation. 

19.  On  page  68  of  this  volume  of  the  Bulletin  Professor 
Miller  established  the  theorem  that  a  substitution  group  of 
degree  n  which  is  neither  alternating  nor  symmetric  cannot 
be  more  than  3V?i—  2  times  transitive  when  n>  12.  In  the 
present  note  he  points  out  that  it  results  from  the  main  theorem 
proved  in  the  article  mentioned  that  such  a  group  cannot 
be  more  than  |  Vn  —  1  times  transitive.  For  large  values  of  n 
this  evidently  gives  a  much  smaller  upper  limit  for  the  degree 
of  transitivity  than  the  one  mentioned  above,  which  is  itself 
much  smaller  than  the  one  commonly  given,  namely,  Jn  +  1. 

20.  The  direct  object  of  Professor  Miller's  second  paper  is 
to  prove  that  every  finite  group  which  contains  an  abelian 
subgroup  of  half  its  order  can  be  represented  by  square 
matrices  all  of  whose  elements  are  equal  to  zero,  with  the 
exception  of  those  which  appear  in  one  of  the  diagonals, 
and  all  of  these  are  ordinary  complex  numbers  which  are 
different  from  zero.  Incidentally  several  other  somewhat 
general  theorems  are  established.  Among  these  are  the 
following: 

If  G  is  an  abeUan  group  of  order  p^  and  if  ff  is  a  subgroup 
of  order  p*,  then  a  set  of  independent  generators  of  G  can 
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always  be  so  selected  that  at  most  m  —  a  of  them  are  not 
contained  in  //  whenever  G  contains  more  than  m  —  a  inde- 
pendent generators.  Moreover,  it  is  always  possible  to  con- 
struct a  group  having  k  independent  generators  and  an 
arbitrary  quotient  group  of  order  p*  such  that  the  subgroup 
corresponding  to  identity  of  this  quotient  group  cannot  in- 
volve more  than  A  —  a  of  the  operators  in  any  possible  set 
of  independent  generators  of  the  group.  If  t  transforms  an 
abelian  group  G  of  order  2^  according  to  an  automorphism 
of  order  2  and  if  H  is  the  subgroup  of  G  formed  by  its  operators 
which  are  invariant  under  t,  then  a  set  of  independent  gen- 
erators of  G  can  be  so  chosen  that  H  contains  all  of  them 
with  the  exception  of  at  most  three  for  each  invariant  of  G/H, 

21.  The  problem  of  the  four-color  map  is  taken  by  Professor 
Baker  in  the  dual  form.  Every  polyhedral  net  on  the  sphere 
can  have  its  vertices  marked  with  four  colors  so  that  no  edge 
has  the  same  color  at  its  ends.  The  net  is  prepared  and  the 
problem  reduced  to  that  of  an  all-triangle  polyhedron  without 
triple  circuits.  This  class  is  shown  to  be  traversable  by  a 
closed  curve  passing  once  through  all  the  vertices  and  having 
any  pair  of  connected  edges  on  the  contour.  For  such  a  con- 
figuration a  cardinal  number  relation  is  obtained  for  the 
number  of  successful  colorings  which  is  used  as  the  basis  of  a 
two-step  descending  induction.  The  corresponding  problem 
for  one-sided  closed  surfaces  of  connectivity  2,  3,  4  is  also 
solved.    The  numbers  are  6,  6,  7. 

22.  At  the  April  (1915)  meeting  of  the  Chicago  Section, 
Mr.  Hart  presented  a  preliminary  report  which  dealt  with  a 
part  of  the  results  of  his  present  paper. 

This  investigation  is  concerned  with  functions  /  of  the  real 
variable  {  =  (xi,  X2,  •  •  •)  in  the  space 

R:    Mi^*")  ^  Xi  ^  3f2<*'>        (Jlfi^*^  M^^"^  ^  M;i=  1,2,  "  •)• 

A  function  /  is  said  to  be  completely  continuous  at  the  point 
^  oi  R  if,  whenever 

lim  Xin  =  Xi  (i  =  1,  2,  -"), 

»=eo 

it  follows  that 

lim  /({„)  =  /({)  (f„  =  xm,  X2n,  •  •  •)• 
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The  results  obtained  are  of  three  sorts.  In  the  first  place, 
theorems  on  completely  continuous  functions  are  derived 
which  include,  for  example,  the  Weierstrass  theorem  on 
uniformly  convergent  sequences  of  continuous  functions  and 
Taylor's  theorem.  In  a  second  part  of  the  paper  the  funda- 
mental theorem  of  implicit  function  theory  is  proved  for  the 
infinite  system  of  equations 

(1)  /.(f,  >?)  =  0    K  in  /i;  77  =  (yi,  y^y  •••);>?  in  R], 

which  defines  f  as  a  function  of  (yi,  y^,  •  •  •)•  Then,  finally, 
there  is  considered  the  infinite  system  of  ordinary  differential 
equations 

(2)  t  =  -^'«'') 

(t  =  1,  2,  •  • . ;  Xi{U)  =  a,-;  f  in  R\  \t  -  U\  ^  ro), 

and,  under  suitable  hypotheses,  the  existence  of  a  unique 
continuous  solution  f(0  is  established. 

In  the  second  and  third  parts  of  the  paper  the  existence 
proofs  are  constructed  by  methods  of  successive  approxima- 
tion in  which  the  theorems  of  the  first  section  are  of  funda- 
mental importance.  The  classical  existence  theorems  for  finite 
systems  of  implicit  functions  and  differential  equations  are 
special  cases  of  the  results  for  systems  (1)  and  (2). 

23.  In  the  Rendiconti  dei  Lined,  Volterra  defined  functions 
of  Unes,  their  continuity,  and  their  derivatives.  In  later 
publications,  he  gave  a  method  by  means  of  Stokes'  theorem 
for  finding  anti-derivatives  for  these  functions  of  a  line.  The 
object  of  Professor  Rasor's  paper  is  to  point  out  an  instance 
quite  analogous  to  the  above  from  the  calculus  of  variations, 
using  Euler's  equation  for  this  purpose. 

24.  The  object  of  Mr.  Schweitzer's  note  is  to  call  attention 
to  Kempe's  "  law  of  continuity  "  which  he  phrases*  as  follows: 
"  No  entity  is  absent  which  can  consistently  be  present." 
Kempe  is  careful  to  remark  that  the  function  of  this  law  is  to 
ensure  the  "  complete  definition  "  of  his  system  (1.  c,  page  149) 
and  that  the  law  applies  to  "geometric  sets"  (page  177). 

*  Proceedings  London  Math.  Soc,,  vol.  21. 


Digitized  by 


Google 


294  THE  COLUMBUS  BfEETING  OF  THE  SOCIETY.        [Mar., 

It  appears*  that  Kempe's  statement  may  desirably  replace 
Hubert's  "axiom  of  completeness."  Both  principles  em- 
phasize the  interdependence  of  mathematics  and  psychology 
and  the  problem  presented  by  the  relativity  of  the  principles 
as  used  by  their  respective  authors  seems  worthy  of  careful 
study. 

25.  Equivalent  to  Cauchy's  well-known  functional  equation 
X(ic  +  y)  =  X(a:)  +  My)  are  the  equations 

(1)  \{x  -  2)  -  \{x  -  y)  =  My  -  2), 

(2)  X(2)  +  Mx  +  y)  =  Mx)  +  My  +  z) 

=  My)  +  Mx  +  z),   x(0)  =  o. 

In  Mr.  Schweitzer's  second  paper  an  interesting  "  bifurcation  " 
is  represented  by  the  following  generalizations: 

(10    /{Xi/(<i,  fe,  •  •  •,  <»,  ari),  . . .,  X^i/^i,  <2,  •  •  •,  <»,  x^x)] 

=  fifixi,,  Xi^,  '  •  •,  Xi^,),    4  =  1,  2,  •  •  •,  (n  +  1), 

(2')      tii4>{M{Xi),   •  •  •,  XjiXi^l),  \j^l{x^.i),  -',  XniXr^l), 

Xn+i0(a:»,  tuti,  •  •  • ,  fci) } 

=  0{Xi(<i),  Xtih),   •  •  •,  Xn(fci),  \n^l<f>{Xi,  X2,   '",  «»H-l) } 

where  in  the  latterf  system  i  =  1,  2,  3,  •  •  •,  (n  +  1),  Xo  =  X2, 
Q^^2  =  Xn.  Equations  (!')  have  been  previously  discussed 
by  the  author.  In  the  case  of  equations  (2'),  the  specialization 
Xi(ar)  =  \2{x)  =  . . .  =  \^i{x)  =  Hi{x)  =  x  leads  to  func- 
tional equations  discussed  by  Abel,  Stackel,  and  Hayashi. 

26.  In  the  Mathematische  Annalen,  volume  68  (1910), 
pages  314^326,  Mellin  states  the  two  following  reciprocity 
theorems: 

I.  If  F{x)  is  any  function  belonging  to  a  properly  defined 
class  and  if 

«»(0  =  2^J^_^^  F{x)r'dx, 

*  Cf.  the  ''axiom  of  completeness"  of  G.  Rabinovitch.  Bulletin,  vol.  12 
(1905-1906),  p.  433  (abstract):  "no  motion  is  impossible  unless  it  contra- 
dicts the  above  axioms." 

t  When  i  =  n  +  1,  the  argument  of  X,  is  x*. 
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then 

II.  If  (p(x)  satisfies  the  conditions  in  Theorem  I,  and  if 

Xoo 
(p{x)x^^dx,  then  reciprocally, 

1  /HH-<00 

Example: 

T(x)  =    r  e-H^Hi, 
Jo 

e-'  =  2^.  J         T{x)r'dx  for  a  >  0;  -  2  <  arg.  <  <  2 . 

Miss  Schottenfels'  paper  treats  of  a  class  of  functions  which 
are  self-reciprocal  in  the  above  sense  of  reciprocity. 

H.  E.  Slaught, 
Secretary  of  the  Chicago  Section. 


ON  PIERPONT'S  DEFINITION  OF  INTEGRALS. 

BT  l>ROFESSOR  M.   FR£cHBT. 

(Read  bef(»re  the  American  Mathematical  Society,  December  27, 1915.) 

In  the  second  volume  of  his  Lectures  on  the  Theory  of 
Functions  of  Real  Variables,  Professor  J.  Pierpont  has  given 
a  new  definition  of  Lebesgue  integrals.  This  definition  is 
interesting  in  as  much  as  it  realizes  an  effort  to  adapt  the 
previous  methods  of  presentation  of  Riemann  integrals  to 
the  newer  Lebesgue  integrals. 

But  unfortunately  the  happiness  of  this  idea  is  lessened  in 
Pierpont's  work  by  the  choice  of  an  inappropriate  definition. 
Professor  Pierpont  intended  to  generalize  the  definition  of 
Lebesgue  integrals  by  defining  upper  and  lower  integrals  of 
any  function  f{x)  on  any  linear  set  E^.  Such  definitions 
should  not,  of  course,  be  arbitrary  ones,  and  there  are  some 
primary  conditions  to  be  fulfilled,  unless  these  definitions  are 
to  become  quite  artificial  and  uninteresting. 
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For  instance,  it  is  to  be  expected  that  for  any /(x)  and  any  E, 


Js        Je 


if  the  left  and  right  sides  denote  the  upper  and  lower  integrals 
of  /(a)  over  E.  And  when  /si  these  integrals  ought  to 
reduce  to  the  upper  and  lower  measures  of  E.  However,  if 
/  s  1  it  will  be  found  that  those  integrals  are  respectively  the 
lower  and  upper  bounds  of  2  meas.  8n,  where  6i,  8i,  •  •  •,  8n,  •  •  • 
is  a  "separated  division  of  A  into  cells."*    Hence 


Je        Je 


and  the  equality  cannot  hold  for  every  E.  For  if,  for  instance, 
E  is  the  interval  (0,  1)  and  if  5i  is  a  non-measurable  part  of  E 
and  Sj  =  E  —  5i,  then  meas.  5i  +  meas.  i%  >  meas.  E.  But 
of  all  the  separated  divisions  of  E,  take  those  two  the  first 
of  which  consists  of  E  itself  and  the  second  of  (Si,  h%)\  then 


I  /  ^  meas.  E^ 


meas.  6i  +  meas.  bi. 


Thus  we  get  a  case  where  at  the  same  time 
and,  though /=  1, 


Je        Je 


fj 


>  meas.  E. 


Curiously  enough.   Professor  Pierpont  did  not   think  it 
useful  to  mention  that  the  inequality 


Je         Je 


0 


*  Si,  6k  BTe  said  to  be  separated  when  they  are  enclosed  respectivdy  in 
two  measurable  seta  whose  common  part  has  the  measure  zero.  Here 
meas.  means  upper  measure. 
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should  hold,  as  should  result  from  his  relation 


I/-f/' 


lim.  ZcJn  X  meas.  dn 


where  con  is  the  oscillation  of/  in  8„.  However,  it  results  from 
my  example  above  that  this  relation  is  not  always  true. 

The  mainspring  of  all  these  difficulties  is  the  error  made  in 
theorem  376,  page  369:  '^Let  A  =  {B,  C)  be  a  separated 
division  of  A,  then  meas.  A  =  meas.  B  +  meas.  C/'  which  is 
a  generalization  of  theorem  341,  page  346,  "If  A  =  B  +  C 
and  B,  C  are  exterior  to  each  other,  meas.  A  =  meas.  B  + 
meas.  C."  The  assumption  made  in  the  second  line  of  the 
proof  of  this  theorem  is  not  altogether  obvious,  so  that  the 
proof  is  not  convincing.  Moreover,  the  theorem  itself  does 
not  hold  in  every  case;  for  instance,  it  does  not  when  A  is  an 
interval  and  B  a  non-measurable  part  of  A. 

It  is  further  found  that  the  demonstration  of  the  inequalities 

(1)        m  X  meas.  E  ^  Jf;  J  f£MX  meas.  E 

is  based  explicitly  (§  379,  page  372)  on  the  first  theorem 
reproduced  above  and  on  a  consequence  of  it  which  reads 

as  follows:         _^  

m  X  meas.  E  ^  Sp]  Sj,  ^  M  X  meas.  E. 

Now  this  consequence  is  easily  seen  to  be  false  itself, 
whereas  the  final  inequalities  (1),  which  are  correct,  would 
have  been  more  easily  proved  by  showing  that  m  X  meas.  E 
and  M  X  meas.  E  are  particular  values  assumed  by  So  and  Sj, 
when  D  consists  of  E  alone. 

At  any  rate,  many  difficulties  should  disappear  if  the  Sn 
are  to  be  measurable.  No  doubt  E  would  then  itself  be 
measurable  and  the  definition  would  not  have  so  large  an 
extent.  However  the  case  of  the  non-measurable  E — which 
is  not  particularly  interesting — ^may  be  easily  dealt  with  by 
enclosing  E  in  any  measurable  set  B,  letting  f  =  0  in  B  —  E 
and  putting 


Je         Jb  Je         Jb 
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these  values  being  obviously  independent  of  the  choice  of  5. 

Finally,  I  fail  to  see  any  advantage  in  the  use  of  the  so- 
called  separated  divisions  of  E,  The  results  are  exactly  the 
same  and  a  useless  complication  is  avoided  if  -B  is  only  divided 
into  parts  exterior  to  each  other. 

Now  divide  a  measurable  set  E  into  a  countable  sequence  of 
measurable  subsets  Si  exterior  to  each  other  and  denote  by 

I  /  and   I  /  the  lower  and  upper  bounds  of  23/ ,5»  and  Smi5„ 

where  m*,  Mi  are  the  lower  and  upper  bounds  of  /  on  6,-.  By 
these  definitions,  the  upper  integral  is  never  smaller  than  the 
lower  integral.  And  if  /  =  1,  both  integrals  are  equal  to 
meas.  E. 

This  new  definition  is  very  similar  to  that  of  Riemann. 
The  real  difference  is  not  as  Professor  Pierpont  asserts  for  his 
own  that  it  makes  use  of  an  infinite  instead  of  a  finite  number 
of  parts  of  E.  It  lies  essentially  in  the  use  of  measurable 
parts  of  E  instead  of  intervals.  For  instance  when/  is  bounded 
over  E,  the  definition  is  not  altered  if  the  parts  Si  of  E  are 
assumed  to  be  in  infinite  (variable)  number. 

When    I  /  =   I  /  the  common  value  of  both  integrals  is 

equal  to  the  value  of  the  corresponding  Lebesgue  integral. 
Univebsitt  of  Poitibbs. 


REPLY  TO  PROFESSOR  FRECHET'S  ARTICLE. 

1.  Replying  to  the  foregoing  criticism  I  begin  by  quoting. 
Professor  Fr6chet  says:  "  But  unfortunately  the  happiness  of 
this  idea  is  lessened  in  Pierpont's  work  by  the  choice  of  an 
inappropriate  definition.  Professor  Pierpont  intended  to 
generalize  the  definition  of  Lebesgue  integrals  by  defining 
upper  and  lower  integrals  of  any  function  on  any  linear  set  JS^. 
Such  definitions  should  not  of  course  be  arbitrary  ones,  and 
there  are  some  primary  conditions  to  be  fulfilled  unless  these 
definitions  are  to  become  quite  artificial  and  uninteresting." 

The  implication  that  the  reader  \^dll  easily  draw  is  that  I  have 
not  fulfilled  these  primary  conditions  and  that  my  theory  is 
therefore  quite  artificial  and  uninteresting.  Certainly  flatter- 
ing to  the  author. 
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To  be  historically  accurate,  I  had  no  intention  whatever  of 
generalizing  Lebesgue's  integrals.  When  years  ago  I  hit  on 
my  definition  of  integration,  I  did  not  know  how  it  was  re- 
lated to  Lebesgue's  theory.  I  found  out  later  that  when  the 
field  of  integration  is  measurable  my  integrals  are  identical  with 
Lebesgue's  and  I  have  therefore  called  them  Lebesgue  inte- 
grals throughout  my  book.  To  prevent  misunderstanding  let 
me  note  that  my  definition  is  not  restricted  to  a  single  variable 
as  one  may  have  gathered  from  the  passage  just  quoted;  this 
however  is  a  minor  matter.  Professor  Frechet  calls  my  defi- 
nition inappropriate.  Since  my  integral  and  Lebesgue's  are 
the  same  when  the  field  of  integration  is  measurable,  any 
defect  in  my  integral  is  equally  shared  by  Lebesgue's  in  this 
case.  I  infer  therefore  that  his  strictures  apply  only  to  the 
case  where  the  field  of  integration  is  non-measurable. 

I  lay  no  great  importance  on  this  side  of  my  definition.  No 
non-measurable  field  has  yet  been  studied  as  far  as  I  know,  and 
it  may  turn  out  that  they  have  little  value  in  the  theory  of 
point  sets. 

Theoretically  they  do  present  themselves  in  a  rather  awk- 
ward way  in  the  theory  of  double  integrals.  Let  21  be  a 
measurable  limited  field  whose  projectipn  is  SB  and  whose  cross 
sections  are  S.  If  /(ar,  y)  is  limited  and  integrable  in  21,  we 
would  like  to  write  down,  as  in  the  calculus, 

(1)  I  /(ar,  y)dbcdy  ^   \  dx  \  f{x,  y)dy. 

Now  it  turns  out  that  although  21  itself  is  measurable,  an 
infinite  number  of  the  sections  S  may  not  be.  If  now  we  do 
not  define  integrals  over  non-measurable  fields,  the  symbol 


X 


fix,  y)dy 


which  enters  (1)  is  not  defined  and  the  same  is  true  of  the  right 
side  of  (1).  This  diflBculty  may  be  turned  in  a  variety  of  ways; 
one  way  is  to  use  a  definition  of  integration  which  does  not 
depend  on  the  measurability  of  the  field. 

This  Professor  W.  A.  Wilson  did  in  1909.     He  replaced 
the  intricate  and  highly  artificial  reasoning  of  Lebesgue*  by 

*  Cf.  Lebesgue,  Ann,  di  Mat,,  1902.    Reproduced  by  Hobson,  Functions 
of  a  Real  Variable  (1907),  p.  676. 
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simpler  and  more  direct  methods  as  given  in  Volume  II  of  my 
Real  Variables.* 

2.  Let  us  now  consider  some  of  Professor  Frfechet's  objec- 
tions in  detail,  it  being  understood  that  the  field  of  integration 
is  ?ion-measurable.  He  says:  It  is  to  be  expected  that  for  any 
f{x)  and  any  E 

Now  Professor  Frfichet  thinks  he  has  constructed  an  example 
which  contradicts  the  relation  (2),  i.  e.,  he  thinks  he  has  shown 
that  in  a  certain  case         _ 

(3)  .    ff<  ff. 

If  this  were  true,  my  theory  of  integration  for  non-measurable 
fields  would  be  in  a  sorry  plight. 

To  establish  the/ofee  relation  (3)  for  a  special  case,  Professor 
Frfichet  divides  the  unit  interval  E  =  (0,  1)  into  two  parts  by 
taking  a  non-measurable  component  h\  and  its  complement  $2 
such  that 

(4)  meas  5\  +  meas  82  >  meas  E, 

So  far  so  good,  but  Professor  Frfichet  now  states  that  21=  (5i,  62) 
is  a  separated  division,  for  he  says:  "  But  of  all  separate  divi- 
sions of  E  take  those  two,  the  first  of  which  consists  of  E  itself 
and  the  second  of  (81,  62)." 

Professor  Frfichet  has  been  misled  at  this  point;  there  is  no 
separated  division  of  3(  such  that  (4)  holds,  and  his  example 
establishes  not  an  error  on  my  part  but  a  carelessness  of  reason- 
ing on  his. 

3.  Professor  FrSchet  now  attacks  the  correctness  of  the  rela- 
tion 


(5)  meas  A  =  meas  B  +  meas  C, 

where  5,  C  is  a  separated  division  of  81.    He  says: 

(1)  "  The  assumption  made  in  the  second  line  of  the  proof 
of  this  theorem  is  not  altogether  obvious,  so  that  the  proof  is 
not  convincing.     (2)  Moreover,  the  theorem  itself  does  not 

*  Wilson's  results  were  given  by  me  in  a  course  of  two  lectures  delivered 
at  Clark  University  in  September,  1909.  Cf.  also  a  paper  by  Hobson, 
Proceedings  Land.  Math,  Soc.,  vol.  8,  Part  1.    Issued  December  23,  1909. 
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hold  in  every  case;  for  instance^  it  does  not  when  A  is  an  in- 
terval and  JS  is  a  non-measurable  part  of  A*^ 

As  far  as  the  writer  can  see,  (2)  is  a  bald  statement  unac- 
companied by  a  shred  of  proof.  A  charge  as  serious  as  this 
certainly  deserves  some  support  on  the  part  of  the  person 
making  it. 

Let  us  look  at  (1).    The  assumption  in  question  is  that 

(6)  (gn  -  ^n  +  fin  +  Cn 

is  an  €n-enclosure  of  2[,  3S,  S  simultaneously. 

The  author  made  this  statement  without  proof  because  in 
his  judgment  an  attentive  reader  who  had  used  the  machinery 
of  superposition  up  to  this  point  would  admit  its  truth  as 
obvious.  However  to  make  it  clear  even  to  him  that  runs, 
we  add  the  following,  using  the  notation  of  my  book: 

Let 

An  =    {OnJr     Bn  =    {Kx] ,      Cn  =    {c,^}. 

Each  cell  On*  is  a  measurable  point  set  containing  points  of  3(, 
6„x  one  containing  points  of  SB,  etc.  Now  if  «»/  denote  a 
cell  of  Gn,  Bnj  is  by  definition  Dv{anK9  6i»a}  or  Dv{an^,  c»^}. 
But  any  point  of  SB  (or  of  S)  is  in  some  Kx  (or  c„^)  and  since 
5B  (or  S)  is  a  part  of  81,  in  some  a««.  Therefore  Gn  =  {enj] 
contains  all  points  of  21.  Now  (Sn  is  a  part  of  An  and  hence 
meas  @n  ^  meas  An;  therefore  (Sn  is  an  €n  enclosure  of  SI. 
Let  Bn  denote  those  parts  of  fi„  contained  in  Gn.  Then 
meas  Bn  ^  meas  5».  Hence  Bn  is  an  €»  enclosure  of  SB. 
Similarly  Cn  is  an  €»  enclosure  of  (5.  Thus  Gn  is  simultane- 
ously an  €n  enclosure  of  81,  SB,  G. 
4.  The  next  charge  is  that  the  relations 

(7)  mi^S,,,    8j,SMn 

are  false.  The  proof  that  they  are  correct  is  given  on  page 
372;  as  it  requires  but  four  lines,  I  reproduce  it  textually,  viz., 

m  ^  rrii  ^  Mi  ^  M. 
Hence 

limFi  ^  Hm^Ji  ^  2if<5f  ^  2if5,-. 
Thus 

(8)  niSii  ^  S'o  ^So^  M^Si. 
But  by  §  376,  2, 

(9)  S6.-  =  a. 
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So  far  as  in  my  book.  To  get  (7)  put  (9)  in  (8).  The  only 
point  in  this  simple  demonstration  which  Professor  Frfchet 
can  attack  is  the  relation  (9).  But  this  brings  the  question 
around  again  to  the  fundamental  relation  (5)  which  we  have 
already  discussed.  Professor  Frfichet  is  thus  repeating  him- 
self. 

In  connection  with  the  relation  (7)  I  quote  the  following 
remark  of  Professor  FrSchet.  He  says:  "Curiously  enough 
Professor  Pierpont  did  not  think  it  useful  to  mention  that 
the  inequality  (2)  should  hold."  I  suppose  I  did  not  men- 
tion the  relation  (2)  because  I  thought  it  too  self-e\ddent. 
The  proof  is  inmiediate: 

Let  Diy  2)2  •  •  •  be  an  extremal  sequence  as  defined  on  page  374. 
Then  replacing  D  by  Dn  in  (8)  above  we  have  S^n  ^  Si,^, 
Let  now  n  ^  00,  we  get  the  relation  (2)  by  §  383,  L 

5.  Finally  at  the  close  of  Professor  Frechet's  article  I  am 
told  by  him  that  I  do  not  know  the  real  significance  of  my  own 
work.  "  The  real  difference  is  not  as  Professor  Pierpont  asserts 
for  his  own  (definition)  that  it  makes  use  of  an  infinite  instead 
of  a  finite  number  of  parts  of  E  (as  in  Riemann's  definition). 
It  lies  essentially,  etc.  .  .  ." 

Professor  Frfichet  will  pardon  me  if  I  still  hold  to  my  origi- 
nal opinion  in  spite  of  his  illuminating  remarks.  He  has  been 
so  often  wrong,  as  I  hope  I  have  made  clear,  that  he  may  well 
be  wrong  here  also. 

The  rest  of  Professor  Frfchet's  remarks  relate  to  matters  of 
taste  and  as  de  gustibus  non  est  disputandum  I  refrain  from 
entering  the  controversy.  Professor  Fr6chet  claims  that  I 
have  erred  on  three  counts,  viz.:  L  The  relation  (2).  2.  The 
relation  (5).     3.  The  relation  (7). 

The  only  proof  he  has  adduced  is  an  example  whose  valid- 
ity depends  on  estabUshing  the  vital  fact  that  81  =  (5i,  h)  is  a 
separated  division  of  81.  I  expect  he  will  hasten  to  remove  this 
lacuna. 

James  Pierpont. 
Yale  UNivBHSiTr, 
January  f  1916. 
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CARMICHAEL'S  MONOGRAPHS  ON  BRANCHES  OF 
THE  THEORY  OF  NUMBERS. 

The  Theory  of  Numbers.    By  R.  D.  Carmichael.     New  York, 

John  Wiley  and  Sons,  1914.    8vo.    94  pages.     Price  $1. 
Diophantine  Analysis.    By  R.  D.  Carmichael.     New  York, 

John  Wiley  and  Sons,  1915.    8vo.    6+118  pages.     Price 

$1.25. 

The  various  series  of  tracts  or  monographs  on  mathematics 
which  are  in  course  of  publication  in  several  European  coun- 
tries are  so  well  known  and  the  arguments  in  favor  of  them 
are  so  generally  conceded  that  it  is  not  surprising  that 
several  series  of  tracts  have  been  recently  begun  in  America. 
In  view  of  the  purpose  of  such  a  tract,  the  editor  of  a  series 
naturally  imposes  a  definite  upper  limit  to  its  length.  Fre- 
quently the  tract  relates  to  a  very  extensive  field  of  mathe- 
matics and  the  problem  of  the  selection  of  topics  presents  a 
serious  diflSculty  to  the  author. 

There  is  an  added  difficulty  in  the  case  of  a  tract  for  begin- 
ners in  the  theory  of  numbers  (and  the  same  point  would  apply 
to  the  case  of  the  theory  of  groups) :  the  subject  is  somewhat 
abstract  and  the  nature  of  the  theorems  and  proofs  is  quite 
different  from  that  to  which  the  reader  is  accustomed.  Con- 
sequently the  author  of  the  tract  on  the  Theory  of  Numbers 
has  wisely  adopted  a  very  elementary  and  expansive  style  of 
presentation,  even  at  the  expense  of  a  reduction  of  the  number 
of  topics  treated.  A  like  motive,  combined  with  the  desire 
to  emphasize  methods  rather  than  results,  doubtless  led  the 
author  to  give  several  proofs  of  Fermat's  theorem  and  Euler's 
generalization,  although  the  space  used  could  have  been  uti- 
lized for  the  presentation  of  further  results. 

Chapter  I  deals  (in  23  pages)  with  the  uniqueness  of  factor- 
ization into  primes,  the  greatest  common  divisor  and  least 
common  multiple  of  two  or  more  integers,  the  highest  power  of 
a  prime  which  divides  nl,  and  the  simplest  properties  of  prime 
numbers. 

Chapter  II  devotes  7  pages  to  Euler's  ^function  or  indicator. 
Two  methods  of  evaluating  ^(m)  are  given  in  detail,  and  a  third 
method  is  suggested. 

Chapter  III  gives  in  10  pages  the  formal  properties  of  con- 
gruences, a  proof  that  a  congruence  of  degree  n  with  respect 
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to  a  prime  modulus  has  at  most  n  (real)  roots,  and  the  simpler 
theorems  on  linear  congruences. 

Chapter  IV  treats  (in  14  pages)  of  Fermat's  theorem  and  its 
extensions  and  converse,  its  application  to  linear  congruences 
and  to  Euler's  criterion  for  quadratic  residues.;  also  Wilson's 
theorem  and  its  converse. 

Chapter  V  devotes  15  pages  to  a  rather  full  account  of  the 
theory  of  primitive  roots.  Concerning  the  important  function 
X(m),  the  maximum  indicator  of  Cauchy,  it  is  proved  that  there 
exist  integers  belonging  to  the  exponent  X(m)  modulo  m. 
Thus  x^^"^^  =  1  (mod  m)  is  satisfied  by  every  integer  x  prime 
to  m,  while  this  is  not  true  for  an  exponent  less  than  X(m). 

Chapter  VI  gives  (in  17  pages)  a  brief  first  view  of  various 
additional  topics  such  as  the  theory  of  quadratic  residues, 
including  a  statement  of  the  law  of  reciprocity;  Galois  im- 
aginaries,  from  the  intuitive  point  of  view  of  Galois;  rational 
right  triangles. 

In  view  of  its  great  clearness  and  elementary  character, 
this  book  will  prove  a  boon  to  the  general  reader  desirous  of 
an  introduction  to  the  "  queen  of  the  sciences,"  as  well  as  to 
those  students  of  mathematics  who  wish  to  acquire  quickly 
and  easily  a  working  knowledge  of  the  theory  of  numbers 
sufficient  for  its  ordinary  applications  in  other  fields  of  mathe- 
matics. For  the  latter  purpose,  the  text  should  have  contained 
numerous  exercises  involving  quadratic  residues.  On  the 
other  topics  treated,  the  exercises  are  numerous  and  well 
selected.  Having  examined  the  full  reports  from  a  beginner 
in  this  subject  who  used  this  text  for  private  reading,  the 
reviewer  is  confident  that  the  text  is  well  suited  for  the  two 
classes  of  readers  mentioned  above.  In  view  of  the  limited 
range  of  topics,  the  book  would  have  to  be  supplemented  by 
lectures  if  adopted  for  a  major  course  in  the  theory  of  numbers, 
as  usually  presented  at  the  universities. 

The  author  has  deviated  from  custom  in  his  definition  of 
three  or  more  relatively  prime  numbers.  This  term  is  used 
(page  9)  when  the  numbers  have  no  common  factor  except 
unity.  According  to  Dirichlet,*  numbers  are  relatively  prime 
only  when  every  pair  of  them  are  relatively  prime.  While 
Carmichael  is  consistent  in  the  use  of  his  definition,  a  student 
who  was  reading  the  text  occasionally  made  errors  by  falling 
back  upon  the  older  (and  perhaps  more  natural)  definition. 

In  exercise  7,  page  17,  the  word  two  should  be  inserted  before 

*  Vorlesungen  tiber  Zahlentheorie,  ed.  4,  1894,  p.  11. 
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"  relatively  prime  factors."    There  is  an  evident  misprint  in 
exercise  3,  page  20. 

The  text  on  Diophantine  analysis  is  of  much  greater  scientific 
importance  than  the  book  just  reviewed,  since  there  exists  no 
other  single  book  in  any  language  which  presents  so  much  of 
the  material  on  Diophantine  equations,  and  certainly  no  earlier 
book  which  undertakes  such  a  systematic  presentation  of 
important  aspects  of  the  theory.  From  the  time  of  Pythagoras 
there  has  been  an  uninterrupted  interest  in  the  subject  now 
known  as  Diophantine  equations.  In  particular,  there  has 
been  for  three  centuries  a  special  interest  in  Fermat's  last 
theorem,  that  perpetual  challenge  to  mathematical  combat, 
that  impenetrable  armor  upon  which  has  been  shattered  the 
lance  of  many  a  gallant  trained  soldier,  that  lure  which  has 
fascinated  only  to  repel  the  uncouth  advances  of  many  a  camp 
follower  and  raw  recruit.  If  only  to  satisfy  a  reasonable 
curiosity,  the  general  mathematical  public  is  entitled  to  a  clear 
exposition  of  the  problems,  methods  and  results  achieved  in  an 
ancient  subject  in  which  the  theorems  appear  to  be  so  simple 
and  yet  are  often  so  difficult  to  prove. 

Chapter  I  deals  with  the  general  nature  of  Diophantine 
analysis,  the  lack  of  general  methods  of  investigation,  rational 
oblique  and  right  triangles,  and  Fermat's  meUiod  of  infinite 
descent. 

Chapter  II  is  an  introduction  to  the  application  in  this 
subject  of  a  principle,  discussed  later  in  this  review,  which  is 
really  only  the  theorem  that,  in  a  given  algebraic  domain,  the 
norm  of  a  product  equals  the  product  of  the  norms  of  the 
factors.  The  applications  here  are  to  Pell's  equation  7? 
—  Dy^  —  <r^  (especially  the  case  <r  =  1),  to  7?  +  ay^  +  hv? 
+  aW  =  1?,  to  the  complete  solution  of  7?  +  y^  -\-  7?  =  fi 
in  integers,  to  the  derivation  of  a  second  solution  of  x^  +  oy* 
+  hz^  =  ^  from  a  given  solution,  and  to  a  like  result  for 
a;4  +  ay*  =  m^  +  hi^. 

Chapters  III  and  IV  are  devoted  to  Diophantine  equations 
of  the  third  and  fourth  degrees  in  two  or  more  variables. 

Chapter  V  devotes  19  pages  to  Fermat's  last  theorem: 
If  n  is  an  integer  greater  than  2,  there  are  no  integers  x,  y,  z 
all  different  from  zero,  such  that  ar"  +  y"  =  2*.  The  formulas 
given  by  Abel  and  Legendre  are  proved.  There  is  a  presen- 
tation of  the  method  of  Sophie  Grermain  as  developed  by 
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Legendre  and  recent  writers.  Four  pages  are  used  to  give  a 
summary  of  further  results  known  about  Fermat's  last  the- 
orem, many  of  the  results  being  stated  in  the  form  of  exercises. 
Chapter  VI  directs  attention  to  the  possibility  of  using 
rational  solutions  of  functional  equations  as  a  means  of  classi- 
fying isolated  problems  on  Diophantine  equations.  The  illus- 
tration employed  is  the  functional  equation 

Various  solutions  of  this  are  employed  in  a  treatment  of 
Fermat's  problem  to  find  three  squares  such  that  the  product 
of  any  two  of  which,  added  to  the  sum  of  those  two,  gives  a 
square. 

The  chief  aim  of  the  author  is  set  forth  in  the  preface  as 
follows.  "  The  task  of  the  author  has  been  to  systematize, 
as  far  as  possible,  a  large  number  of  isolated  investigations  and 
to  organize  the  fragmentary  results  into  a  connected  body  of 
doctrine.  The  principal  single  organizing  idea  here  used  and 
not  previously  developed  systematically  in  the  literature  is 
that  connected  with  the  notion  of  a  multiplicative  domain 
introduced  in  Chapter  II "  (that  of  applying  the  multiplicative 
property  of  norms  of  algebraic  numbers).  Again  on  page  50, 
the  author  says  "  The  method  of  extending  this  set  (of 
numbers  Xi^  +  aiXi^'~^X2  +  •  •  •  +  0^X2^)  so  that  the  resulting 
set  shall  form  a  domain  closed  with  respect  to  multiplication 
grows  out  of  a  remark  due  to  Lagrange  (Oeuvres,  7,  pages  164- 
179),  though  Lagrange  seems  nowhere  to  have  utilized  it  in 
connection  with  Diophantine  problems.  A  partial  use  of  it 
has  been  made  by  Legendre  (Th6orie  des  Nombres,  volume  2, 
ed.  3,  pages  134-141);  but  its  consequences  seem  nowhere  to 
have  been  systematically  developed/' 

This  programme  has  been  carried  out  so  admirably  that  it 
does  not  detract  from  the  value  of  the  work  to  point  out  that 
Lagrange  did  apply  the  idea  to  Diophantine  equations  and 
that  later  writers  developed  the  theory  quite  systematically. 

Lagrange*  proved  that,  if  a  is  a  fixed  nth  root  of  unity,  the 
product  of  two  functions  of  the  type 

p  =  t  +  ua^A  +  xa^^+ f-  za""-^ ^A^^ 

is  of  like  form.     Hence  if  we  replace  a  by  the  different  nth 
♦  MSm,  Ac.  R.  Sc.  Berlin,  vol.  23,  1769;  Oeuvres  2,  527. 
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roots  of  unity  and  form  the  product  of  the  functions  so  ob- 
tained from  p,  we  obtain  a  rational  function  P  ot  t,  u,  -  -  -, 
z,  A,  such  that  the  product  of  two  functions  of  type  P  is  a 
third  function  of  type  P.  It  is  shown  how  P  can  be  found  by 
elimination.    The  theory  is  applied  to  the  solution  of 

(1)  r~  -  As""  =  (f". 

We  desire  to  express  each  factor  r  —  asA^f^  as  an  mth  power 
p"*,  where  a^  =  1,  and  p  is  the  above  linear  function.    Then 

jr=  T+^Ua^^+Xa'^A^+  ...  +  Za»-i^-^ 

Hence  we  take  r  =  T,  8  =^  -  U,  X  =  0,  •  •  •,  Z  =  0-    Thus 

(1)  is  solvable  by  this  method  if  X  =  0,  •  •  • ,  Z  =  0  are  solvable. 
Although  we  have  only  w  —  2  equations  in  n  variables,  they 
do  not  always  have  rational  solutions.  For  the  case  n  =  3, 
m  =  2,  the  single  condition  X  =  0  gives  a:  =  —  u^/2t;  then 

r=  T--f+2Aux  =  f-^, 

Au^ 
-8^  U=  Ax^  +  2tu---^  +  2tu, 

q^  P^fi+Au^-  SAtux  +  AV. 

For  w  =  m  =  3,  the  condition  is  tu^  +  ^  =  Aw?\  but  La- 
grange did  not  complete  the  discussion  of  this  case. 

The  method  just  applied  to  the  two  cases  having  w  =  3  was 
later  extended  by  Lagrange*  from  the  special  case  a'  =  1  to 
the  case  in  which  a  is  a  root  of  any  cubic  equation.  This 
work  is  reproduced  by  Carmichael  on  pages  55,  56,  where  a 
reference  to  Lagrange  would  have  been  in  place.  For,  al- 
though this  reference  was  given  iSve  pages  earlier,  it  was  there 
stated  (see  quotation  above)  that  Lagrange  had  not  applied  the 
idea  to  Diophantine  problems.  Carmichael  reproduced 
Lagrange's  use  of  the  idea  to  obtain  a  set  of  solutions,  involving 
two  parameters,  of 

(2)  ^-^a3?y'{-hxf'^(^-=^'f. 

Lagrange  remarked  that  his  solution  of  (2)  "  is  well  worthy 
of  notice  on  account  of  its  generality  and  the  manner  in  which 

♦  Addition  IX  to  Euler's  Algebra,  vol.  2, 1774,  pp.  644-9;  Oeuvres  de 
Lagrange,  vol.  7,  pp.  170-9. 
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it  was  derived,  which  is  perhaps  the  only  way  which  can  lead 
to  it  easily." 

Carmichael  attempts  to  apply  the  idea  to  the  similar  equa- 
tion in  which  "fi  is  replaced  by  «•,  but  finds  (page  58)  that  the 
condition  X  =  0  is  so  complicated  that  a  complete  solution 
is  hardly  to  be  expected;  he  then  gives  the  recent  methods  by 
Schaewen,  based  on  other  principles. 

Lagrange*  made  much  use  of  the  property 

(p*  -  B(f){v^  -  Bq^)  =  (ppi  ±  BqqiY  -  B{pqi  ±  qVif 

in  his  various  investigations  on  Diophantine  dljuations  of  the 
second  degree,  especially  in  his  work  on  Pell's  equation  and  in 
the  solution  of  u^  —  Bf  =  A  in  rational  numbers.  The 
corresponding  formula  (page  525)  concerning 

F^p"-  B(f-Cf^+  5C^ 

was  used  by  him  in  the  proof  that  every  number  is  expressible 
as  a  sum  of  four  squares.  G.  Librif  used  this  property  of  F 
and  gave  a  formula  stated  to  give  all  the  ways  of  reducing  a 
product  FFi  of  two  such  functions  to  a  like  form  F2;  he  gave 
(page  292)  an  identity  expressing  the  product  of  two  sums  of 
four  cubes  as  a  sum  of  cubes  of  four  rational  expressions,  and 
remarked  that  also 

33.4  4.  y4  _  2^  _  3^4 

repeats  under  multiplication  and  represents  rationally  all 
rational  numbers. 

Lagranget  stated  that  "the  simplest  and  most  general 
method  for  equations  like  x^  +  ay^  =  2?  is  perhaps  that  by 
factors  in  his  additions  (final  chapter)  to  Eider's  algebra." 

It  is  therefore  clear  that  Lagrange  was  fully  aware  of 
the  applications  of  the  multiplicative  property  of  norms  to 
Diophantine  problems.  Moreover,  it  is  rather  evident  that 
he  developed  this  property  of  norms  for  the  purpose  of  applying 
it  to  Diophantine  equations. 

As  to  Carmichaers  remark  that  the  consequences  of  this 
idea  of  Lagrange's  "  seem  nowhere  to  have  been  systematically 
developed,"  it  should  be  noted  that  the  series  of  papers  by 

*  Oeuvres,  2,  p.  386,  p.  523. 

Uounud  fur  Math.,  vol.  9,  1832,  p.  287. 

t  Oeuvres,  4,  p.  395. 
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Desboves*  give  such  a  systematic  development,  perhaps  as 
extensive  as  Carmichaers.  Among  the  equations  treated  by 
this  method  by  Desboves  are 

In  this  connection  should  be  cited  a  general  theorem  of 
importance  due  to  Dirichletrt  If  at  least  one  of  the  roots 
a,  /3,  •  •  •,  w  of  an  equation  «"  +  cw**~^  +  •  •  •  +  A  =  0  is 
real  and  if  a,  •  •  • ,  A  are  integers,  while  *"  +  •  •  •  has  no  rational 
divisor,  and  if 

^(a)  -  x+  ay+  •  •  •  +  oT'h, 

then  the  Diophantine  equation 

F(x,  y,'",z)^  4>{a)4>m  •  •  •  4>(ui)  =  1 

has  an  infinity  of  integral  solutions.  If  the  corresponding 
Lagrangian  function  P  can  assume  a  given  value  N,  it  takes 
the  same  value  N  for  an  infinitude  of  sets  of  values  of  x,  y, 
•  •  • ,  z.  Poincar^t  noted  that,  under  the  same  conditions,  the 
solution  of  F  ^  N  reduces  to  the  problem  of  forming  all 
complex  ideals  of  norm  N,  and  discussed  the  latter  question. 
Carmichael  (pages  44^-48)  has  appUed  Lagrange's  method 
to  two  new  types  of  Diophantine  equations 

x^  +  ay^  +  hz^  =  ^,    a;^  +  ay*  =  m^  +  hi^y 

obtaining  a  second  set  of  solutions  from  a  given  set.  When 
applied  to  another  equation  (page  62),  the  method  led  to  a 
solution  which  "  unfortunately  lacks  generaUty,''  so  that  a 
special  method  was  devised.  The  author  himself  of  course 
recognizes  that  Lagrange's  method  is  not  a  universal  panacea. 
If  the  strict  limitations  of  space  had  not  made  it  necessary 
for  the  author  to  develop  a  considerable  body  of  classic  results 
from  a  single  central  point  of  view,  he  would  doubtless  have 
given  an  exposition  of  other  methods  of  considerable  generality. 
For  example,  the  elegant  method  in  the  joint  paper§  by  Hilbert 
and   Hurwitz   to   obtain   all   sets   of   rational   solutions   of 

♦  N<nw,  Ann.  Math,,  ser.  2,  vol.  18, 1879,  pp.  265-279,  398-410, 433-444, 
481-499. 

t  Comptes  Rendua,  Paris,  vol.  10,  1840,  pp.  285-8. 

t  Ibid.,  vol.  92,  1881,  p.  777. 

§  Ada  MathemaHca,  vol.  14,  1890-1,  pp.  217-224. 
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f{x,  y,  z)  =  0,  where  /  is  a  homogeneous  polynomial  of  degree  n 
with  integral  coefficients  such  that  the  curve  /  =  0  is  of  genus, 
(or  deficiency  or  Geschlecht)  zero.  Again,  Poincar6,*  with  the 
aim  to  find  a  bond  between  various  problems  of  Diophantine 
analysis,  has  treated  homogeneous  polynomials  f{x,  y,  z)  with 
integral  coefficients  from  the  standpoint  of  classes  of  curves 
/  =  0  under  birational  transformations  with  rational  coeffi- 
cients. Finally,  C.  Runget  and  E.  MailletJ  have  given  con- 
ditions for  an  infinitude  of  sets  of  solutions  of  any  Diophantine 
equation  in  two  variables.  References  to  papers  of  this  t>T)e 
would  have  been  in  place  in  such  a  brief  text. 

The  reference  (page  68)  to  Euler  alone  is  rather  generous, 
as  Euler,  in  his  proof  of  the  impossibility  of  integral  solutions, 
all  different  from  zero,  of  a:*  +  y*  =  ^,  did  not  give  a  rigorous 
proof  of  the  vital  point  that,  if  j?^  +  3^  is  a  cube,  it  is  the  cube 
of  a  number  fi  +  3w^  and  that  p  +  g  V—  3  is  the  cube  of 
t-\-  u  V—  3.    For  a  proof,  see  Pepin. § 

The  numerous  exercises  are  of  three  types  with  distinguish- 
ing marks.  There  are  133  exercises  intended  to  develop 
facility  in  the  handling  of  the  subject;  53  additional  exercises 
are  of  more  difficulty  and  are  intended  primarily  as  a  summary 
of  known  results  not  otherwise  included  in  the  text;  while  35 
further  exercises  are  intended  to  suggest  investigations.  With 
many  of  the  exercises  are  affixed  names  of  writers  and  dates, 
but  no  journal  references.  The  author  evidently  made  a 
thorough  examination  of  the  extensive  literature  of  the  subject. 

In  view  of  its  undoubted  scientific  merits,  the  book  should 
be  very  useful  to  the  student  of  Diophantine  analysis.  In  view 
of  its  clear  and  attractive  style  of  presentation,  its  emphasis 
on  important  results  and  methods,  and  its  proper  subordina- 
tion of  minor  or  more  technical  matters,  the  text  should  appeal 
strongly  to  the  general  reader  desirous  of  obtaining  in  a  brief 
time  a  clear  view  of  this  attractive  branch  of  the  theory  of 
numbers. 

L.  E.  Dickson. 

*  Jour,  de  Math.,  ser.  5,  vol.  7  (1901),  161-233. 
t  Jour,  fur  Math.,  vol.  100  (1887),  pp.  425-435. 
t  Jour,  de  Math.,  ser.  5,  vol.  6  (1900),  pp.  261-277. 
§  Jour,  de  Math.,  ser.  3,  vol.  1  (1875),  p.  317. 
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NOTES. 

The  opening  (January)  number  of  volume  38  of  the  Ameri-- 
can  Journal  of  Maihernaiics  contains  the  following  papers: 
"The  oscillation  of  functions  of  an  orthogonal  set,"  by  O.  D. 
Kellogg;  "On  some  properties  of  the  medians  of  closed  con- 
tinuous curves  formed  by  analytic  arcs,"  by  Arnold  £mch; 
"Theorems  on  the  groups  of  isomorphisms  of  certain  groups," 
by  L.  C.  Mathewson;  "Self-projective  rational  sextics,"  by 
R.  M.  Winger;  "On  linear  difference  and  differential  equa- 
tions," by  C.  E.  Love;  "The  uniform  motion  of  a  sphere 
through  a  viscous  liquid,"  by  R.  W.  Burgess;  "Note  on  the 
theory  of  optical  images,"  by  George  Steic. 

At  the  meeting  of  the  London  mathematical  society  on 
January  13  the  following  papers  were  read:  "The  transition 
from  vapor  to  liquid  when  the  range  of  the  molecular  attrac- 
tion is  sensible,"  by  J.  Larmor;  "A  note  on  the  uniform  con- 
vergence of  the  Fourier  series  ^an  sin  nO"  and  "A  condition 
for  the  validity  of  Taylor's  expansion,"  by  T.  W.  Chaundy, 

At  the  meeting  of  the  Edinburgh  mathematical  society  on 
January  14  the  following  papers  were  read:  "On  the  con- 
tinued fractions  of  Tchebychef  and  Laguerre,"  by  H.  Datta; 
"The  conformal  representation  of  the  quotient  of  two  Bessel 
functions,"  by  A.  Milne. 

The  following  Cambridge  tracts  in  mathematics  and  mathe- 
matical physics  are  announced  as  in  press,  to  appear  in  a  few 
weeks:  The  Definite  Integral,  its  Meaning  and  Fundamental 
Properties,  by  E.  W.  Hobson;  An  Introduction  to  the  Theory 
of  Attractions,  by  T.  J.  Fa.  Bromwich;  Pascal's  Hexagon,  by 
H.  W.  Richmond;  Lemniscate  Functions,  by  G.  B.  Mathews; 
Chapters  on  Algebraic  Geometry,  by  F.  H.  Baker;  The 
Integrals  of  Algebraic  Functions,  by  F.  H.  Baker. 

Dartmouth  College.  The  following  combes  in  mathe- 
matics will  be  given  in  the  summer  session,  July  16  to  August  16: 
By  Professor  J.  W.  Young:  The  reorganization  of  secondary 
school  mathematics. — By  Professor  E.  G.  Bill:  Plane  ana- 
lytical geometry;  Projective  geometry. 
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The  University  of  Messioa  has  been  reopened  with  the 
following  mathematical  staff:  V.  Martinetti,  professor  of 
analytic  geometry;  Z.  Giambelli,  formerly  of  the  University 
of  Cagliari,  associate  professor  of  projective  and  descriptive 
geometry;  P.  Calapso,  of  the  University  of  Palermo,  associate 
professor  of  algebra  and  analysis;  E.  Laura,  of  the  University 
of  Turin,  associate  professor  of  mechanics  and  mathematical 
physics. 

The  royal  prize  of  10,000  francs,  conferred  every  six  years 
by  the  Reale  Accademia  dei  Lincei,  has  just  been  awarded  to 
Professor  Francesco  Severi,  of  the  University  of  Padua,  for 
his  researches  in  algebraic  geometry. 

Professor  G.  H.  Bryan,  of  Bangor  College,  has  been 
elected  to  an  honorary  fellowship  in  Peterhouse  College, 
Cambridge. 

Professor  P.  Koebe,  of  the  University  of  Jena,  has  been 
elected  a  corresponding  member  of  the  Gottingen  academy. 

Professor  I.  Schur,  of  the  University  of  Bonn,  has  been 
appointed  associate  professor  of  mathematics  at  the  University 
of  Berlin,  as  successor  to  the  late  Professor  Knoblauch. 

Dr.  a.  Funk  has  been  appointed  docent  in  mathematics  at 
the  German  University  of  Prague. 

Dr.  R.  Grammel  has  been  appointed  docent  in  mechanics 
at  the  technical  school  of  Dantzig. 

Mr.  C.  Garlough  has  been  appointed  instructor  in  mathe- 
matics at  Wheaton  College. 

Miss  S.  F.  Richardson,  assistant  professor  of  mathematics 
in  Vassar  College,  died  February  2,  1916.  Miss  Richardson 
was  a  graduate  of  Vassar,  and  a  member  of  the  teaching  staff 
since  1886.  She  became  a  member  of  the  American  Mathe- 
matical Society  in  1905. 

Professor  J.  W.  R.  Dedekind,  of  the  technical  school  of 
Brunswick,  died  February  12,  at  the  age  of  83  years. 
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NEW  PUBLICATIONS. 

I.    HIGHER  MATHEMATICS. 
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SOME  REMARKS  ON  THE  HISTORICAL  DEVELOP- 
MENT AND  THE  FUTURE  PROSPECTS  OF 
THE  DIFFERENTIAL  GEOMETRY 
OF  PLANE  CURVES.* 

BT  PB0FES80B  E.  J.  WILCZTNSKI. 

Probably  the  most  fundamental  characteristic  of  the 
human  mind  is  its  hatred  for  contradictions.  All  of  our 
thinking  is  fundamentally  influenced  by  this  dislike;  and  the 
r61e  of  the  mathematician,  in  his  relation  to  reality,  may  be 
described  in  a  fairly  adequate  manner  by  saying  that  it  is  his 
business  to  remove  all  contradictions  from  our  discussions 
and,  by  gradually  extending  the  scope  of  these  discussions,  to 
show  that  the  world  as  a  whole  is  thinkable. 

To  justify  the  validity,  in  the  purely  mathematical  sense, 
of  any  construction  of  the  intellect,  absence  of  contradictions 
is  necessary  and  sufficient.  But  the  mere  absence  of  con- 
tradictions from  a  realm  of  thought  does  not  necessarily  give 
it  that  essential  artistic  and  harmonious  one-ness  which  leads 
us  to  think  of  it  as  a  unit.  A  peculiarity  of  the  human  mind, 
almost  as  important  as  its  hatred  for  contradictions,  is  its 
dislike  for  sudden  and  frequent  changes  in  the  point  of  view. 
Thus,  quite  apart  from  the  obvious  practical  difficulties  of 
studying  plants  and  stars  and  souls  at  the  same  time,  the  mind 
for  the  sake  of  its  own  peace  and  convenience,  following  its 
desire  to  move  along  a  straight  line,  has  divided  knowledge 
into  compartments,  and  refuses  to  think  of  more  than  one  of 
these  compartments  at  the  same  time.  This  procedure  does 
not  disturb  in  the  least  the  profound  conviction,  present  I 
believe  in  all  thinkers,  that  at  some  future  time  from  some 
other  higher  point  of  view  the  separateness  of  these  compart- 
ments will  be  abolished.  Indeed,  we  cannot  help  but  think 
that  a  thoroughgoing  unification  of  each  separate  realm 
is  the  best  possible  preparation  for  an  ultimate  and  complete 
generalization  which  shall  include  the  whole. 

It  is  my  purpose  to-day  to  try  and  show  you  how  one  funda- 

*  Address  of  the  retiring  chairman  of  the  Chicago  Section  of  the  American 
Mathematical  Society,  t^A  at  ColumbuSi  Ohio,  December  30,  1915. 
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mental  idea  has  dominated  and  still  dominates  in  the  realm 
of  dijBFerential  geometry.  I  shall  confine  my  discussion  to  the 
differential  geometry  of  plane  curves  primarily  on  account  of 
the  comparative  ease  with  which  we  can  visualize  configura- 
tions in  the  plane.  But  it  is  a  notable  fact  that  even  in  this 
limited  domain  so  many  problems  have  remained  untouched, 
problems  which  it  is  easy  to  formulate  and  not  difficult  to 
solve.  Some  of  the  notions  which  I  shall  discuss,  although 
conceived  in  admirable  fashion  nearly  a  centiuy  ago,  have 
remained  practically  unnoticed.  You  would  look  for  them  in 
vain  in  any  of  our  modern  treatises,  although  these  contain 
many  other  things  of  far  greater  difficulty  and  of  much  less 
interest.  In  fact,  so  completely  have  these  ideas  been  neg- 
lected, that  most  mathematicians  are  probably  under  the 
impression  that  the  differential  geometry  of  plane  curves  is  a 
very  much  restricted  and  uninteresting  field  not  at  all  adapted 
for  further  research.  Nevertheless  it  is  true  that  scarcely  one 
of  the  notions  which  will  arise  in  our  discussion  to-day  has 
been  studied  as  fully  as  it  deserves,  while  most  of  them  have 
not  as  yet  received  any  consideration  whatever. 

The  notion  of  a  general  plane  curve  is  at  bottom  identical 
with  the  general  notion  of  function.  It  is  obviously  impossible 
to  prove,  by  documentary  evidence,  that  the  ancient  geometers 
did  not  possess  the  idea  of  a  general  curve.  But  we  may  assert, 
I  think,  that  the  available  evidence  indicates  that  the  an- 
cients knew  how  to  deal  only  with  very  special  curves  such  as 
straight  lines,  circles,  conies,  and  a  few  other  curves,  including 
certain  spirals.  The  relation  between  the  notions  "  function  " 
and  "  curve  "  only  became  evident  in  the  seventeenth  century 
of  our  era,  when  Descartes  and  Fermat  had  laid  the  founda- 
tions of  analytic  geometry,  and  it  was  the  recognition  of  this 
relation  which  brought  the  notion  of  a  general  curve  into  the 
consciousness  of  mathematicians  everywhere.  But  analytic 
geometry  did  more  than  merely  formulate  the  notion  of 
a  general  curve;  it  also  provided  a  method  for  its  investiga- 
tion. If  the  first  fruit  of  this  union  between  analysis  and 
geometry  seemed  to  be  of  profit  primarily  for  geometry  by 
providing  it  with  a  new  and  limitless  field  for  research,  it  soon 
became  apparent  that  the  union  was  to  be  profitable  for 
analysis  also.  For  the  geometric  problems  which  arose  in  this 
connection,  such  as  the  construction  of  a  tangent  to  a  curve 
with  a  given  equation,  the  determination  of  the  length  of  a 
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given  arc  of  the  curve,  the  calculation  of  areas  bounded  wholly 
or  partly  by  curved  lines,  led  inevitably  toward  the  invention 
of  the  calciilus.  In  fact,  the  method  employed  by  Fermat,  for 
instance,  for  determining  the  tangent  of  a  curve  really  involved 
the  essential  processes  of  the  differential  calculus.  This 
method  is  very  simple  and  consists  in  formulating  the  definition 
of  a  tangent  as  follows.  Take  a  point  P  on  the  curve,  the 
point  whose  tangent  we  wish  to  draw.  Join  P  to  a  second . 
point  Q  which  is  also  on  the  curve,  and  let  us  seek  the  limiting 
position  which  the  line  joining  P  to  Q  approaches,  when  Q, 
moving  always  along  the  curve,  approaches  P  as  a  limit.  This 
limiting  position  of  the  secant  PQ  is  called  the  tangent. 

Of  course  it  was  evident  that  the  tangent  would  pass  through 
P;  the  only  problem  was  that  of  finding  the  direction  of  the 
tangent.  The  calculus,  as  developed  by  Newton  and  Leibniz, 
made  it  an  easy  matter  to  translate  Fermat's  definition  of  a 
tangent  into  the  language  of  analysis  and  then  actually  to 
determine,  by  calculation,  the  direction  of  the  tangent  for  a 
very  extensive  class  of  curves.  Thus  the  problem  of  tangents 
could  be  regarded  as  solved.  The  normal  could  then  be 
defined  as  a  line  perpendicular  to  the  tangent  at  the  point  of 
contact,  and  its  determination  offered  no  further  diflSculty. 
It  is  worthy  of  remark,  however,  that  one  of  the  methods  pro- 
posed by  Descartes  determines  the  normal  first  and  the  tangent 
afterward.     We  shall  amplify  this  remark,  a  little  later. 

The  analytic  formulation  of  the  notion  of  radius  of  curvature 
soon  followed.  Let  us  take  three  points  P,  Q,  and  i!  on  a 
curve  and  let  us  pass  a  circle  through  these  points.  As  Q 
and  R  move  along  the  curve,  approaching  P  as  a  limit,  this 
circle  will  in  general  approach  a  limiting  position  which  is 
called  the  circle  of  curvature.  Its  radius  is  called  the  radius 
of  curvature,  and  its  center  the  center  of  curvature.  The 
familiar  formula  for  the  radius  of  curvature  was  published, 
apparently  for  the  first  time,  in  Newton's  "  Methodus  Fluxi- 
onum"  of  1736,  although  the  notion  itself  was  much  older 
and  was  applied  with  great  success  by  Huygens  as  we  shall  see 
immediately. 

If  the  curve  under  consideration  is  itself  a  circle,  the  circle  of 
curvature  of  every  one  of  its  points  is  of  course  that  same 
circle.  But  if  the  original  curve  is  not  a  circle,  each  of  its 
points  will  have  in  general  a  different  circle  of  curvature  and 
the  problem  arises  to  find  the  locus  of  the  centers  of  all  of  these 
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circles.  This  locus,  called  the  evolute  of  the  given  curve,  was 
first  considered  by  Huygens,  without  of  course  making  use  of 
the  notations  of  the  calculus,  in  his  "Horologium  Osdllatorium'* 
published  in  1673.  Huygens  saw  that  the  normals  of  the 
original  curve  would  be  the  tangents  of  the  evolute,  and  that 
the  original  curve  could  be  regarded  as  the  locus  of  the  end- 
point  of  a  string  which  was  being  gradually  unwound  from 
.the  evolute.  This  showed  him  that  the  difference  between 
the  lengths  of  two  radii  of  curvature  of  the  original  curve  was 
equal  to  the  length  of  the  corresponding  arc  of  the  evolute. 
Since  the  length  of  the  string  could  be  changed,  it  became  ap- 
parent that,  while  every  curve  has  only  one  evolute,  it  is 
itself  the  evolute  of  infinitely  many  other  curves  which  are 
called  its  involutes.  These  involutes  moreover  are  clearly 
the  orthogonal  trajectories  of  the  tangents  of  the  given  curve. 

For  Huygens  these  notions  were  of  great  importance  as 
applied  to  the  special  case  of  the  cycloid,  a  curve  first  considered 
by  Galileo.  For  he  had  recognized  the  isochronous  property 
of  the  cycloid  and  had  therefore  shown  that  the  cycloid  was 
the  most  desirable  curve  for  the  oscillations  of  a  pendulum. 
The  problem  now  arose  to  devise  a  method  which  would  com- 
pel the  oscillations  of  a  pendulum  to  take  place  along  a  cycloid. 
Huygens  observed  in  this  connection  that  a  weight  attached 
to  a  string  would  describe  an  arc  of  a  cycloid  if  the  string 
were  attached  in  such  a  way  as  to  cause  it  to  wind  and  unwind 
along  checks  which  had  been  given  the  form  of  an  evolute  of 
a  cycloid.  In  fact  it  was  this  problem  which  led  Huygens  to 
his  general  theory  of  evolutes.  He  now  found  the  remarkable 
theorem  that  the  evolute  of  a  cycloid  is  an  equal  cycloid,  a 
theorem  which  must  have  appeared  to  him  as  a  beautiful 
manifestation  of  the  divine  harmony  of  geometry. 

The  tangent  may  be  regarded  as  a  first  approximation  to  the 
given  curve  in  the  neighborhood  of  one  of  its  points.  In 
modern  terminology  we  may  say  that  the  tangent  serves  as  a 
geometric  image  for  the  first  derivative  f{x)  of  the  function 
/(a:),  whose  graph  is  the  curve  under  consideration.  The 
circle  of  curvature  may  be  regarded  as  a  second  approximation 
to  the  curve  or  as  a  geometric  image  of  the  second  derivative 
of /(x).  For  a  long  time  no  attempt  was  made  to  find  a  geo- 
metric image  for  the  third  derivative.  In  1841,  however, 
Abel  Transon  published  his  beautiful  "  Recherches  sur  la 
courbure  des  lignes  et  des  surfaces,"  in  which  he  takes  not  only 
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this  step  but  also  the  next,  by  devising  appropriate  geometric 
images  both  for  the  third  and  fourth  order  derivatives. 

Transon  first  introduces  the  new  notion  which  he  calls 
"  deviation "  and  which  has  been  translated  by  the  term 
"  aberrancy  "  in  the  very  few  places  where  any  notice  has 
been  taken  of  Transon's  work.  This  notion  is  as  follows.  Let 
P  be  a  point  on  a  curve  and  let  a  chord  be  drawn  parallel  to 
the  tangent  at  P  and  very  close  to  this  tangent.  Let  Q  and 
R  be  the  points  (in  the  neighborhood  of  P)  in  which  this  chord 
intersects  the  curve,  and  let  L  be  the  middle  point  of  QR. 
As  QR  approaches  the  tangent  at  P  as  a  limit,  the  line  PL 
will  in  general  approach  a  limiting  position  called  the  axis 
of  aberrancy.  Let  8  be  the  angle  which  the  axis  of  aberrancy 
makes  with  the  normal.  The  tangent  of  this  angle  is  given 
by  the  formula 

/n  .      ^-^      [l  +  (dy/cb:y]<Py 

W  tan  5-^-     3(^y/^)2    ^• 

and  Transon  calls  tan  8  the  aberrancy  of  the  curve  at  the  point 
P.     It  would  obviously  be  equal  to  zero  at  any  point  of  a  circle. 

From  familiar  properties  of  conic  sections  it  follows  at  once 
that  the  axis  of  aberrancy  at  any  point  of  a  conic  is  the  line 
which  joins  this  point  to  the  center  of  the  conic.  Let  us  ob- 
serve further  that  the  expression  (1)  for  the  aberrancy  con- 
tains only  the  first,  second,  and  third  derivatives  of  y  =  f{z), 
so  that  the  aberrancy  is  indeed  adapted  for  the  purpose  of 
visualizing  the  third  derivative. 

The  equation  of  a  conic  contains  five  essential  constants,  and 
a  conic  is  therefore  determined  by  five  of  its  points.  The 
condition  that  one  curve  shall  have  third  order  contact  with 
another,  may  be  expressed  by  saying  that  four  of  the  points 
of  intersection  of  the  two  curves  coincide.  Consequently  there 
exists  a  one-parameter  family  (a  pencil)  of  conies  each  of  which 
has  third  order  contact  with  the  given  curve  at  the  given 
point  P.  All  of  these  conies  pass  through  P;  they  all  have  the 
same  tangent,  the  same  circle  of  curvature,  and  the  same 
axis  of  aberrancy  at  P.  Among  these  conies  there  will  be 
one  and  only  one  parabola;  let  us  call  it  the  osculating  parabola. 
Since,  as  we  have  just  seen,  the  axis  of  aberrancy  of  the  point  P 
of  our  given  curve  is  also  the  axis  of  aberrancy  for  each  of  the 
conies  which  has  third  order  contact  with  our  curve  at  P, 
and  since  the  axis  of  aberrancy  for  a  point  of  a  conic  passes 


Digitized  by 


Google 


322  DIFFERENTIAL  GEOMETRY  OF  PLANE  CURVES.      [April, 

through  the  center  of  the  conic,  and  since  finally  the  center  of 
a  parabola  is  at  infinity,  we  see  that  the  axis  of  the  osculating 
parabola  is  parallel  to  the  axis  of  aberrancy. 

To  locate  the  axis  of  the  osculating  parabola  completely 
we  have,  in  addition  to  the  remark  just  made,  the  foUowing 
simple  construction  also  due  to  Transon.  Let  D  be  the  or- 
thogonal projection  of  the  center  of  curvature  C  upon  the 
axis  of  aberrancy,  and  let  E  be  the  orthogonal  projection  of 
D  upon  the  normal.  Then  the  axis  of  the  osculating  parabola 
will  pass  through  E.  Since  it  must  also  be  parallel  to  the  axis 
of  aberrancy  we  may  now  regard  the  axis  of  the  osculating 
parabola  as  known. 

The  focus  of  this  parabola  must  clearly  be  on  a  line  through 
the  point  P  wjiich  makes  with  the  normal  at  P  an  angle  equal 
to  that  made  with  this  same  normal  by  the  axis  of  aberrancy. 
Thus  the  focus  will  be  the  intersection  of  this  line  with  the 
axis.  The  directrix  will  of  course  be  j)erpendicular  to  the 
axis.  It  will  also  pass  through  a  point  on  the  normal  on  the 
convex  side  of  the  curve  whose  distance  from  P  is  equal  to 
half  the  radius  of  curvature.  This  last  result  is  obtained  by 
Transon  as  a  corollary  from  a  more  general  theorem.  He 
considers  the  one-parameter  family  of  parabolas,  each  of  which 
has  second  order  contact  with  the  given  curve  at  P.  The 
directrices  of  all  of  these  parabolas  pass  through  the  point 
just  described,  and  the  locus  of  their  foci  is  a  circle  whose  di- 
ameter is  that  half  of  the  radius  of  curvature  which  terminates 
at  P. 

Among  the  conies  which  have  third  order  contact  with  the 
given  curve  at  P,  there  will  be  one  for  which  the  order  of  con- 
tact rises  to  the  fourth  order  at  least.  This  is  the  osculating 
conic  of  the  point  P  and  may  be  regarded  as  having  five 
consecutive  points  in  common  with  the  curve.  In  common 
with  all  of  the  conies  having  third  order  contact  with  the 
given  curv^  at  P,  it  has  its  center  on  the  axis  of  aberrancy, 
and  the  position  of  the  center  on  the  axis  of  aberrancy  may 
therefore  be  regarded  as  a  geometric  equivalent  for  the  value 
which  the  fourth  derivative  of  y  =  f{x)  assumes  at  the 
point 'P.  The  proj)erties  which  I  have  mentioned  suflBce  to 
determine  the  osculating  conic,  but  Transon  develops  some 
further  theorems  which  facilitate  its  construction  very  con- 
siderably. I  shall  quote  some  of  these  on  account  of  their 
great  geometric  interest. 
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These  theorems  are  again  concerned  with  the  i)encil  of 
conies  which  have  third  order  contact  with  the  given  curve 
at  P.  Transon  finds  that  the  axes  of  these  conies  envelop  a 
parabola,  whose  directrix  is  the  axis  of  aberrancy,  and  whose 
focus  is  the  orthogonal  projection  of  the  center  of  curvature 
upon  the  line  which  joins  P  to  the  focus  of  the  osculating 
parabola.  This  latter  line  is  very  easy  to  construct  since,  as 
we  have  seen,  the  normal  bisects  the  angle  between  this  line 
and  the  axis  of  aberrancy.  The  auxiliary  parabola  of  Transon, 
I  should  like  to  add,  also  touches  the  lines  which  are  tangent  and 
normal  to  oiur  original  curve  at  P.  As  a  consequence  of  this 
theorem  of  Transon's  the  directions  of  the  principal  axes  of 
the  osculating  conic  are  obtained  by  drawing  the  two  tangents 
from  the  center  of  the  osculating  conic  to  the  auxiliary  parab- 
ola. 

The  following  property,  not  mentioned  by  Transon,  is  also 
of  interest.  Among  the  conies  which  have  third  order  or  four- 
pointic  contact  with  the  given  curve  at  P,  there  will  be  infinitely 
many  hyperbolas  and  ellipses,  but  in  general  no  circle.  This 
indicates  the  existence,  in  this  family  of  conies,  of  a  unique 
ellipse  of  minimum  eccentricity.  As  the  center  of  such  a 
four-pointic  conic  moves  along  the  axis  of  aberrancy  on  the 
concave  side  of  the  curve,  starting  from  P,  the  eccentricity  e 
of  the  corresponding  ellipse  will  decrease  continuously  from 
unity  toward  the  minimum  value  ei,  and  will  then  increase, 
approaching  the  limit  1  as  the  center  recedes  beyond  bound. 
Thus  every  value  of  e,  between  the  minimum  value  ei  and  unity, 
will  be  attained  twice.  It  is  not  di£Bcult  to  show  that  the 
center  0  of  the  ellipse  of  minimum  eccentricity  and  the 
centers,  Oi  and  O2,  of  any  two  of  these  ellipses  which  have  the 
same  eccentricity  are  so  related  that  PO  is  the  geometric  mean 
of  OPi  and  OP2.  In  general  this  foui^pointic  ellipse  of  mini- 
m\im  eccentricity  is  quite  distinct  from  the  osculating  conic. 
It  will  coincide  with  the  osculating  conic  however  if  and  only 
if  the  original  curve  is  a  logarithmic  spiral.  Moreover,  the 
eccentricity  of  the  four-pointic  ellipse  of  minimum  eccentricity 
will  in  general  change  as  P  moves  along  the  given  curve.  It 
will  be  constant  if  and  only  if  the  given  curve  is  a  logarithmic 
spiral. 

We  have  seen  how  many  interesting  questions  present 
themselves  when  we  attempt  to  explore  the  relations  between 
these  various  configurations  all  of  which  are  determined  by 
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the  properties  of  a  given  curve  in  a  single  one  of  its  points. 
But  each  of  these  configurations  gives  rise  to  new  problems 
if  we  think  of  the  point  P  as  moving  along  the  given  curve. 
Thus,  in  the  simplest  case,  already  mentioned,  the  locus  of  the 
centers  of  curvature  defines  a  new  curve,  which  is  at  the  same 
time  the  enveloj)e  of  the  normals  which  is  called  the  evolute. 
In  similar  fashion  we  may  investigate  the  envelope  of  the  axes 
of  aberrancy  of  a  given  curve.  This  enveloj)e  is  at  the  same 
time  the  locus  of  the  centers  of  its  osculating  conies.  We 
may  also  study  the  envelopes  of  the  axes  and  directrices  of  the 
osculating  parabolas,  the  loci  of  their  foci  and  vertices,  and 
it  is  easy  to  formulate  corresponding  problems  for  the  oscu- 
lating conic  and  for  the  four-pointic  ellipse  of  minimum  ec- 
centricity. Only  a  mere  beginning  of  such  a  theory  is  avail- 
able at  present  and  most  of  this  is  due  to  Cesllro  who  made 
use  of  some  of  these  notions  in  his  "  Lezioni  di  Geometria 
intrinseca,"  with  the  main  emphasis  however  not  upon  the 
general  theory  but  upon  the  application  to  certain  well-known 
simple  curves. 

But  I  wish  to  call  your  attention  primarily  to  a  general 
method  which  enables  us  to  push  still  farther  the  investigation 
of  the  properties  of  a  curve  in  the  vicinity  of  one  of  its  points. 
The  details  which  I  have  presented  will  serve  to  make  clear 
the  following  general  notions.  Let  us  consider  an  equation 
of  the  form 
(2)  <p{x,  y;  ai,  02,  •  •  • ,  On)  =  0 

which  involves  the  coordinates  (x,  y)  of  a  point  and  n  essential 
constants  ai,  oa,  •  •  • ,  On.  For  every  set  of  values  ai,  02,  •  •  • ,  a,» 
this  equation  represents  a  curve.  All  of  the  curves  repre- 
sented by  such  an  equation  are  said  to  form  an  n^parameter 
family.  The  condition  that  a  curve  of  this  family  should 
pass  through  a  given  point  gives  rise  to  one  relation  between 
the  parameters  ai,  •  •  • ,  On.  Thus,  in  general,  one  curve  of  the 
family,  or  a  finite  number  of  such  curves,  is  determined  by 
the  condition  that  the  curve  shall  pass  through  n  given  points. 
If  the  parameters  enter  the  equation  (2)  linearly,  as  is  most 
frequently  the  case,  there  will  be  just  one  such  curve  passing 
through  n  given  points,  if  we  leave  aside  certain  exceptional 
cases. 

If  then  we  take  n  points  on  any  given  curve,  there  will 
exist  in  general  a  unique  curve  of  the  n-parameter  family  (2) 
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which  passes  through  them,  and  this  curve  will  ordinarily 
approach  a  definite  curve  of  the  n-parameter  family  as  a  limit, 
if  the  n  given  points  approach  coincidence.  The  resulting 
limit  curve  will  be  said  to  osciUate  the  given  curve  at  the  given 
point,  in  as  much  as  it  will  have  closer  contact  (n-pointic  or 
(w  —  l)th  order  contact)  with  the  given  curve  at  the  given 
point  than  any  other  curve  of  the  class  defined  by  (2).  To 
illustrate  this  notion  we  observe  that  the  straight  lines  of  the 
plane  form  a  two-parameter  family  and  that  the  tangent  is 
the  osculating  straight  line;  that  the  circles  form  a  three- 
parameter  family  and  that  the  circle  of  curvature  is  the  os- 
culating circle.  Moreover  we  have  already  made  use  of  this 
terminology  in  our  discussion  of  the  osculating  parabola  and 
the  osculating  conic. 

But  our  previous  discussion  shows  quite  clearly  that,  besides 
the  osculating  curves  of  a  given  class,  those  curves  of  the  class 
are  also  of  very  great  interest  for  which  the  order  of  contact 
falls  short  of  the  maximum  by  a  single  unit.  Let  us  speak 
of  such  curves  as  penosculants.  Evidently,  from  what  has 
been  said,  the  locus  of  the  centers  of  the  penosculating  circles 
of  a  given  point  of  a  curve  is  the  corresponding  normal.  In 
fact  it  was  by  means  of  this  remark,  to  which  we  have  already 
alluded  very  briefly,  that  Descartes  defined  the  normal  and 
thus  indirectly  solved  the  problem  of  tangents.  Again  we 
have  seen  that  the  locus  of  the  foci  of  the  penosculating  parab- 
olas is  a  circle  whose  diameter  is  equal  to  half  the  radius  of 
curvature,  and  that  the  locus  of  the  centers  of  the  penosculating 
conies  is  the  axis  of  aberrancy.  Several  others  of  the  theorems 
which  we  have  mentioned  may  be  expressed  more  compactly 
by  the  help  of  this  new  terminology. 

After  this  preliminary  discussion,  let  us  inquire  what  classes 
of  osculants  and  penosculants  ought  to  be  introduced  for  the 
purpose  of  providing  geometric  interpretations  for  the  de- 
rivatives of  order  higher  than  the  fourth.  For  we  may  regard 
the  theory  outlined  so  far  as  exhaustive  for  the  first  four  orders. 

The  general  curve  of  the  third  order  contains  nine  essential 
constants.  Therefore  the  osculating  cubic  has  nine  consecu- 
tive points  in  common  with  the  given  curve  at  P.  The  penos- 
culating cubics  have  eight  consecutive  points  in  common  with 
the  given  curve  at  P  and  form  a  pencil.  One  of  the  cubics  of 
this  pencil  is  of  special  interest  because  it  has  a  double  point 
at  P.    Of  course  one  of  its  double  point  tangents  touches  the 
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given  curve  at  P;  the  other  one  crosses  the  curve  at  a  non- 
vanishing  angle.  That  branch  of  the  penosculating  nodal 
cubic  which  actually  touches  the  given  curve  has  seven- 
pointic  or  sixth  order  contact  with  it,  and  we  may  therefore 
use  this  cubic  as  a  geometric  image  for  the  sixth  derivative. 
The  osculating  cubic  may  of  course  be  regarded  as  a  repre- 
sentative of  the  eighth  derivative. 

The  osculating  cubic  and  the  penosculating  cubics  were 
introduced  by  Halphen  in  his  thesis  on  differential  invariants 
in  1876.  Halphen's  interest  was  centered  primarily  upon  the 
following  feature  of  this  situation.  All  of  the  penosculating 
cubics  have,  besides  the  eight  points  of  intersection  which  are 
concentrated  at  P,  a  ninth  point  of  intersection  which  I  have 
called  the  Halphen  point.  Now  it  may  hapi)en  that  this  ninth 
point  also  coincides  with  P,  in  which  case  P  is  called  a  coin- 
cidence point."  This  will  happen  if  a  certain  projective  dif- 
ferential invariant  (in  my  notation  the  invariant  0^)  vanishes, 
and  Halphen  made  use  of  these  geometric  notions  for  the 
purpose  of  calculating  this  invariant.  He  also  showed  that  a 
curve  may  be  composed  entirely  of  coincidence  points  and  that 
all  such,  curves  may  be  obtained  from  a  certain  logarithmic 
spiral  by  projective  transformation. 

We  have  now  obtained  representative  osculants  for  contact 
of  the  first  four  orders  and  for  orders  six  and  eight.  It  remains 
to  fill  the  gap  for  orders  five  and  seven.  In  order  to  do  this, 
we  may  consider  special  kinds  of  cubics  distinguished  by 
fundamental  metric  properties,  just  as  the  gap  between  the 
osculating  straight  line  and  the  osculating  conic  was  filled 
by  means  of  osculating  curves  of  order  two  distinguished  by 
metric  properties,  namely  by  the  osculating  circle  and  parabola. 

A  parabola  is  a  conic  which  touches  the  line  at  infinity. 
We  may  define  a  parabolic  cubic  to  be  a  cubic  which  touches 
the  line  at  infinity.  Such  a  cubic  contains  eight  arbitrary 
constants  indicating  the  existence  of  osculating  parabolic 
cubics  to  represent  the  seventh  derivative.  These  cubics 
are  not  however  necessarily  the  best  adapted  for  this  purpose. 
There  are  other  cubics  which  accomplish  as  much  and  which 
are  more  easily  accessible,  as  for  instance  that  particular  one 
of  the  penosculating  cubics  whose  asymptote  is  parallel  to  the 
normal. 

A  circle  may  be  defined  as  a  conic  which  contains  the  so- 
called  circular  points  at  infinity.     I  shall  not  attempt  to  explain 
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this  notion  which  is  familiar  to  all  mathematicians.  A  cubic 
which  contains  the  circular  points  is  called  a  circular  cubic. 
The  general  equation  of  such  a  cubic  contains  seven  arbitrary 
constants,  indicating  the  existence  of  an  osculating  circular 
cubic  which  has  seven-pointic  or  sixth  order  contact  with  the 
given  curve,  and  which  will  probably  for  most  purposes  be  a 
better  representative  of  the  sixth  derivative  than  the  one 
mentioned  before. 

The  i)enosculating  circular  cubics  of  the  point  P  all  have  six 
consecutive  points  in  common  with  the  given  curve  at  P. 
Besides  they  intersect  each  other  in  the  two  circular  points  at 
infinity.  The  determination  of  their  ninth  point  of  inter- 
section and  the  condition  for  its  coincidence  with  P  oflFer 
problems  which  are  strictly  analogous  to  the  corresponding 
problems  involving  the  Halphen  point.  Among  the  penoscu- 
lating  circular  cubics  there  is  one  which  has  a  double  point 
at  P.  There  is  also  one  whose  real  asymptote  is  parallel  to 
the  normal.  This  latter  curve  may  serve  as  an  image  for  the 
derivative  of  the  fifth  order.  But  of  course  there  are  other 
cubics,  both  circular  and  non-circular,  which  may  serve  as 
well. 

We  may  continue  in  this  way  to  build  up  a  theory  of  oscu- 
lating algebraic  curves  of  gradually  increasing  order,  the 
osculants  of  each  order  being  classified  further  according  to 
the  number  of  times  that  they  pass  through  the  circular 
points  and  the  number  of  their  asymptotes  which  are  parallel 
to  the  normal.  However  I  shall  refrain  from  any  further 
detailed  exposition  in  this  direction,  only  stopping  to  say  that 
the  analytic  diflBculties  involved  in  actually  determining  the 
equations  of  these  osculants  up  to  and  including  the  osculating 
cubic  are  far  from  insuperable.  In  fact,  I  actually  have  most 
of  these  equations  at  my  disposal  and  they  are  much  simpler 
than  one  might  expect. 

The  penosculating  nodal  cubic  is  of  fundamental  importance 
in  projective  geometry.  The  following  re-  arks  may  serve  to 
make  this  clear.  By  introducing  a  suitably  chosen  system  of 
homogeneous  coordinates  and  denoting  the  properly  chosen 
ratios  of  these  homogeneous  coordinates  by  X  and  F,  the 
equation  of  any  curve,  if  it  is  neither  a  straight  line  nor  a 
conic,  may  be  expanded  in  the  form 

Y  =  iX^+X^  +  A7X'+  ... 
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in  the  vicinity  of  any  one  of  its  ordinary  points.  In  this 
expansion  A^  and  all  of  the  remaining  coefficients  will  be  ab- 
solute projective  invariants.  The  simplicity  of  this  expan- 
sion, and  the  uniqueness  of  its  form,  make  it  evident  that  the 
system  of  coordinates,  to  which  this  expansion  corresponds, 
must  be  of  peculiar  importance.  But  this  system  of  coor- 
dinates is  determined  entirely  by  the  properties  of  the  penos- 
culating  nodal  cubic.  The  triangle. of  reference  has  for  two 
of  its  sides  the  double  point  tangents  of  this  cubic  and  for  its 
third  side  the  line  upon  which  lie  its  three  points  of  inflection. 
Incidentally  we  may  remark  here  that  the  relation  of  the 
simple  quintic  curve 

to  the  given  curve  is  worthy  of  notice. 

The  fundamental  importance  of  the  penosculating  nodal 
cubic  also  appears  when  we  attempt  to  interpret  the  simplest 
of  all  projective  integral  invariants.  This  integral  corresponds 
so  nearly  to  the  notion  of  length  of  arc,  which  is  the  invariant 
integral  of  lowest  order  in  the  metric  theory,  as  to  justify  the 
prediction  that  it  will  be  found  to  be  of  the  greatest  importance 
in  future  developments  of  the  projective  theory.  Thus,  for 
instance,  this  integral  enables  us  to  formulate  at  once  a  notion 
which  generalizes,  in  the  sense  of  projective  geometry,  Ces&ro's 
intrinsic  equation  of  a  curve. 

We  have  discussed  osculating  and  penosculating  ciu^es  of 
many  different  kinds,  all  of  which  however  were  algebraic. 
Transon  also  mentions  the  availability  of  the  notion  of  an 
osculating  logarithmic  spiral,  and  in  his  projective  theory 
Halphen  makes  use  of  the  notion  of  an  osculating  anharmonic 
curve.  The  logarithmic  spiral  and  the  general  anharmonic 
curve  are  transcendental  curves  to  be  sure,  but  they  belong  to 
a  particularly  simple  type  of  transcendental  curves.  In  fact, 
most  of  these  curves  are  so  closely  related  to  algebraic  curves 
that  Leibniz  thought  it  inadvisable  to  speak  of  them  as 
transcendental,  and  invented  a  special  name  for  them,  call- 
ing them  interscendental  curves.  So  far  as  I  am  aware,  no 
other  curves,  except  those  mentioned,  have  ever  been  used  as 
osculants  in  the  theory  of  plane  curves. 

Each  of  the  osculants  and  penosculants  which  we  have  in- 
troduced has  a  function  to  perform  which  may  be  illuminated 
by  an  aphorism;  the  osculant  is  the  microscope  of  the  geometer. 
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Thus,  to  the  naked  eye  the  courses  of  two  curves,  which  at  a 
common  point  have  the  same  tangent  and  the  same  radius  of 
ciu^ature,  are  in  the  vicinity  of  that  point  so  nearly  identical 
as  to  make  them  appear  indistinguishable.  The  introduction 
of  the  notions  of  axis  of  aberrancy  and  osculating  parabola 
serves  to  magnify  the  differences  between  the  two  curves  in 
such  a  way  as  to  enable  us  to  distinguish  between  them. 
Again,  if  the  two  curves  also  have  their  osculating  parabolas 
in  common,  we  may  judge  of  their  divergence  by  means  of  their 
osculating  conies.  Thus  the  notion  of  osculant  serves  the  dif- 
ferential geometer  for  the  same  purpose  as  does  the  micro- 
scope in  the  laboratory  of  the  biologist.  It  magnifies  the  in- 
finitesimal diflFerences  between  two  diflFerent  curves  sufficiently 
to  cause  them  to  make  an  emphatic  impression  upon  the  mind. 
Thus  the  notions,  osculant  and  penosculant,  are  the  funda- 
mental concepts  oi  diflFerential  geometry.  The  systematic 
investigation  of  the  magnitudes,  loci  and  envelopes  deter- 
mined by  the  various  classes  of  osculants  and  penosculants 
and  the  relations  which  exist  between  them  makes  up  the 
whole  subject  matter  of  differential  geometry.  Differential 
properties  of  a  general  curve  are  merely  integral  properties  of 
its  osculants  and  penosculants. 

The  Universitt  op  CmcAoo, 
December,  1915. 


A   CERTAIN   SYSTEM   OF  LINEAR   PARTIAL   DIF- 
FERENTIAL EQUATIONS. 

BT  DR.  H.  BATEMAN. 

(Read  before  the  American  Mathematical  Society,  February  26,  1916.) 

1.  It  is  known  that  if  a  function  V{xi,  yu  Zu  h;  X2,  y^t  Z2,  tal 
•  •  • ;  Xn,  yny  Zn,  ^n)  satisfics  the  systcm  of  \n{n  +  1)  partial 
differential  equations* 

^^^     dXjJBx^  "^  dypdy,  "^  dzjJBz^  "  dipdU    ^^'^      ^'  ^'  •  •  • '  ^) 

it  becomes  a  solution  of  the  reduced  system  ot  i(n  —  l)n 

*See  for  instance  H.  Bateman,  Messenger  of  MathemcUics,  March, 
1914,  p.  164. 
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equations*  when  the  point   (a;„,  yn,  Zn,  in)  coincides  with 
(xn-i,  Vn^u  2«-i>  <n-i).    Such  a  function  V  will  be  called  a 
multiple  wave  function^  of  rank  n  and  will  be  denoted  by  V^^^ 
when  we  wish  to  indicate  its  rank. 
It  is  easy  to  prove  that  such  functions  exist,  for  if  we  write 

ttp  =  {xp  -  iyp)e*"  -  i{zp  d=  tp) 

/3p  =  {xp  +  iyp)e'^  -  i{zp  ^  tp) 
the  function 


(3) 


^  ^  J     ^^^^'  «2>  •  •  • »  «»»  ^^y  ft,  •  •  •,  /3n;  w)dco 


satisfies  the  system  of  equations  (1)  and  possesses  the  property 
just  mentioned, /being  an  arbitrary  function  with  finite  second 
derivatives.  Let  us  now  consider  two  vector  functions  H^'^ 
and  -£**•«  whose  components  are  defined  by  equations  of  type 

,.v      rr  ^^V  dW  ^  dW  dW 


dppdzq      dy^Zp'        '  da^pd^^      dx^tp' 

It  is  easy  to  verify  that  when  V  is  defined  by  an  equation  of 
type  (3)  the  three  partial  differential  equations  of  type 

(5)  Hj"'^  =  zh  iEj'*^ 

are  satisfied,  the  upper  or  lower  sign  being  taken  according 
as  the  upper  or  lower  sign  is  taken  in  (2). 

A  multiple  wave  function  V  which  satisfies  the  three  partial 
differential  equations  of  type  (5)  will  be  called  right-handed 
or  left-handed  vnth  respect  to  p  and  q  according  as  the  upper 
or  lower  sign  is  taken.  If,  however,  both  H^*^  and  £^'« 
are  zero  it  will  be  called  neviral  with  respect  to  p  and  q.  ^Tien 
a  multiple  wave  function  is  either  right-handed  or  neutral 
with  respect  to  each  pair  of  numbers  p,  q  it  will  be  called  a 
right-handed  function  and  will  be  denoted  by  the  symbol  r+. 
A  left-handed  function  is  defined  in  a  similar  way  and  will  be 
denoted  by  the  symbol  F—  The  function  given  by  (3)  is 
either  right-handed  or  left-handed  according  as  the  upper  or 

♦There  are  of  course  exceptions  to  this  rule  as  for  instance  when 

t  If  we  regard  the  Vs  as  time  variables  the  units  must  be  chosen  so  that 
the  velocity  of  propagation  of  the  waves  is  represented  by  unity. 
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lower  sign  is  taken  in  (2) ;  it  is  neutral  with  respect  to  p  and  q 
when  /  satisfies  the  partial  differential  equation 

(6)  -«y_-  iv- 


daj^0q      dagdjSp ' 

A  multiple  wave  function  may  of  course  be  neutral  with 
respect  to  one  pair  of  numbers  p,  q  and  either  right-handed  or 
left-handed  with  respect  to  another  pair;  it  is  only  completely 
neiUral  when  all  the  vectors  H^*^  and  JS^'«  are  null.  The 
function  V  represented  by  (3)  is  thus  completely  neutral  when 
all  the  partial  differential  equations  of  type  (6)  are  satisfied. 
A  completely  neutral  function  may  be  denoted  by  the  symbol 
Vq.  In  general,  of  course,  a  multiple  wave  function  does  not 
possess  the  properties  of  left-handedness,  right-handedness  and 
neutrality,  because  it  is  of  the  form  V  =  V++  F».  It  may 
happen  that  V^  is  neutral  with  respect  to  p  and  ^,  while  F+ 
is  not;  in  this  case  the  function  V  is  right-handed  with  respect 
to  p  and  q;  moreover  V+  may  be  neutral  with  respect  to  r 
and  8  while  FL.  is  not  and  then  V  is  left-handed  with  respect 
to  r  and  a.  Thus  a  multiple  wave  function  may  be  partially 
right-handed,  partially  left-handed,  and  partially  neutral. 

2.  When  the  point  (Xn,  yn,  Zn,  tn)  coincides  with  (Xn^i, 
ynr-u  2»-.b  tnr-i)  we  shall  suppose  that  tie  function  V^^^  reduces 
to  a  function  which  we  shall  denote  by  the  symbol  F<*~^>. 
We  may  thus  form  a  series  of  multiple  wave  functions 

(7)  Fi,  ^2,  •.•,r,^i,  Fn,  •••, 

possessing  the  property  that,  when  the  n  points  (Xp,  yp,  Zp,  ip) 
coincide  in  succession,  Vn  reduces  to  Fn^i,  Fn^i  to  Fn^2,  and 
so  on,  the  last  function  Vi  being  a  simple  wave  function. 
Instead  of  considering  the  process  of  reduction  it  is  more 
interesting  to  consider  the  process  of  the  development  of  a 
multiple  wave  function  Vn  from  a  simple  wave  function  Vi, 
There  is  perhaps  a  slight  analogy  between  this  and  the  process 
of  development  of  an  organism  from  a  single  cell  by  repeated 
division.  This  analogy  at  once  suggests  the  interesting  prob- 
lem to  find  a  function  Vi  and  a  method  of  development  such 
that  a  certain  characteristic  property  is  preserved  in  the 
transition  from  Fn^i  to  Fn.  This  problem  will  be  put  on 
one  side  for  the  present  and  we  shall  use  our  analogy  simply  to 
form  a  convenient  nomenclature. 
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We  shall  regard  V  as  the  characteristic  function  of  an 
'  organism '  and  the  point  Zp,  j/p,  Zp,  ip  as  associated  with  a 
*  cell '  (p)  belonging  to  the  organism.  We  see  from  (4)  that 
a  vector  field  (H^^^,  E^*^)  is  associated  with  each  pair  of 
cells  of  the  organism,  and  it  is  easy  to  verify  that  Maxwell's 
equations 

ag/'^'    ag/'«    ajgx^'g 


(8) 


dxt 
dy. 


+ 


dx. 


dy,    "^ 

dE,'-' 
dz. 

0 

dEy"-' 

dH,"-^ 

dz. 

dt. 

1 

dHy"" 

dH,'" 

0 

(»  = 

1, 

dy,    ^ 

dz. 

2. 

•,n) 


are  satisfied  for  each  set  of  variables  x,,  y„  z„  U  provided  V 
can  be  represented  as  the  sum  of  two  integrals  of  type  (3), 
one  of  which  is  right-handed  and  the  other  left-handed. 

If  now  we  take  the  real  parts  of  the  vectors  H^^^,  -E^**  we 
see  that  an  electromagnetic  field  can  be  associated  with  a  pair 
of  cells  (p)  {q)  except  when  the  characteristic  function  V  is 
neutral  with  respect  to  these  two  cells. 

3.  Let  us  now  write  ^p=ixp—yp,  tip—ixp  +  yp,  (fp  —  Zp^  tp, 
Tp  =  Zp  +  tp  and  expand  the  integral  (3)  by  Taylor's  theorem 
and  Fourier's  theorem;  we  then  obtain  a  formal  expansion  of 
type 

"^  Mil  /X2!    •  •  •    flnl  nl  »'2l    •  •  •    J'n! 


E{<ri,  0*2,   *  '  ',(Tn ;  Ti,  T2,    '  "  ,  Tn', 

Ml  +  M2  +    •  •  •    +  Mn  —  I'l  —  1^2  —    •  •  •    —  Pn)- 

The  expansion  for  V^  is  of  a  similar  type  except  that  the 
positions  of  the  variables  a  and  r  are  interchanged  and  the 
function  F  is  generally  different. 


Digitized  by 


Google 


1916.]  LINEAR  DIFFERENTIAL  EQUATIONS.  333 

If  we  assume  that  a  right-handed  multiple  wave  function 
can  be  expanded  by  Taylor's  theorem  in  a  series  of  ascending 
powers  of  fi,  {2,  -  ",  ^n',  vu  V2,  -  ",  Vn,  then  when  we  substitute 
this  series  in  the  partial  differential  equations  (1)  and  (5)  and 
equate  the  coeflBcients  of  the  different  powers  of  the  |'s  and  i;'s 
to  zero  we  find  that  the  series  must  necessarily  have  the  form 
(9).  If  we  limit  the  function  V+  to  be  a  polynomial  in  the 
{'s  and  7;'s,  so  as  to  avoid  questions  of  convergence,  we  see  from 
the  form  of  the  series  that  it  can  be  expressed  in  the  form  (3). 
Similarly  it  can  be  shown  that  a  left-handed  multiple  wave 
function  which  is  a  polynomial  in  the  |'s  and  77's  can  be  ex- 
pressed in  the  form  (3)  provided  we  take  the  lower  signs  in  (2). 

It  follows  from  a  theorem  given  in  a  former  paper*  that  if 
the  quantities  wi,  W2,  •  •  •,  Wn;  vi,  Vi,  •  •  •,  rn  are  defined  by  the 
equations 


(10)                                              u. 

r,-t>p  +  ^,          (p=l,2,  • 

then  the  function 

••,n) 

(11)              V     ^^"''  "»'"■' ""'  '*'  **''•'»  "») 
d(<ri,  <ri,  •  •  ■ ,  «r„;  n,  tj,  •  •  • ,  t„) 

/(«1,M2,  •••,t*n;»l,  CJ,   • 

■■.Vn) 

is  a  right-handed  multiple  wave  function,  0  and  /  being  arbi- 
trary functions  of  the  2n  parameters  ui,  U2,  •  •  •,  t^nj  «i,  «2> 
•  •  • ,  Tn.  If  we  expand  this  function  in  powers  of  the  {'s  and 
i;'s  using  the  generalized  Darboux  theoremf  we  obtain  a  series 
of  type  (9)  in  which 

Q2)  F  =  y^''i+'*i+  ■'^"-•^-•^••■-»^. 

To  obtain  the  corresponding  left-handed  multiple  wave 
function  we  must  interchange  the  places  of  a  and  r. 

4.  Let  us  now  consider  the  multiple  wave  functions  which 
are  homogeneous  polynomials  of  degrees  mi,  m2,  •  •  • ,  mn  with 
respect  to  the  cells  (1),  (2),  •••,  (n)  respectively.    Since  a 

*  Loc.  cit. 

t  G.  Darboux,  Camptea  RenduSf  vol.  68,  p.  324.  Hennite,  Cours  d' An- 
alyse. 4th  edition,  p.  182.  See  also  T.  J.  Stieltjes,  Ann.  d.  VEcole  Nor* 
male  (3).  vol.  2  (1885),  p.  93.  H.  Poincar6,  Acta  Malhematica,  vol.  9. 
K.  de  Feriet,  Th^,  Paris,  Gauthier-Villars  (1915). 
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right-handed  polynomial  of  this  type  can  be  expressed  in  the 
form  (3)  it  follows  that  the  function  /  must  be  of  degrees  mu 
W2j  •  •  •,  m»  in  the  pairs  of  variables  ai,  jSie'**;  at,  02fi^;  •  •  • ; 
a«,  jSnC*"  respectively  and  a  polynomial  of  degree  mi+  70^  + 
• '  •  +  m»  in  e"*".  The  number  of  arbitrary  constants  in  the 
most  general  expression  of  this  kind  is 

(13)    i\r+=  (mi+l)(m2+l)  •..(m»^-l)(ml^-m2  + 
•  •  •  +  m,  +  1), 

hence  we  may  conclude  that  there  are  N^  linearly  independent 
multiple  wave  functions  which  are  right-handed  homogeneous 
polynomials  of  degrees  mi,  W2,  '",  rrin  with  respect  to  the 
different  cells.  The  number  of  linearly  independent  left- 
handed  polynomials  is  represented  by  the  same  nimiber. 

To  find  the  number  of  completely  neutral  polynomials  of  a 
given  type  we  proceed  as  follows:  Adopting  a  generalization 
of  a  method  used  by  Cayley*  we  may  derive  one  multiple 
wave  function  from  another  by  operating  on  the  latter  any 
number  of  times  with  operators  of  type 

•d  d  d  d    . 

This  operator  does  not  alter  the  character  of  the  function 
relative  to  the  cells  p,  q.    An  operator  of  the  type 

gives  a  new  right-handed  multiple  wave  function  when  it 
operates  on  a  multiple  wave  function  which  is  either  right- 
handed  or  neutral.    So  in  this  case  the  neutrality  is  lost. 
We  shall  now  show  that  the  equation 

dV  dV  dV         dV 

(16)  ^-d^+ypdf+'^dT+^^mr^ 

is  incompatible  with  the  conditions  of  neutrality  E^*^  =  0, 
Hp»q  =  0,  when  F"  is  a  homogeneous  polynomial  of  degrees 
mi,m2,  •  •  • ,  mn  with  respect  to  the  different  cells. 
If  we  differentiate  (16)  with  respect  to  Xp  we  find  that 

*  LioumUe^s  Journal,  vol.  13  (1848),  p.  275;  Collected  Papers,  vol.  1, 
p.  397. 
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5F  d^V  dW  dW  ^'^   _  n 

da:,+  '''^dx^x^'^  ^^dx^y^'^  ''''dx^z^'^  ^""dx^JdU  " 

or,  since  V  is  neutral, 


(i  +  ^p)Hr-=o 


Since  F  is  homogeneous  this  equation  reduces  to 

dF 

dXq 

and  so  (16)  would  imply  that  all  the  derivatives  of  F  with 
respect  to  the  variables  x^,  j/q,  Zq,  tq  are  zero.  If  then  we  suppose 
that  F  is  not  independent  of  these  variables  we  may  conclude 
that  equation  (16)  is  impossible. 

It  is  now  clear  that  by  means  of  successive  operations  of 
type  (14)  we  may  derive  a  simple  wave  function  of  degree 
mi  +  m2  +  •  •  •  +  m»  from  each  completely  neutral  multiple 
wave  function  of  degrees  mi,mt,  •  •  •,  m»,  and  that,  conversely, 
we  may  derive  a  completely  neutral  multiple  wave  function  of 
degrees  mi,  mt,  •  •  •,  m»  from  each  simple  wave  function  of 
degree  mi  +  m2  +  •  •  •  +  rrin.  Hence  it  follows  that  the 
number  of  linearly  independent  polynomials  of  each  type  is 
the  same  and  in  the  case  of  the  simple  wave  function  this 
number  is  known  to  be* 

(mi  +  m2  +  •  •  •  +  m»  +  1)^ 

Denoting  this  number  by  No,  we  can  say  that  the  nimiber  of 

linearly  independent  neutral  polynomials  of  degrees  mi,  rrh, 

•  •  • ,  m»  respectively  with  regard  to  the  different  cells  is  No* 

Since  tiie  neutral  polynomials  are  included  among  both  the 

right-handed  and  left-handed  polynomials,  we  can  expect 

that  the  total  number  of  linearly  independent  multiple  wave 

functions  which  are  homogeneous  polynomials  of  degrees 

mi,  rrh,  "',  rrin  will  be  represented  by  2iV+  —  Nq. 

Johns  Hopkins  Univbbsitt, 
Baltimore,  Md., 

December  28,  1915. 

*  This  follows  at  once  from  (13).  See  also  Heine,  Handbuch  der  Kugel- 
functionen  (1878),  p.  472. 
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CHANGING  SURFACE  TO  VOLUME  INTEGRALS. 

BT  PROFESSOR  E.  B.  WILSON. 

(Read  before  the  American  Mathematical  Society,  February  26,  1916.) 

The  note  of  Dr.  Poor  on  "Transformation  theorems  in 
the  theory  of  the  linear  vector  function"  in  this  Bulletin, 
January,  1916,  page  174,  raises  the  question:  Why  not  make 
the  work  short  by  using  other  methods? 

The  equation*  fdS(  )  =  —  fdrVi  )  is  an  obvious 
identity  because 

ffidydzi    )=-fffidydzdx§-(    ) 


is  merely  a  partial  integration. 
If  #  be  a  linear  vector  function, 


V(*  •  tt)  =  V»(*  •  tt)  +  Vu(*  •«)  =  —  Vjr(*  •  w)  +  Vtt  •  *o 

where  the  subscripts  *  and  u  mean  that  the  diflFerentiation 
affects  only  the  function  indicated  and  the  subscript  M  means 
that  the  differentiation  is  with  respect  to  the  point  M  of  which 
u  is  independent  (other  differentiations  are  with  respect  to  P). 
Hence,  integrating  with  no  sign,  with  dot,  and  with  cross, 

/  dSi  •  tt  =  /  dr Vjif  (*  •  tt)  —  /  dr V«  •  *c>       Theorem  3, 

fdS  •  *  •  u  =  fdrVii  •(*•«)  —  fdrVu  :  *,       Theorem  2, 

fdSxi^u  =  J  dr^^  X  (^-u)  —  j  dr{^u  •  *c)x, 

Theorem  1. 

Next  if  *  •  d^  =  d*  •  *,  then  d(*  •  *)  =  d*  •  *  +  d*  •  * 
and  V(*  •  ^)  =  V*  •  *  +  V^  •  *.  Hence  on  integrating, 
we  have 

/d5* .  ^  =  —  fdrV^  •  ^  —  fdrV^  •  *,  not  given. 


♦  Reference  may  be  made  to  my  review,  "  The  imification  of  vectorial 
notations,"  this  Bulletin,  vol.  16,  May,  1910.  p.  428,  where  I  use  dS  as 
an  exterior  normal  instead  of  an  interior  normal  as  here. 
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fdS  •  *  •  *  =  —  /drV  •  *  •  *  —  fdrV  •  *  •  *, 

Theorem  6, 

/d5x***  =  —  /drVx***  —  /drVx***, 

Theorem  7. 
Finally  we  may  write  the  identities 

V  •  (V*  •«)  =  V  •  V*  • «  +  Vu  •  V*  • «, 

V  •  Vu(*  •  tt)  =  V*  •  Vu*  •  u  +  *  •  (V  •  Vu). 

The  terms  Vu*V**tt  and  V#»Vu**tt  are  the  same,  since 
the  order  in  a  scalar  product  is  immaterial.  Hence,  by  sub- 
traction and  integration, 

V  •  (V*  •  u)  —  V  •  (Vu  •  *c)  =  V  •  V*  •  u  —  *  •  (V  •  Vtt)> 

—  fdS*  (V*  •  u  —  V«  •  *c)  =  fdrAjti^  •  u) 

—  J  dr*  •  Au,   Theorem  5. 

In  these  theorems 'I  have  used  the  notation  of  Gibbs  and 
the  results  are  therefore  in  some  cases  conjugates  of  Poor's; 
for  he  uses  d  =  (  )V  •  dr  instead  of  d  =  dr  •  V  (  ).  Tait 
and  McAulay  have  employed  a  notation  with  subscripts  so 
that  the  symbol  V  and  its  operand  may  occur  in  any  positions; 
for  instance  uiVi  means  the  conjugate  of  Vw.  Poor's  Theorem 
4,  without  the  integral  sign,  is  in  this  notation  *«  •aiViV2  •  * 
=  (*2V2  •  x)  •  uiVi  and  represents  an  identity  just  as 
{ab)c  =  a{bc)  represents  an  identity  in  ordinary  algebra. 

The  formal  side  of  multiple  algebra  has  been  highly  de- 
veloped by  Grassmann,  Hamilton,  Tait,  Gibbs,  McAulay, 
Clebsch,  Aronhold,  Study,  and  Shaw,  not  to  mention  a  host 
of  others.  Why  deny  ourselves  the  advantages  of  the  formal 
methods?  The  use  of  words  like  grad,  div,  rot  is  hampering: 
we  no  longer  write  Cubus  m  Census  p  16  rebus  sequatur  40  for 
z^-8t^+1Q  =  40. 

Massachusetts  Institute  of  Technology, 
January  18,  1916. 
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A  NEW  METHOD  OF  FINDING  THE  EQUATION  OF  A 

RATIONAL  PLANE  CURVE  FROM  ITS 

PARAMETRIC  EQUATIONS. 

BT  JOSEPH  EUGENE  BOWE. 

(Read  before  the  American  Mathematical  Society,  December  27,  1915.) 

In  this  paper  we  shall  give  a  new  method  of  deriving  the 
equation  of  a  rational  plane  curve  from  its  parametric  equa- 
tions. 

Let  the  parametric  equations  of  the  rational  plane  curve 
JB*  of  order  n  be 

(1)  Xi  =  aif  +  ^Ciiif^i  +  ^CjCif^  +  • . .     (i  =  0,  1,  2). 
In  particular  if  n  =  2,  equations  (1)  become 

(2)  Xi  =  aif  +  2bit  +  d  (t  =  0,  1,  2), 

which  are  the  parametric  equations  of.  a  conic  or  iP.  The 
coordinates  of  the  points  of  the  /?  whose  parameters  are  ti 
and  fe  are  a»<i*  +  2biti  +  Ci  and  a»fe^  +  26i^  +  d,  where 
i  =  0,  1,  2.  Hence  the  equation  of  the  line  on  ti  and  fe, 
written  out  in  full,  is 


(3) 


Oo<j*  +  25o<»  +  co   aitt^  +  2bih  +  ci   ojtf  +  252<j  +  cj 

Xq  ^1  ^2 


=  0. 


By  subtracting  the  second  row  from  the  first  and  removing 
the  factor  <i  —  tt,  equation  (3)  reduces  to 

<hiti  +  ti)  +  2bo    ai(ti+tt)  +  2bi    (h(ti  +  tt)  +  2bi 

(4)  oo<2*  +  2b(fi  +  Co   oi<2«  +  2bih  +  ci   (hU^  +  2b^  +  Ci  =  0. 

Xo  Xi  Xt 

The  expanded  form  of  (4)  is 

(5)  2\abx\*titt+\acx\(jti  +  tt)  +  2\bci\  =  0. 


*  By  \dbx\  is  meant  the  three-rowed  determiiuuit 


ao 

bo 

Xc 

ai 

6i 

Xi 

Of 

6. 

Xt 
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If  two  values  are  assigned  to  ti  and  U,  (5)  is  the  equation  of  the 
line  which  cuts  out  of  the  IP  the  points  whose  parameters  are 
^1  and  ^  If  the  coordinates  of  a  particular  point  are  assigned 
to  the  Xi  and  a  particular  value  of  ti  is  given,  (5)  yields  a 
value  of  U  which  is  the  parameter  of  the  other  point  cut  out 
of  the  i?  by  the  line  on  Xi  and  ti.  So  long  as  Xi  and  ^i  are 
distinct  points  a  definite  value  of  ^  may  be  obtained  from  (5). 
But  if  Xi  moves  up  and  coincides  witii  the  point  on  the  IP 
whose  parameter  is  ti,  the  value  of  fe  is  arbitrary.  With 
these  facts  in  mind  it  is  desirable  to  arrange  (5)  in  the  form 

(6)  [2|aSa:|<i+  |aca:|]fe  +  [|  aca;|<i  +  2|6car|]  =  0. 
The  value  of  ^  in  (6)  is  arbitrary  if  only  the  two  equations 

(7)  2\abx\ti+  \acx\  =  0,    |aca;|<i+ 2|6ca:|  =  0 

are  consistent,  and  the  necessaiy  and  sufficient  condition  that 
these  two  equations  (7)  be  consistent  is 

2 1  abx  I       I  oca;  I 

laexl    2\bcx\ 


(8) 


0. 


That  is,  (8)  is  the  equation  of  the  jB^,  for  it  is  the  locus  of  a 
point  Xi  subject  to  the  condition  that  a  line  on  this  point  and 
a  point  of  the  i?  fails  to  determine  a  second  point  of  the  IP, 
or  in  other  words,  it  is  the  locus  of  a  point  Xi  which  coincides 
with  a  point  of  the  IP. 

If  n  ===  3  in  (1),  we  obtain  the  parametric  equations  of  an  R* 
and  the  equation  of  the  Une  determined  by  two  points  of  the  R* 
may  be  found  in  exactly  the  same  way.  With  the  above  facts 
in  mind  the  equation  of  this  line  may  be  thrown  into  the  form 

[3\abx\ti^+3\acx\ti+  \adx\W 

(9)  +  I3\acx\ti^  +  (\adx\  +  9\bcx\)tx+  3\bdx\]t2 

+  [\adx\ti^  +  3\bdx\ti  +  3\cdx\]  =  0. 

This  line  cuts  out  of  the  R^  the  points  whose  parameters  are 
ti  and  ti.  If  ti  is  given  and  the  coordinates  of  a  particular 
point  are  assigned  to  the  Xi,  (9)  is  a  quadratic  in  h  whose  roots 
are  the  parameters  of  the  other  two  points  cut  out  of  the  iJ* 
by  the  line  on  ti  and  Xi.  These  two  values  may  be  found  from 
(9)  so  long  as  Xi  and  ti  are  distinct  points,  but  the  values  of 
fe  become  arbitrary  as  soon  as  ti  and  Xi  coincide.    The  neces- 
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sary  and  sufficient  condition  that  the  quadratic  (9)  be  satis- 
fied by  any  two  values  of  ^  is  expressed  by  equating  to  zero 
the  coefficient  of  each  power  of  U  in  (9).  The  determinant  of 
these  three  equations  equated  to  zero  is 

1 3  I  aba;  I  3\acz\  \adx\ 

(10)  \3\acx\     \adx\  +  9\bcx\    S\bdx\    =0, 

I    \adx\  3\bdx\  3\cdx\ 

and  this  is  the  equation  of  the  R^  as  the  locus  of  a  point  Zt 
which  coincides  with  a  point  of  the  iJ*. 

The  method  of  finding  the  equation  of  the  line  determined 
by  the  points  of  the  R"  whose  parameters  are  ^1  and  ^2  requires 
no  formal  statement.  If  this  equation  is  represented  sym- 
bolically by 

(11)  n\abx\t{'-'%'^^  •  •  •  =  0, 

by  arranging  (11)  as  a  binary  (n  —  l)-ic  in  ^2  and  equating  the 
coefficients  of  the  powers  of  h  to  zero  n  equations  are  ob- 
tained, and  the  determinant  of  these  equations  equated  to 
zero  is  the  equation  of  the  R*. 
Pennsylvania  State  College, 
November  J  1916. 


THE   PHYSICIST  J.   B.   PORTA  AS  A   GEOMETER. 

BY  PROFESSOR  GINO  LORIA.* 

In  his  remarkable  and  entertaining  Budget  of  Paradoxes, 
of  which  a  new  edition  has  just  been  published  under  the 
editorship  of  David  Eugene  Smith,  Professor  De  Morgan 
speaks  of  the  work  entitled  "lo.  Baptista  Portae  Neapolitani 
Elementorum  curvilineorum  Libri  tres.  In  quibus  altera 
de  Geometriae  parte  restituta,  agitur  de  Circuli  Quadratura 
(Romse,  MDCX)/'  in  the  following  words:  "  This  is  a  ridiculous 
attempt,  which  defies  description,  except  that  it  is  all  about 
lunules." 

Such  a  scornful  judgment  forms  an  evident  contrast  to  the 
opinion  expressed  by  M.  Chasles,  who  in  his  Aper9U  Historiquef 

*  Translated  from  the  author's  manuscript  by  Madelaine  A.  Batta. 
t  Second  edition,  Paris,  1875,  p.  216. 
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speaks  of  Porta  with  respect,  placing  him  among  the  geometers 
who  used  the  method  of  geometric  transformation  which 
causes  the  ordinates  of  the  points  of  a  figure  to  grow  pro- 
portionally. To  the  support  of  his  appreciation  fiiis  great 
geometer  refers  at  the  foot  of  the  page  to  "Elementa  Curvi- 
linea,  Book  I,"  giving  neither  date  nor  place  of  publication. 

Considering  Chasles's  scholarly  methods,  this  leads  one  to 
believe  that  he  did  not  have  the  original  work  before  him 
when  he  wrote  these  words.  At  any  rate  it  is  impossible  to 
tell  which  of  the  three  editions  mentioned  by  Riccardi*  he 
had  a  chance  to  consult.  Of  these  editions  the  first  appeared 
in  1601  as  an  appendix  to  the  Pneumaticorum  Libri  tres,  the 
second  bears  the  date,  Naples,  1609,  and  the  third  is  the  edition 
known  to  De  Morgan  and  which  I  also  have  examined. 

Four  years  after  the  first  publication  of  Chasles's  opinion 
(1837)  another  celebrated  historian,  Libri,  declaredf  that  "The 
Elements  of  Curves  includes  an  essay  on  the  quadrature  of 
the  circle  and  shows  that  the  author  was  not  a  genius  in 
mathematics;  for,  besides  errors,  there  are  many  insignificant 
matters  mentioned  in  the  work." 

This  judgment  is  fundamentally  in  accord  with  that  of 
Montuclat.  It  is  less  severe  than  that  of  De  Morgan  and, 
according  to  my  idea,  more  true  and  more  exact.  To  justify 
my  point  of  view  I  propose  to  give  an  analysis  of  the  opuscula 
of  my  fellow  countryman,  which  I  shall  try  to  make  more 
faithful  to  the  facts. 

This  work  comprises  96  pages,  15  X  20.5  cm.,  and  is  com- 
posed of  three  "books"  which  are  not  at  all  closely  connected. 
In  the  first  book  the  author  reviews  the  method  by  which  it  is 
possible  to  construct  a  circle  which  shall  be  a  multiple  of  a 
given  circle,  or  which  shall  be  the  sum  or  the  difference  of  two 
given  circles,  or  to  transform  two  unequal  circles  into  two 
equal  circles  which  together  shall  be  equal  to  the  two  given 
circles,  etc.  After  that  he  turns  to  analogous  questions  re- 
lating to  the  ellipse.  The  constructions  given  by  Porta  are 
based  on  the  known  expressions  for  the  area  of  a  circle  and 
the  area  of  an  ellipse,  and  on  the  applications  of  the  theorems 

*  Biblioteca  Matematica  Italiana,  Part  1,  col.  380. 

t  Histoire  des  Sciences  math^matiques  en  Italie,  Tome  IV,  Paris,  1841, 
p.  138. 

t  Histoire  des  Recherches  sur  la  Quadrature  du  Cercle,  second  edition, 
Paris,  1831,  p.  203. 
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of  the  first  few  books  of  Euclid's  geometry.  We  regard  the 
questions  relating  to  the  circle  as  having  a  general  corollary, 
that  is  to  say,  that  "The  circles  of  a  plane  form  a  class  of 
geometric  magnitudes."  Furthermore  they  prove  that  it  is 
possible  to  operate  on  circular  areas  by  means  of  arithmetic 
operations  even  before  these  areas  are  calculated.  From  this 
point  of  view,  the  first  book  of  the  Elementorum  Curvilineorum 
Libri  tres  might  be  of  service  even  to-day  to  the  instructor 
in  elementary  geometry,  and  at  least  it  wUl  suggest  to  him  a 
few  new  exercises,  the  more  so  since  the  graphic  methods  of 
Porta  are  not  without  elegance.  But  I  think  Chasles  was 
hardly  fair  in  quoting  Porta,  for  the  only  part  of  this  work 
which  relates  to  the  transformation  of  curves  is  the  repro- 
duction (which  is  found  at  the  end  of  the  18th  problem  of 
Book  I)  of  a  practical  method  which,  according  to  the  author's 
own  statement,  is  due  to  the  celebrated  painter  Albert  Diirer 
who  uses  it  to  transform  a  circle  into  an  ellipse  by  the  dilation 
of  the  ordinates. 

The  second  book  of  Porta's  work  is  very  much  less  important. 
Its  purpose  is  to  show  how  one  can  square  areas  having  curved 
boundaries.  These  areas  are  however  made  up  so  as  to  be 
readily  transformed  into  areas  bounded  by  straight  lines.  In 
fact  they  are  obtained  by  repeating  several  times  operations 
of  the  following  type:  Consider  an  area  bounded  by  straight 
lines  and  having  two  sides  equal.  On  these  two  sides  are 
constructed  equal  segments  having  as  boundaries  arcs  of 
curves.  If  then  one  segment  is  added  to  the  given  area  and 
the  other  subtracted,  the  resultant  area  will  be  equivalent  to 
the  initial  area.  This  therefore  is  an  area  which  can  be 
squared.  Such  matters  are,  however,  hardly  worthy  of  our 
consideration. 

In  his  third  book  Porta  comes  to  the  old  attempt  of  Hip- 
pocrates of  Chios  to  square  the  circle  by  means  of  lunules 
(plane  areas  bounded  by  two  circle  arcs).  Every  one  knows 
that  it  is  impossible  to  attain  the  desired  end  by  this  method, 
however  alluring  it  may  be.  We  must  consider,  however,  that 
Porta  devotes  less  than  two  of  the  thirty  pages  of  the  book 
to  this  celebrated  problem,  all  the  rest  being  given  over  to  an 
examination  of  other  lunules  considered  by  the  ancients,  and 
to  areas  of  other  figures  of  an  analogous  nature. 

The  result  of  all  this  is  that  Porta's  work  has  but  little 
importance  and  no  true  originaUty,  but  it  proves  that  the 
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author  had  a  thorough  knowledge  of  the  work  of  Euclid  and 
that  he  made  use  of  it  with  remarkable  ease.  He  is  therefore  a 
circle  squarer  of  a  type  different  from  those  met  by  De  Morgan, 
whose  common  characteristic  is  a  complete  and  stubborn 
ignorance  of  the  science  of  geometry. 

Porta  on  the  contrary  knew  the  classics  of  the  science  and 
was  so  imbued  by  the  methods  of  the  ancients  as  to  make  an 
evident  effort  to  imitate  their  procedure  and  their  style. 
And  finally,  if  we  take  account  of  the  fact  that  he  lived  at  a 
time  when  geometricians  could  not  walk  without  the  steady 
support  of  Euclid  and  Archimedes,  to  whose  invincible  spell 
they  had  to  submit,  we  conclude  that  De  Morgan's  judgment 
of  Porta  is  too  severe.  If  indeed  we  consider  him  in  the  large 
group  of  authors  of  paradoxes  studied  with  so  much  care  by 
the  illustrious  professor  of  the  University  of  London,  Porta 
appears — ^I  will  not  say  as  a  new  Archimedes,  but  at  least  a 
monoculus  in  terra  coecorum. 
Univbrsitt  of  Genoa, 
November,  1915. 
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Functions  of  a   Complex   Variable.    By   James   Pierpont. 

Ginn  and  Company,  Boston,  1914.    xiv  +  583  pp.    8vo. 

Price  $5.00. 

Out  of  the  general  development  of  higher  analysis  certain 
portions  have  gradually  come  to  be  recognized  as  suitable  for 
introductory  material  and  designated  as  Theory  of  Functions, 
or  more  precisely,  as  Functions  of  a  Complex  Variable.  We 
have  also  Functions  of  a  Real  Variable,  and  it  might  seem  as 
if  these  should  come  first;  but  there  is  a  certain  simplicity 
and  elegance  about  functions  of  a  complex  variable  that 
makes  their  study  especially  attractive. 

In  this  subject  there  is  much  that  has  been  unsettled  as  to 
subject  matter  and  method  of  treatment,  and  many  of  the 
books  have  quickly  become  out  of  date,  or  have  lacked  the 
accuracy  now  possible.  It  is  therefore  a  matter  of  congratu- 
lation when  a  book  of  this  kind  comes  from  the  interesting  pen 
of  Professor  Pierpont.  Such  a  book  is  bound  to  have  a  marked 
influence  on  the  development  of  an  ideal  course. 
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This  book  is  intended  for  students  who  have  only  completed 
the  usual  work  in  the  calculus,  and  especially  for  those  who 
do  not  intend  to  specialize  in  mathematics.  Doubtless  no 
one  would  be  expected  to  cover  all  of  these  nearly  600  pages, 
but  the  subjects  treated  are  all  suitable  for  a  first  course, 
and  those  who  have  studied  parts  of  the  book  will  always 
find  it  useful  for  reference. 

The  teacher  will  notice  at  once  the  entire  absence  of  prob- 
lems to  be  solved.  Much  of  the  algebraic  work,  however,  is 
quite  condensed,  and  any  one  who  masters  this  will  have 
plenty  of  exercise,  and  with  results  better  coordinated  with 
the  text  than  the  solution  of  independent  examples  would  give.* 

The  author  deals  gently  with  our  reasoning  powers,  though 
he  does  not  hesitate  to  tax  our  skill  in  the  manipulation  of 
formulas,  and  so  perhaps  the  text  which  he  produces  is  well 
adapted  to  the  state  of  development  of  those  who  will  use  it. 
There  seems  to  be  a  tendency  in  the  schools  to  cultivate 
technical  skill  and  to  slight  the  theoretical  side  of  mathe- 
matics. It  is  undoubtedly  easier  to  train  men  to  accurate 
mathematical  work,  and  this  training  is  of  course  very  valu- 
able; but  it  is  more  important  to  understand  a  subject  than 
merely  to  be  able  to  use  it,  and  it  might  be  well  on  account  of 
tl\is  tendency  to  emphasize  the  theory  more  than  we  otherwise 
would. 

In  particular,  the  theory  of  irrational  numbers  forms  the 
basis  of  all  analysis,  and  is  fundamental  even  in  parts  of  ele- 
mentary geometry  and  algebra.  It  is  the  opinion  of  many 
mathematicians  that  this  theory  cannot  be  taught  in  the  high 
school,  nor  even  to  college  freshmen;  but  it  is  certainly 
necessary  to  any  rational  treatment  of  limits  and  series,  and 
one  would  think  that  it  might  be  taken  up  with  the  calculus. 
Yet  here  is  a  book  for  students  who  have  completed  one  or 
two  years  in  the  calculus,  who  are  supposed  to  have  some 
knowledge  of  series  and  a  considerable  knowledge  of  the 
properties  of  integrals,  but  who  are  still  too  immature  to 
comprehend  the  Dedetdnd  theory,  or  to  prove,  for  example, 

*  A  good  collection  of  examples  may  be  found  in  the  Engliah  translation 
of  Burkhardt's  Einftihrung,  etc.,  referred  to  by  our  author  on  page  3: 
Theory  of  Functions  of  a  Coxnplex  Variable,  H.  Burkhardt,  translate  by 
8.  E.  Kasor.  D.  C.  Heath  and  Co.,  Boston,  1913.  There  are  examples  also 
in  Forsyth's  Theory  of  Functions  of  a  Complex  Variable.  Cambridge 
University  Press,  2nd  ed.,  1900,  and  in  Principes  de  la  Th^rie  aes  Fonctions 
EUiptiques  et  Applications,  by  P.  Appell  and  E.  Lacour,  Paris,  1897. 


Digitized  by 


Google 


1916.]  FUNCTIONS  OP  A  COMPLEX  VARIABLE.  345 

that  a  variable  always  increasing  and  always  less  than  some 
fixed  number  will  have  a  limit  (page  29).  The  author  explains 
his  view  very  clearly  on  page  33,  but  we  think  that  this 
subject  can  be  made  quite  simple,  so  much  of  it  as  is  necessary 
for  the  proofs  of  a  few  fimdamental  theorems,  and  that  it  is 
well  worth  the  time  that  might  have  to  be  taken  from  more 
advanced  technical  study.  Even  students  who  do  not  go 
on  with  mathematics  will  know  better  the  mathematics  that 
they  do  get,  and  will  be  better  able  to  use  it,  if  they  understand 
better  the  foundations  on  which  it  rests. 

Extreme  care  is  shown  in  the  accuracy  of  $he  proofs,  yet 
there  are  certain  forms  of  expression  which  might  lead  the 
immature  student  into  loose  ideas  as  to  the  necessity  of  always 
having  a  proof.  The  words  "obvious"  and  "obviously"  can 
usually  be  cut  out  without  any  loss  whatever,  and  when  they 
occur  they  are  apt  to  leave  the  impression  that  some  things 
are  to  be  taken  in  mathematics  as  obvious.  We  find  that '  'the 
theorem  mentioned  above  is  self-evident  and  requires  no 
proof,"  that  the  reader  "knows"  some  things  (page  7),  and 
that  the  discussion  given  of  the  law  of  the  mean  (page  143), 
although  not  an  analytic  proof,  will  make  the  reader  "feel  in 
the  most  convincing  manner"  that  the  law  is  true.  Some- 
times also  a  theorem  is  true  because  "the  figure  shows  it" 
(see,  for  example,  pages  58  and  139).  The  student  should 
clearly  understand  that  such  considerations  can  form  no  part 
of  a  logical  system. 

These  remarks  do  not  apply  to  the  work  as  a  whole,  but 
only  to  a  few  sections.  In  general,  the  importance  of  rigorous 
proofs  and  accurate  details  is  emphasized. 

The  author  has  an  informal  way  of  discussing  many  things 
that  makes  them  very  interesting.  Instead  of  a  collection  of 
dry  facts  and  formulas  we  see  the  subject  as  it  develops.  See, 
for  example,  his  remarks  on  imaginary  numbers  (page  10), 
the  treatment  of  the  enotation  (pages  32-34  and  132), 
differentiation  and  integration  at  the  beginning  of  Chapter  VI, 
the  significance  of  Cauchy's  integral  theorems  (page  215), 
Taylor's  theorem  (page  223),  the  <r-function  (page  359),  and 
the  ?>-f  unctions  with  zero  arguments  (page  431). 

The  book  begins  with  a  historical  sketch  of  two  pages. 
We  should  like  to  have  seen  a  fuller  account  of  the  early 
history  of  this  subject.  A  few  historical  remarks  scattered 
through  the  book  give  a  hint  as  to  how  interesting  such  an 
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account  would  be  (see  pages  23,  91,  289,  300,  395,  402,  410, 
412,  418,  423,  426-426,  454-455).  The  names  of  Abel, 
Cauchy,  Gauss,  Jacobi,  Legendre,  and  Weierstrass  occur 
frequently,  and  several  others  are  mentioned,  but  these  names 
would  mean  much  more  if  the  student  knew  something  of 
the  men.  In  only  a  single  case  (pages  395  and  401)  is  there 
a  reference  to  any  of  their  writings,  and  in  the  entire  book 
there  are  only  seven  specific  references  to  other  books  or 
publications. 

A  much  fuller  index  and  a  table  of  formulas  would  have  been 
very  useful,  and  the  number  of  cross  references  could  have 
been  increased  to  great  advantage. 

The  first  chapter  gives  the  usual  account  of  the  representar 
tion  of  complex  numbers  by  points  in  a  plane.  There  is  no 
mention  in  the  book  of  the  linear  function  except  once  on 
page  88,  nor  of  Riemann  surfaces.  We  are  accustomed  to 
the  early  introduction  of  these  topics,  but  the  author  has 
been  able  to  do  without  them,  and  regards  other  subjects  as 
more  important  for  students  who  do  not  intend  to  specialize 
in  mathematics. 

Two  chapters  deal  respectively  with  real  and  complex 
series,  but  the  first  of  these  two  chapters  is  concerned  chiefly 
with,  questions  of  convergence,  while  Chapter  III  takes  up 
the  various  properties  of  series,  operations  with  series,  power 
series,  and  double  series.  The  author  explains  very  carefully 
the  notion  of  limits  (page  33),  and  introduces  the  admirable 
notation  so  freely  used  in  his  Functions  of  a  Real  Variable, 

"€  >  0,  m,  I  c  —  Cn  I  <  €,  n  >  m" 

We  should  like  to  call  attention  also  to  his  excellent  treatment 
of  the  "associative  and  commutative"  properties  of  series 
(pages  64-71),  and  of  "row  and  column  series"  (pages  80-84). 
One  theorem  on  the  removal  of  parentheses  (the  second  case 
at  the  bottom  of  page  67)  might  be  made  a  little  more  general 
by  assuming,  not  that  ^  is  a  positive  term  series,  but  that 
the  terms  in  the  parentheses  are  all  positive  while  the  paren- 
theses may  have  either  sign.  This,  indeed,  is  the  theorem 
required  on  page  70. 

These  two  chapters  are  followed  by  a  chapter  on  the  func- 
tions employed  in  elementary  mathematics.  A  third  of  this 
chapter  (about  13  pages)  comprises  all  that  we  have  on 
algebraic  functions,  the  book  being  devoted  almost  entirely 
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to  one-valued  or  uniform  functions.  The  rest  of  the  chapter 
is  a  study  of  the  exponential,  circular,  and  logarithmic  func- 
tions, starting  from  their  series  developments. 

Chapter  V  is  on  real  variables,  being  a  r6sum6  of  some  parts 
of  the  calculus  and  an  accoimt  of  curvilinear  and  surface 
integrals.  It  is  chiefly  in  this  chapter  that  the  author  appeals 
to  intuition,  or  bases  his  theorems  on  geometrical  considera- 
tions that  do  not  constitute  proofs.  As  we  have  already 
explained  we  think  that  a  more  rigorous  treatment  would  not 
have  been  so  very  much  more  diflScult.  There  are  some 
interesting  physical  applications  at  the  end  of  the  chapter,  to 
work,  potential,  electric  current,  and  Stokes's  theorem.* 

Chapter  V  prepares  the  way  for  the  study  of  complex  dif- 
ferentiation and  integration  in  Chapter  VI.  The  Cauchy- 
Riemann  equations  are  given,  the  theorem  on  conformal 
representation  by  means  of  a  fimction  having  a  derivative, 
and  the  properties  of  integrals  of  such  functions.  Steady 
(that  is,  uniiform)  convergence  is  also  taken  up,  and  the 
integration  and  differentiation  of  series.  The  treatment  of  all 
these  subjects  is  very  clear  and  simple. 

Then  we  have  a  chapter  on  analytic  functions,  with  Cauchy's 
theorems,  Taylor's  theorem,  Laurent's  theorem,  and  Fourier's 
development;  a  chapter  on  infinite  products  leading  to 
Weierstrass's  theorem  (Mittag-Leffler's  theorem  not  being 
mentioned);  and  a  chapter  applying  these  theorems  to  the 
study  of  the  Beta  and  Gamma  functions,  and  giving  a  some- 
what difficult  account  of  asymptotic  expansions.  The  subject 
of  analytic  continuation  as  presented  in  the  first  of  these  three 
chapters  is  interesting.  This  term  is  used  here  in  a  slightly 
broader  sense  than  usual;  namely,  to  denote  the  process  of 
finding  the  value  of  an  analytic  function  at  a  point  z  when 
its  values  are  known  along  some  piece  of  a  curve  or  line 
(page  225).    In  the  chapter  on  infinite  productsf  the  sine 

*  On  page  156  the  set  of  equations  unmediately  following  (5)  is  paren- 
thetical, put  in  for  the  purpose  of  deriving  formulas  to  be  applied  to  (5). 
It  would  nave  been  clearer  if  these  equations  had  been  put  in  as  a  footnote, 
or  printed  in  small  tyi>e. 

t  On  page  267  an  infinite  product  is  said  to  be  convergent  when  the 
limit  of  the  product  of  the  first  n  factors  is  finite  and  not  zero,  or  'Vhen 
one  of  the  factors  is  zero.''  This  is  not  the  usual  definition  and  with  this 
definition  the  theorems  which  follow  are  not  all  true. 

On  page  280,  in  considering  the  associative  character  of  infinite  products 
the  author  omit«  entirely  the  question  of  removing  parentheses,  which 
he  treats  very  carefully  in  the  case  of  infinite  series  (page  67). 
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and  cosine  products  and  associated  series  are  given.  It  is 
always  a  delight  to  the  student  to  find  so  many  new  and 
wonderful  properties  of  the  long  familiar  functions  of  trigo- 
nometry. 

The  relation  of  the  modern  function  theory  to  the  study  of 
elliptic  functions  is  about  the  same  as  the  relation  of  analytic 
geometry  to  the  study  of  conic  sections.  There  are  three 
chapters  (X-XII)  on  the  elliptic  functions,  the  first  on  the 
functions  of  Weierstrass,  the  second  on  the  functions  of 
Legendre  and  Jacobi,  and  the  third  on  the  t^-functions  and 
the  relations  of  the  two  systems  of  the  preceding  chapters. 
As  usual  the  functions  of  Weierstrass  are  developed  from  the 
point  of  view  of  their  periodicity  and  the  functions  of  Legendre 
and  Jacobi  from  the  elliptic  integrals.  There  is  a  certain 
amount  of  duplication  in  the  two  systems,  but  both  are  needed, 
one  being  better  adapted  to  some  applications  and  the  other 
to  other  applications.  The  t?-functions  are  the  simplest 
functions  in  the  older  system  and  it  is  often  convenient  to 
express  the  other  functions  in  terms  of  them.  They  corre- 
spond to  the  <r-functions  of  Weierstrass,  and  the  exact  relation 
between  the  two  systems  is  obtained  from  the  study  of  these 
two  simplest  types.  We  have  in  these  three  chapters  a  very 
good  introduction  to  the  elliptic  functions  with  plenty  of 
detail  to  work  out  and  one  or  two  applications.  More 
appUcations  would  have  been  welcome. 

Finally,  three  chapters  (XIII-XV)  on  linear  diflferential 
equations  introduce  us  to  some  of  the  functions  defined  by 
equations  of  the  second  order.  This  subject  is  not  usually 
considered  in  the  text-books  on  the  theory  of  functions,  but 
these  chapters  put  into  our  possession  some  of  the  functions 
which  are  most  important  in  mathematical  physics,  and  the 
methods  used  are  only  those  developed  in  the  preceding  pages. 
The  author's  course  in  writing  these  chapters  is  in  line  with 
the  practice  of  some  writers  on  the  calculus  to  add  a  chapter 
on  the  solution  of  diflferential  equations  as  furnishing  many 
valuable  results  from  the  methods  previously  studied,  as  well 
as  the  best  possible  kind  of  practice  in  these  methods. 

One  or  two  details  may  be  noticed.  It  would  probably 
have  conduced  to  clearness  if  the  author  on  pages  41  and  284 
had  referred  to  the  extended  law  of  the  mean  or  Taylor's 
theorem  in  finite  form,  instead  of  simply  "the  law  of  the 
mean"  as  he  does.    The  proof  at  the  bottom  of  page  245 
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requires  that  c  +  0.  For  c  =  0  the  treatment  would  be 
somewhat  different.  On  page  344,  an  elliptic  function  that 
has  no  pole  in  a  parallelogram  of  periods  is  a  constant,  not 
because  it  ''has  no  singular  point  anywhere  in  the  infinite 
plane/'  but  because  it  is  "less  than  some  0"  in  the  parallelo- 
gram, and  then  less  than  this  0  everywhere  in  the  plane.  On 
page  364  (9),  the  coeflScient  of  s?  should  be  —  Ss/S  +  8^l^2. 
This  shows  that  the  law  of  the  series  is  not  as  simple  as  the 
second  and  third  terms  would  indicate.  On  page  429,  line  1, 
we  cannot  get  ao  by  putting  g  =  0  until  we  have  shown  that 
ao  does  not  depend  on  q.  The  terms  of  the  sine-series  for 
^i{v)  do  not  vanish  when  t?  =  m  +  n«,  as  stated  at  the  top 
of  page  430,  for  n  +  0.  On  page  473,  if  m  =  /  +  J  and 
T  ^  --  rriy  C2^.i  will  not  vanish  but  will  be  undetermined,  and 
all  the  c's  of  odd  index  after  this  c  will  contain  it  as  a  factor. 
We  can,  however,  arbitrarily  give  to  this  c  the  value  zero  and 
so  get  an  integral  independent  of  yi  and  without  logarithms  as 
desired.  On  pages  481-483  the  formulas  are  not  quite  con- 
sistent as  to  the  sign-factor  (—  1)"*.  The  matter  may  be 
straightened  out  by  putting  this  factor  into  equation  (2)  and 
taking  it  out  of  equation  (3)  and  out  of  the  expression  for 
dUi/ds.  In  equation  (6)  m  should  be  used  instead  of  n  and 
2*n(m)  should  be  in  the  numerator  and  not  in  the  denominator. 
In  the  expression  for  dVi/ds  the  first  term  should  contain  the 
factor  2",  and  the  second  term  should  be  C  2*^^11  (m)«(m)J,„(a:) 
instead  of  "  1/2  C  Jm(x)."  Also  a)(0)  should  be  put  equal  to  0 
and  not  equal  to  1.  In  (7)  the  logarithmic  term  should  have 
the  factor  2,  "n(m)"  should  be  U(k),  and  at  the  end  there 
should  be  the  factor  (ar/2)^*.  On  page  551,  eight  lines  from 
the  bottom  the  factor  \y/a\'^^  should  be  |</a|*+S  and  H/x^^ 
should  be  Ht^^/sf^^;  in  the  integral  in  (10)  f^^  should  be  f^', 
and  the  limit  of  the  integral  will  be  r(X  +  *  "-  1). 

The  criticisms  which  we  have  offered  do  not  reflect  on  the 
validity  of  the  author's  proofs.  Many  text-books  present  a 
view  of  mathematical  reasoning  that  is  entirely  erroneous. 
Here  we  are  taught  the  true  spirit  of  modern  rigor,  and  the 
student  who  studies  this  book  properly  should  know  what 
true  mathematics  is.  This  is  far  more  important  than  mere 
verbal  accuracy  of  detail. 

These  pages  are  right  from  the  lecture-room;  not  always  in 
smooth  clear  polished  style,  but  full  of  life  and  an  enthusiasm 
that  carries  us  along  as  we  read  them.    They  are  well  adapted 
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to  the  classes  in  our  American  colleges,  and  we  hope  that 
they  will  be  extensively  used. 

Henry  P.  Manning. 
Bbown  Untvebsitt. 


SHORTER  NOTICES. 

Analytic  Geometry  of  Space.    By  Virgil  Snyder  and  C.  H. 

SiSAM.     New  York,  Henry  Holt  and  Company,  1914.     xi+ 

289  pp. 

This  is  one  of  the  series  of  mathematical  texts  prepared  under 
the  general  editorship  of  E.  J.  Townsend.  The  announced 
plan,  however,  of  selecting  as  joint  authors  a  mathematician 
and  an  engineer  or  physicist  has  not  been  adhered  to  in  this 
case.  As  would  be  expected  accordingly,  the  book  will  make 
its  first  and  strongest  appeal  to  the  student  of  pure  mathe- 
matics. If  there  is  a  single  "  practical  problem  "  in  the  entire 
volume  the  reviewer  has  failed  to  discover  it. 

The  authors  are  well  fitted  for  their  task  since  each  is  a 
specialist  in  the  geometry  of  space  and  both  are  teachers  of 
wide  experience.  Moreover  their  book  possesses  remarkable 
homogeneity  of  style  and  spirit,  due  possibly  to  the  fact  that 
the  junior  author  was  a  pupil  of  the  senior.  At  any  rate,  if 
there  was  any  sharp  division  of  labor  the  internal  evidence  is 
difficult  to  detect. 

The  book  in  size  is  an  unpretentious  volume  of  some  250 
pages  exclusive  of  the  last  chapter,  and  the  modest  preface 
states  that  it  is  intended  as  an  introductory  course.  But  even 
a  casual  examination  will  disclose  an  astonishing  number  and 
variety  of  topics,  while  a  detailed  reading  emphatically  con- 
firms the  first  impression.  Thus  besides  the  usual  equations 
of  lines  and  planes  and  the  metric  formulas  for  angles  and 
distances  are  introduced  polar,  cylindrical,  and  spherical  coor- 
dinates, linear  systems  of  planes,  the  notion  of  duality,  homo- 
geneous coordinates,  and  the  plane  at  infinity,  all  in  the  first 
37  pages!  Surely  this  is  information  and  ideas  in  a  form  suf- 
ficiently concentrated  to  stagger  the  average  American 
undergraduate.  It  is  only  the  very  large  number  of  excellent 
exercises  (about  150  in  the  two  chapters)  which  saves  him  from 
the  otherwise  inevitable  confusion. 
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Indeed  in  our  opinion  the  chief  fault  of  the  work  as  a  text 
book  is  an  excessive  diversity  of  topics,  many  of  which  are 
treated  very  sketchily.  As  an  extreme  instance,  the  Kunmier 
surface  is  introduced  and  dismissed  with  a  half  page.  Whereas 
the  worst  blemish  as  a  book  is  the  frequent  monotony  of  the 
expository  style.  This  reaches  a  climax  in  Chapter  VI  in 
which  the  short,  choppy,  declarative  sentences  grow  exceed- 
ingly tedious,  the  more  because  of  the  "  vain  repetitions." 

While  it  is  true,  as  indicated  in  the  preface,  that  a  knowledge 
of  the  usual  elementary  courses  is  all  that  is  logically  pre- 
supposed, it  must  be  admitted  that  the  first  approach  to  such 
subjects  as  homogeneous  coordinates,  duality,  linear  systems, 
and  the  absolute  is  much  simpler  in  the  plane.  And  a  student 
would  be  far  better  prepared  for  the  present  course  after  a 
thoroughgoing  course  in  advanced  plane  analytic  geometry. 
This  statement  applies  to  the  entire  book,  but  nowhere  have 
we  found  the  sUghtest  hint  of  the  natural  method  of  attacking 
most  topics  in  space,  viz.,  that  of  generalization  from  the 
plane. 

The  book  is  divided  broadly  into  two  parts  of  approximately 
100  and  150  pages  respectively.  The  treatment  in  the  first 
part  is  chiefly  metric  and  "  can  be  regarded  as  a  first  course  not 
demanding  more  than  30  or  40  lessons."  The  subject  matter 
of  the  first  two  chapters  has  already  been  indicated.  The 
exposition  is  for  the  most  part  clear  and  concise  but  there  are 
some  obscurities  of  language.  On  page  1  it  is  stated  that  any 
point  in  space  has  three  real  coordinates.  If  one  is  to  speak 
of  real  numbers,  why  not  real  points?  "Orthogonal  pro- 
jection "  is  defined  on  page  3,  while  the  theorems  of  page  4 
use  "  projection  "  as  the  equivalent.  The  proof,  page  12, 
that  the  three  points  are  not  coUinear  might  have  been  made 
a  little  more  explicit  for  the  beginner  who  has  not  yet  regarded 
the  formulas  of  §  6  as  parametric  equations  of  the  line.  On  page 
21  "  real  value  "  is  again  associated  with  "  point "  without 
qualification.  Article  23  is  the  first  echo  of  the  classical  C. 
Smith,  which  has  given  analytic  geometry  of  space  such  an 
awesome  reputation  in  our  colleges.  Such  puzzles  are  doubt- 
less stimulating  to  the  occasional  American  student,  but  the 
statement  should  be  free  from  ambiguity.  The  wording  of 
the  paragraph  is  awkward  and  the  figure  is  inappropriately 
lettered.  PP'  ought  rather  to  be  PiPj  and  should  be  defined. 
In  any  case  d  refers  to  the  other  common  secant. 
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The  introduction  of  plane  coordinates  and  elements  at 
infinity  is  admirable,  being  simple,  direct,  and  lucid.  Moreover 
we  conmiend  the  early  discussion  of  these  subjects  (pages 
31-35),  since  the  notions  are  not  intrinsically  difficult  and 
opportunity  is  afforded  for  the  needed  practice  in  their  use. 
Not  only  is  euclidean  geometry  greatly  enriched,  but  the  foun- 
dations are  laid  for  the  easy  and  natural  transition  to  pro- 
jective geometry. 

Chapter  IV  is  prefaced  by  a  satisfactory  treatment  of  geo- 
metric imaginaries.  It  is  a  matter  of  regret  that  imaginary 
elements  are  not  recognized  in  our  current  texts  on  an  equal 
footing  with  real, — ^that,  e.  g.,  such  expressions  as  "point 
sphere"  (§  48),  "the  ellipse  reduces  to  a  point"  (§  56)  should 
survive  in  the  present  text. 

Chapter  V  is  devoted  to  the  sphere.  We  are  glad  to  find  a 
discussion  of  the  absolute  in  this  connection,  for  the  subject 
belongs  properly  to  metric  geometry,  though  curiously  enough 
it  is  usually  included  with  projective. 

In  Chapter  VI  forms  of  quadric  surfaces  are  studied  from 
the  standard  equation  by  means  of  plane  sections.  This  is  a 
useful  chapter,  serving  as  an  introduction  to  the  following. 
Chapter  VII  contains  an  excellent  treatment  of  the  general 
equation  of  the  second  degree  following  the  usual  lines.  Some 
of  the  important  results  are  employed  in  §  75  to  formulate  a 
method  of  attack  in  discussing  any  particular  quadric.  This 
article  would  be  improved  pedagogically  if  it  were  amplified 
into  a  summary  by  including  the  criteria  of  §§  66  and  73. 
The  reduction  of  the  general  equation  to  the  canonical  forms 
and  hence  the  complete  classification  of  quadrics  is  effected  with 
small  labor  and  without  actually  applying  the  formulas  for 
the  transformation  of  coordinates. 

The  authors  mention  the  definitions  of  page  76  among  the 
features  of  Part  I.  In  our  opinion  they  are  a  bad  feature  unless 
the  associated  type  of  surface  is  indicated.  What  student 
would  ever  guess  from  the  definition  that  "  line  of  vertices  " 
is  the  common  line  of  two  intersecting  planes,  or  even  that  the 
quadric  degenerates?  Worse  still  is  "  plane  of  centers  "  and 
"  plane  of  vertices "  with  the  even  greater  specialization 
involved. 

The  second  part  of  the  book  (Chapters  IX-XIII)  is  devoted 
almost  exclusively  to  the  projective  geometry  of  space.  Many 
advanced  students  will  find  this  part  an  attractive  introduction 
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to  the  modern  methods  in  the  subject,  while  the  variety  of 
topics  and  the  completeness  of  some  of  the  results  make  it  a 
valuable  reference  book  as  well. 

Chapter  IX  is  introductory  and  has  to  do  with  the  tetra- 
hedral  coordinate  system,  duality,  and  the  transformation  of 
coordinates.  The  projective  properties  of  quadric  surfaces 
are  developed  in  Chapter  X  and  simplified  forms  of  the  general 
equation  obtained  for  various  reference  systems. 

A  special  feature  of  the  entire  book  is  the  extensive  space 
given  to  linear  systems.  Systems  of  planes  and  spheres  are 
considered  in  Part  I.  The  whole  of  Chapter  XI,  the  longest 
in  the  book  (40  pages),  is  occupied  with  linear  systems  of  quad- 
rics.  An  exhaustive  classification  of  pencils  of  quadrics  by 
the  theory  of  elementary  divisors  is  obtained.  And  this 
study  is  paralleled  in  Chapter  XII  by  a  complete  classification 
of  the  types  of  projective  transformations  of  space.  Bundles 
(systems  of  three)  are  also  examined  at  some  length.  Webs 
(systems  of  four)  are  considered  briefly  and  the  Weddle 
and  Kummer  surfaces  defined  by  means  of  them. 

The  polar  theory  of  surfaces  is  outlined  in  Chapter  XIII. 
Space  curves  are  introduced  as  intersections  of  surfaces  and 
their  properties  deduced  largely  from  this  point  of  view. 
Fifteen  pages  are  given  to  cubic  and  quartic  curves,  including 
a  classification,  metric  in  the  case  of  the  cubic  since  all  space 
cubics  are  rational.  The  characteristic  symbols  for  curves  are 
likely  to  be  confused  (in  §  186,  e.  g.)  with  those  for  pencils 
of  quadrics,  since  they  diiBfer  in  some  cases  only  by  a  comma. 
Parentheses  might  be  used  in  one  case  instead  of  brackets. 

The  book  closes  with  a  chapter  (23  pages)  on  metric  diflFer- 
ential  geometry,  after  the  modern  fashion  of  appending  a 
few  pages  on  a  subject  itself  requiring  a  treatise.  Such  supple- 
ments are  necessarily  fragmentary  but  it  is  surprising  to  see 
how  much  can  be  condensed  into  these  introductory  sketches. 

A  review  would  be  incomplete  without  a  statement  regarding 
the  exercises.  It  has  been  our  fortune  to  see  few  books  with 
such  a  wealth  of  good  exercises.  There  is  hardly  a  topic  in  all 
the  incredible  variety  which  is  not  amply  illustrated,  and  they 
are  suited  to  all  classes  and  abilities  of  students.  It  is  safe 
to  say  that  any  one  who  solves  any  considerable  proportion  of 
them  must  possess  a  pretty  comprehensive  grasp  of  the  methods 
of  analytic  geometry  as  well  as  a  very  respectable  store  of  its 
subject  majtter. 
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The  following  typographical  errors  have  been  noted: 

P.     8, 1.  4 for  NP  read  iVP, 

P.    14,1.23 "ON  "    OM 

P.    21,  first  eq.  (18) "  6i  "    bi 

P.    28, 1.5 "  Z)*  "    2>, 

P.    63,  last  line "a«(l-^)  "    a»(l-^ 

P.    fi4,  eq.  at  bottom "  y  "    z 

P.    71, 1.  4 "  section  "    sections 

P.    72,  §64,  eq.2 "  Wa*  "    y»/&* 

P.    77,  eq.  (9) interchange  /  and  g 

P.    84, 1.  17,  second  term for  k  read  «• 

P.    85,  last  eq "  f,  9$  h  "    hj,g 

P.    92,1.  4 "   (6)  "     (6) 

P.    97, 1.17 "  j/»  "    y» 

P.  101,  mid.  page "  aV"  "    zha-f 

P.  102, 1.  6 "  cV"  "     dzciT 

P.  103, 1.  9 "  hyperbolic  "    parabolic 

P.  115, 1.15 "  x)  "     ix) 

P.  132,1.2 "  A(X2)  "    A(xy) 

P.  169, 1.  2  (bottom) "  substantiated       "    substituted 

P.  177, 1.8 "  poin  "    point 

P.  200, 1.  17 "   conic  "    conies 

P.  243, 1.  9 "  cubic  "    quartic 

R.  M.  Winger. 


Elementary  Mathematical  Analysis,  a  text-book  for  first  year 
college  students.  By  Charles  S.  Slichter,  Professor  of 
Applied  Mathematics^  University  of  Wisconsin.  New 
York,  McGraw-Hill  Book  Company,  1914.  Price  $2.50. 
xiv  +  490  pp. 

In  the  older  texts  on  pure  mathematics  the  intellectual 
interest  of  the  student  in  the  subject  was  assumed,  and  the 
practical  interest  in  applications  was  not  given  recognition. 
In  many  modern  discussions  of  the  place  of  mathematics  in 
instruction  the  possibility  of  an  intellectual  interest  in  the 
subject,  the  possibility  that  a  real  need  of  reasoning,  intelligent 
beings  is  satisfied  by  pure  mathematics  is  denied  and  only 
that  which  ministers  quite  directly  to  the  physical  being  is 
recognized.  The  present  text,  while  it  gives  some  attention  to 
the  intellectual  side,  places  the  real  stress  upon  the  applica- 
tions to  practical  affairs,  apparently  justifying  the  study  of 
mathematics  because  of  its  service  to  other  sciences  and  to 
business. 

Trigonometry,  analytical  geometry,  and  calculus  have  un- 
doubtedly been  made  the  fundamental  mathematical  studies 
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in  college  curricula  because  of  the  usefulness  of  these  subjects 
in  the  sciences  as  well  as  because  they  are  indispensable  for 
further  study  in  mathematics.  However,  like  geometry  and 
algebra  in  the  high-school  courses,  these  subjects  have  also 
been  taught  because  they  lend  themselves  to  systematic  and 
logical  treatment.  In  analytical  geometry,  for  example,  we 
expect  to  find  the  fairly  complete  discussion  of  the  general 
equation  of  the  first  degree  and  the  similar  discussion  of  the 
general  equation  of  the  second  degree.  The  circle  has  com- 
monly received  analytical  treatment  because  this  procedure 
throws  light  upon  the  similar  treatment  of  the  other  conic 
sections,  enabling  the  student  to  comprehend  easily  the  geo- 
metrical properties  of  the  other  conies  as  obtained  by  analytical 
methods.  Entirely  aside  from  the  possibility  of  application 
to  practical  affairs  the  feeling  has  been  that  the  student  obtains, 
by  these  methods,  some  real  appreciation  of  mathematics,  of 
number,  and  of  form.  Further  than  this,  even  of  those  who  have 
desired  the  study  of  trigonometry,  analytical  geometry,  and 
calculus  because  of  their  applicability  to  science,  many  have 
felt  that  by  the  study  of  the  elements  of  these  subjects,  with- 
out the  complications  introduced  by  physical  data,  the  student 
would  be  able  the  better  to  handle  these  tools  when  confronted 
with  a  real  problem. 

Historically  the  study  of  the  properties  of  the  conic  sections 
by  the  Greeks  was  entirely  independent  of  mundane  purposes. 
Yet  this  study  did  make  possible  the  achievements  of  Kepler 
and  Newton;  these  Greek  studies  prepared  the  way  for  the 
development  of  modern  mathematics. 

In  this  text  the  reader  will  look  in  vain  for  any  systematic 
discussion  of  the  straight  line  and  the  general  equation  of  the 
first  degree.  The  formulas  for  the  distance  between  two 
points,  for  the  area  of  a  triangle  formed  by  three  points,  and 
for  the  point  of  division  of  the  line  joining  two  points  do  not 
appear  at  all.  The  "point-slope"  and  the  "two-point" 
formulas  for  the  straight  line  appear  towards  the  end  of  the 
work  (pages  431-432).  The  circle  and  the  conic  sections  are 
treated  after  curves  of  the  form  y  —  ax^.  While  the  general 
equation  of  the  second  degree  receives  consideration,  this  seems 
to  be,  according  to  a  footnote,  in  some  measure  as  a  concession 
to  correspondence  courses.  Tangents  and  normals  receive 
scanty  treatment. 

The  table  of  contents  shows  an  entirely  different  order  of 
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procedure  from  that  to  which  we  have  grown  accustomed.  The 
chapter  headings  are  as  follows:  I.  Variables  and  functions  of 
variables.  II.  Rectangular  coordinates  and  the  power  function. 
III.  The  circle  and  the  circle  functions.  IV.  The  ellipse  and 
hyperbola.  V.  Single  and  simultaneous  equations.  VI.  Per- 
mutations, combinations,  the  binomial  theorem.  VII.  Pro- 
gressions.    VIII.  The  logarithmic  and  exponential  functions. 

IX.  Trigonometric  equations  and  the  solution  of  triangles. 

X.  Waves.  XL  Complex  numbers.  XII.  Loci.  XIII.  The 
conic  sections.  XIV.  Appendix — a  review  of  secondary 
school  algebra. 

An  immense  amount  of  material  is  included  within  the 
book;  the  treatment  of  this  material  is  not  characterized  by 
simplicity.  In  both  of  these  respects  the  work  is  in  striking 
contrast  with  modern  high-school  texts  on  algebra  and 
geometry.  Here  the  tendency  has  been  to  simplify  by  ex- 
clusion and  to  adapt  the  material  presented  in  every  way 
to  the  pupil.  Any  attempt  to  treat  the  freshman  in  college 
as  a  superior  order  of  being,  as  compared  with  the  high-school 
student,  would  seem  to  be  doomed  to  failiu*e. 

While  the  attempt  to  introduce  into  the  freshman  course  in 
mathematics  some  practical  applications  of  the  mathematical 
material  is  highly  to  be  commended,  to  make  the  entire  course 
center  on  the  discussion  of  the  highly  technical  is  little  short 
of  ridiculous.  Take  as  illustration  the  chapter  on  "  Waves," 
which  is  not  preceded  by  any  discussion  of  the  parabola  and 
by  only  the  briefest  treatment  of  the  ellipse  and  hyperbola. 
In  this  chapter  we  have  extensive  and  intensive,  for  the  fresh- 
man, study  of  simple  harmonic  motion,  besides  stationary 
waves  with  a  number  of  problems  about  "  seiches,"  compound 
harmonic  motion,  harmonic  analysis,  sinusoidal  function,  and 
connecting  rod  motion.  What  wonderful  freshmen  I  Nothing 
that  has  ever  been  given  anywhere  to  freshmen  students  of 
mathematics  could  be  more  impractical  for  the  freshman 
than  this  material.  Similarly,  too,  topics  like  the  discharge 
of  water  over  trapezoidal  weirs,  the  capacity  of  smooth  con- 
crete flumes,  the  flow  of  water  in  clean  cast-iron  pipes  have  no 
place  in  freshman  mathematics;  fortunate  is  the  engineering 
school  whose  seniors  are  able  to  discuss  intelligently  such 
problems. 

The  teacher  of  elementary  college  mathematics  will  find  some 
valuable  suggestions  such  as  the  "  Illustrations  from  Science  " 


Digitized  by 


Google 


1916.]  SHORTER  NOTICES.  357 

(pages  65-71),  the  use  of  logarithmic  paper,  and  the  proper 
treatment  of  physical  data. 

Typographical  errors  are  numerous.  Among  other  errors 
"  the  trajectory  of  the  projectile  of  a  German  army  bullet  '* 
(page  396)  is  particularly  oiBfensive.  The  statement  (page 
214)  that  the  principle  of  logarithms  "  had  been  quite  over^ 
looked  by  mathematicians  for  many  generations "  is  not 
correct,  for  the  principle  was  known  even  to  Archimedes  and 
appeared  and  was  discussed  in  books  of  the  sixteenth  century. 
The  development  of  negative,  fractional,  and  irrational  num- 
bers (page  355)  is  the  logical  one,  and  not  from  "  the  history  or 
algebra."  In  the  treatment  of  trigonometry  the  constant 
use  of  all  six  trigonometric  functions  would  seem  to  be  open 
to  criticism.  There  appears  also  repeated  emphasis  upon 
rather  trivial  schemes  for  memorizing  formulas  and  even  the 
signs  of  ordinate  and  abscissa  (or  of  sin  a,  cos  a,  and  tan  a). 

Doubtless  in  the  customary  instruction  in  freshman  mathe- 
matics too  little  attention  has  been  paid  to  the  functions 
y  =  oar",  y  =  a  sin  ToXy  and  y  =  k  *  a',  and  to  the  elementary 
applications  of  these  functions  and  of  the  conic  sections. 
Possibly  in  the  future  some  way  will  be  found  to  include  in 
the  freshman  course,  while  preserving  a  logical  treatment  of 
the  mathematical  material,  some  applications  which  will  be 
practical  from  the  standpoint  of  the  freshman.  The  present 
text  does  not  appear  to  be  successful  either  in  logical  treatment 
or  in  the  presentation  of  practical  material  adapted  to  first- 
year  students. 

Louis  C.  Karpinski. 

An  Introdttction  to  the  Theory  of  Aniomorphic  Functions.    By 

Lester  R.  Ford,  M.A.  (Harv.)    G.  Bell  and  Sons,  Limited, 

London,  1915.    viii+96  pp.    Price  38.  6d. 

This  is  No.  6  of  the  Edinburgh  Mathematical  Tracts  and 
has  its  origin  in  a  series  of  lectures  on  automorphic  functions 
given  by  Mr.  Ford  to  the  Mathematical  Research  Class  of  the 
University  of  Edinburgh  during  the  spring  term  of  1915. 

Mr.  Ford  has  endeavored  to  bring  out  "  the  concepts  and 
theorems  on  which  the  theory  is  formed,  and  to  describe  in 
less  detail  certain  of  its  important  developments."  The 
tract  is  therefore  conceived  in  the  nature  of  an  orientation 
rather  than  that  of  a  treatise,  and  contains  six  chapters: 
I,  Linear  transformations;  II,  Groups  of  linear  transforma- 
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tions;  III,  Automorphic  functions;  IV,  The  Riemannian- 
Schwarz  triangle  function;  V,  Non-euclidean  geometry;  VI, 
Uniformization. 

In  the  chapter  on  linear  transformations  the  proof,  on  pages 
5-6,  that  the  linear  transformation  is  the  most  general  one 
yielding  a  one-to-one  correspondence  between  a  «-  and  a  2'- 
plane  is  incomplete.  The  most  general  function  of  this  kind 
may  be  written  in  the  form 

(2  -  flr)"*  '    (2  -  g)"^^  '   2  —  flr  '    ^"^  ^' 

where  g  is  the  only  pole  which  may  occur  and  where  0(2) 
is  holomorphic  in  the  entire  2-plane.  For,  if  0  were  not 
holomorphic  throughout  (including  2  =  00),  /(2)  would  have 
more  than  one  place  where  2'  =  00,  which  is  against  the 
supposition  of  a  one-to-one  correspondence.  0(2)  must 
therefore  be  a  constant.  The  rest  of  the  proof  then  follows 
as  shown  on  page  6. 

In  the  discussion  of  the  regular  solids.  Chapter  IV,  the 
labeling  of  the  regions  in  the  stereographic  projection  of  the 
octahedral  group  by  the  corresponding  substitutions  1,  S,  T, 
and  their  products  would  greatly  benefit  the  student.  It 
should  also  be  shown,  by  one  example  at  least,  how  polyhedral 
functions  based  upon  these  groups  may  be  constructed. 

The  connection  between  non^uclidean  geometry  and  groups 
of  linear  substitutions  may  be  established  more  explicitly  by 
Poincar6's  own  method.  Another  model  of  a  very  clear, 
brief,  and  eflFective  demonstration  of  this  proposition  may  be 
found  in  "  Die  Idee  der  Riemannschen  Flache,"  by  H.  Weyl, 
pages  148-159. 

It  seems  to  me  that  the  exceedingly  important  subject  of 
"  uniformization,"  even  in  a  mathematical  tract,  should  have 
received  a  fuller  treatment.  Reference  to  the  elementary 
example  of  the  uniformization  of  curves  of  deficiency  1  by 
elliptic  functions  would  have  added  interest  to  this  chapter. 

The  bibliography  of  automorphic  functions  at  the  end  is  a 
most  valuable  feature  of  the  little  book.  We  miss  a  reference 
to  Gauss.  See  remarks  by  Fricke  in  Gauss's  Collected  Works, 
volume  8,  pages  102,  103,  volume  3,  page  477. 

But  I  suppose  that  desiderata  of  all  kinds  regarding  an 
introduction  to  the  vast  subject  of  automorphic  functions, 
limited  to  96  pages,  vary  from  person  to  person. 
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It  must  be  said,  however,  that  within  this  space  Mr.  Ford 
has  succeeded  well  in  the  task  which  he  has  set  for  himself. 

Arnold  Emch. 

A  Course  in  Interpolation  and  Numerical  Integration  for  the 
Mathematical  Laboratory.    By   David    Gibb.     (Edinburgh 
Mathematical  Tracts,  No.  2.)    London,  G.  Bell  and  Sons, 
1915.    viii+90  pp. 
A  Course  in  Fourier's  Analysis  and  Periodogram  Analysis  for 
the  Mathematical  Laboratory.    By  G.  A.   Carse  and  G. 
Shearer.     (Edinburgh    Mathematical    Tracts,    No.    4.) 
London,  G.  Bell  and  Sons,  1915.    viii+66  pp. 
These  two  little  volumes  of  the  series  edited  by  Professor 
Whittaker  treat  some  of  the  more  essential  parts  of  the  subjects 
of  interpolation  and  numerical  approximation,  the  first  being 
devoted  chiefly  to  the  non-periodic  case  of  polynomial  inter- 
polation, the  second  mainly  to  trigonometric  interpolation  in 
the  representation  of  periodic  functions.    In  the  first  volume, 
after  a  very  brief  introductory  chapter  on  finite  differences, 
Chapter  II  is  devoted  to  the  various  standard  interpolatory 
formulas  of  Lagrange,  Newton,  Stirling,  etc.,  and  closes  with  a 
brief  account  of  numerical  differentiation.     Chapter  III,  on 
the  construction  and  use  of  mathematical  tables,  is  in  part 
devoted  to  explaining  in  detail  the  application  of  the  foregoing 
principles  to  direct  and  inverse  interpolation,  and  in  part  to 
special  methods  for  computing  tables  of  logarithms.     Finally 
Chapter  IV  is  concerned  with  numerical  integration. 

The  second  volume  begins  with  a  chapter  which  gives  in 
barest  outline  and  quite  without  proofs  the  main  facts  which 
the  practical  man  must  know  about  Fourier's  series.  This 
chapter  closes  with  Bessel's  elegant  deduction  of  a  finite  trigo- 
nometric sum  which  gives  the  best  approximate  representation 
of  a  function  in  the  sense  of  the  method  of  least  squares  when 
the  values  of  the  function  at  equally  spaced  points  are  known. 
It  is  the  evaluation  of  the  coefficients  of  these  finite  sums  (not 
of  Fourier's  series)  which  is  considered  in  Chapter  II  by 
various  methods,  chief  among  which  are  the  systematized 
methods  of  computation  devised  by  Runge  in  the  cases  of  12 
and  24  ordinates.  Certain  graphical  methods  are  also  ex- 
plained, but  the  instnmients  which  effect  this  interpolation 
mechanically  are  explicitly  excluded.  Chapter  III,  which  is 
entitled  Periodogram  Analysis,  is  devoted  to  a  discussion  of 
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the  following  problem:  Some  natural  phenomenon  is  repre- 
sented graphically  by  an  undulating  (but  not  periodic)  curve. 
It  is  required  to  represent  this  curve,  if  possible,  either  com- 
pletely or  with  a  small  irregular  residuum,  by  the  super- 
position of  a  number  of  simple  harmonic  curves,  whose 
periods,  phases,  and  amplitudes  are  all  to  be  determined.  Two 
different  methods  of  treating  this  problem  are  here  given,  one 
of  which  goes  back,  in  part,  to  Lagrange.  Chapter  IV  opens 
with  a  very  brief  description  of  spherical  harmonics  and  the 
development  of  arbitrary  functions  on  a  spherical  surface 
which  proceed  according  to  them.  The  rest  of  it  is  devoted  to 
a  discussion  of  F.  Neumann's  method  for  the  practical  calcu- 
lation of  the  coefficients  in  such  developments. 

The  exposition  of  the  purely  formal  sides  of  the  subjects 
treated  is  clearly  and  attractively  done.  The  task  of  com- 
pressing the  preliminary  theoretical  matter  into  very  brief 
space,  without  making  it  wholly  unintelligible,  is  such  a  diffi- 
cult one  that  one  is  inclined  not  to  criticize,  especially  as 
these  are  not  the  essential  parts  of  the  books.  One  wishes, 
however,  that  a  little  more  stress  might  have  been  laid  on 
some  aspects  of  interpolation  which  the  writers  would  perhaps 
class  as  theoretical.  The  degree  of  accuracy  attained  by  the 
various  approximative  formulas  is  hardly  touched  upon,  the 
very  serviceable  remainder  in  Simpson's  rule,  for  instance, 
being  not  even  mentioned.  It  should  surely  have  been 
pointed  out  that  Bessel's  formulas  for  trigonometric  inter- 
polation given  at  the  close  of  Chapter  II  of  the  second  volume 
under  review  contain  undetermined  parameters  when  the 
number  of  ordinates  is  less  than  the  number,  2r  +  1,  of  coef- 
ficients. This  is  the  case  which  is  used  in  Chapter  III, 
where  the  number  of  ordinates  is  even.  Moreover,  the  reader 
is  left  in  doubt  whether  the  12  and  24  ordinate  formulas  of 
Runge  give  exact  coincidence  with  the  desired  values  at  the 
points  in  question;  or,  perhaps,  if  the  reader  has  not  passed 
beyond  the  stage  of  counting  constants,  he  will  not  even  be  in 
doubt.  That  we  do  have  exact  coincidence  might  easily  have 
been  demonstrated,  and  should  at  least  have  been  explicitly 
stated. 

Throughout  both  volumes  great  stress  is  laid  on  actual 
numerical  computation,  substantial  numerical  examples  being 
almost  everywhere  worked  out  and  others  left  for  the  reader 
to  carry  through.    This  is  the  strong  side  of  the  books  and 
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one  of  their  characteristic  features.    In  other  ways  also  much 

valuable  material  has  here  been  brought  together  for  which 

persons  wishing  to  learn  or  teach  the  subject  will  feel  grateful 

to  the  authors.  ,,  ^^ 

Maxime  Bocher. 

Ueber  die  analytische  Fortsetzung  des  Potentiala  ins  Innere  der 
amsiehenden  Massen.  Preisschriften  gekront  und  heraus- 
gegeben  von  der  Fiirstlich  Jablonowskischen  Gesellschaft  zu 
Leipzig.  XLIV.  By  Gtjstav  Herglotz.  Leibzig,  Teub- 
ner,  1914.    52  pp. 

The  problem  for  which  this  memoir  is  a  solution  was  stated 
as  follows:  A  given  ellipse  is  transformed  by  the  method  of 
reciprocal  radii  into  a  certain  oval.  Consider  a  plane  surface 
of  homogeneous  material  (flat  plate)  bounded  by  such  an  oval. 
In  the  Abhandlungen  der  Kdniglich  Sdchsischen  OeseUschaft 
der  Wiesenschaften,  1909,  C.  Neumann  proved  on  the  basis 
of  the  theory  of  the  logarithmic  potential  that,  so  far  as  its 
action  on  exterior  points  is  concerned,  the  surface  in  question 
can  be  replaced  by  a  material  line  bounded  by  two  mass  points. 
Since  it  might  be  of  interest  to  extend  this  result  to  space  of 
three  dimensions,  the  Society  proposed  the  following  question: 
In  the  theory  of  the  newtonian  potential  what  is  the  analogue 
of  Nemnann's  theorem?  That  is,  what  can  be  said  about  the 
newtonian  potential  of  a  homogeneous  solid  bounded  by  the 
ovaloid  which  is  obtained  from  an  ellipsoid  by  the  method  of 
reciprocal  radii? 

The  point  of  view  adopted  by  the  author  is  exhibited  first  in  a 
generalization  of  the  result  obtained  by  Neumann  for  the  case 
of  the  logarithmic  potential.  If  the  potential  of  a  body  for 
outside  points  can  be  represented  as  the  potential  of  a  suitable 
mass  distribution  within  the  body,  then  certainly  it  can  be 
continued  analytically  inside  the  body  up  to  the  mass  dis- 
tribution. Conversely,  if  the  potential  can  be  continued 
analytically  to  points  inside  the  attracting  body  and  if  the 
singular  points  of  the  potential  which  are  encountered  be 
enclosed  by  any  surface  (curve  in  the  plane  problem)  F,  then 
the  potential,  because  it  is  regular  outside  F,  can  be  represented 
as  the  potential  of  a  mass  distribution  on  F.  In  general  the 
mass  consists  of  a  single  and  a  double  distribution,  the  density 
of  which  depends  on  the  surface  chosen. 
The  exact  meaning  of  the  analytic  continuation  of  the 
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.potential  is  apparent  only  by  following  the  transformation  by 
which  the  potential  is  expressed  as  a  line  integral  of  a  function 
of  a  complex  variable.  The  logarithmic  potential  of  a  flat 
plate  of  unit  density  upon  an  exterior  particle  at  (f,  ^)  is 
defined  by 

Va,  V)  =  fflog^dxdy,     {/p  =  (a:  -  f)«  +  (y  -  ,;)«} . 
The  components  of  attraction  are 

If  we  set  f  =  i-\-  itiyU—  x  +  iy,v  —  X  —  iy,  and  define  Q  by 
Q(f)  =  Z  -  tK, 

where  9t  denotes  the  real  part  of  the  integral.    If 


then 
and 


then,  by  Green's  theorem, 

where  the  integral  in  the  second  member  is  taken  around  the 
curve  which  forms  the  boundary  of  the  plate.  Since  the  first 
member  is  equal  to  2Q,  this  equation  becomes 

.   «^f>  =  ^^^"' 

The  denominator  is  single-valued  and  does  not  vanish 
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throughout  the  integration.  The  singularities  must  enter  • 
through  V,  which  is  determined  as  a  function  of  u  from  the 
equation  of  the  curve  C.  If  this  curve  is  algebraic  the  possible 
singularities  are  branch-points  and  poles,  which  occur  at  the 
fod  of  the  curve.  As  defined  by  Pliicker  the  ordinary  foci 
of  an  algebraic  curve  are  the  real  points  on  the  tangents  to  the 
curve  which  pass  through  the  circular  points  at  infinity.  If 
the  curve  includes  the  circular  points  then  the  tangents  at 
these  points  furnish  extraordinary  foci.  The  function  v 
has  a  branch-point  at  an  ordinary  focus  and  a  pole  at  an  extra- 
ordinary focus.  The  analytic  continuation  of  the  potential 
means  the  process  of  allowing  the  curve  C  to  shrink  without 
passing  over  a  singular  point.  If  the  singular  points  are  joined 
by  a  curve  L  then  L  represents  the  limiting  form  which  C  may 
take. 

The  author  shows  that  it  is  possible  to  determine  (1)  the 
density  of  a  simple  distribution  of  matter  along  L,  (2)  the 
moment  of  a  double  distribution  along  L,  and  (3)  the  masses 
of  particles  situated  at  the  extraordinary  foci  so  that  the  po- 
tential shall  be  the  same  as  the  potential  of  the  plate  on  an 
exterior  point. 

This  result  is  a  generalization  of  Neumann's  statement. 
Some  particularly  simple  theorems  are  deduced  for  certain 
curves  consisting  of  two  ovals.  If  one  oval  is  allowed  to 
shrink  to  a  point  or  the  two  ovals  allowed  to  coalesce  into  a 
loop  one  obtains  the  general  inversion  curve  of  the  ellipse  or 
hyperbola  and  every  theorem  goes  directly  into  those  dis- 
covered by  Neiunann. 

The  general  treatment  of  the  newtonian  potential  for  al- 
gebraic surfaces  is  promised  by  the  author  in  a  later  disserta- 
tion. In  the  present  paper  the  work  is  confined  to  solids 
bounded  by  surfaces  of  revolution  of  the  form 

(a^  -I-  y2  _!_  ^2)2  +  4^(3^  +  y2)  -  45z2  +  42)  =  0, 

(D  -  B^)(D  -  C^)  >  0. 

These  surfaces  fall  into  six  different  types,  and,  as  limiting 
cases,  they  include:  for  Z)  =  0  the  surface  obtained  by  in- 
version of  a  surface  of  the  second  order,  which  is  the  proposed 
prize  problem;  for  D  —  B^  the  torus  considered  by  Bruns. 

For  homogeneous  solids  bounded  by  these  surfaces  of 
revolution  the  following  conclusion  is  given:  the  potential 
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can  be  represented  as  the  potential  due  to  a  mass  arranged  as 
(1)  a  simple  distribution  along  a  segment  of  the  Z-axis,  (2)  a 
simple  distribution  over  a  circular  plate  in  the  ZF-plane 
(a^  +  y^  ^  o^),  and  (3)  one  or  more  mass^points  at  the  ends  of 
certain  segments  or  a  radial  double  distribution  on  the  circular 
plate. 

The  density  of  the  mass  distribution  in  the  XF-plane  and 
on  the  Z-axis  is  explicitly  determined  for  the  various  feasible 
cases. 

W.  R.  LONGLEY. 

Das  Schachspiel,  und  seine  strategischen  Prirmpien.    VoN  M. 

Lange.    Zweite  Auflage.    No.  281,  Aus  Natur  und  Geistes- 

welt.    Leipzig,    Teubner,     1914.     108    pp.    Mark    1.25. 

With  portraits  of  E.  Lasker  and  Paul  Morphy. 

This  little  volume,  with  the  portrait  of  a  mathematician  as 
frontispiece,  is  included  in  the  announcement  of  the  series  in 
which  it  appears  among  the  mathematical  works.  While 
the  strictly  mathematical  treatment  is,  of  necessity,  slight 
yet  the  attempt  is  seriously  made  to  present  an  introduction 
to  chess  based  upon  somewhat  fundamental,  and  partly 
mathematical,  principles.  The  work  marks  a  distinct  advance, 
in  a  pedagogical  way,  in  the  literature  of  chess. 

Louis  C.  Karpinski. 

A  Course  in  Descriptive  Geometry  and  Photogrammetry  for  the 
MathemaHcal  Laboratory.    By  E.  Lindsay  Inge.    Edin- 
burgh Mathematical  Tracts,  No.  1.    London,  E.  Bell  and 
Sons,  1915.    viii+79  pages,  42  figures. 
This  little  book  makes  no  claim  of  being  a  treatise,  but 
endeavors  to  present  the  important  features  of  descriptive 
geometry  in  such  a  manner  that  one  may  be  instructed  rapidly 
in  the  general  processes  employed.    A  short  introduction' 
sketches  the  whole  problem  as  treated  by  the  methods  of 
orthogonal  double  projection,   perspective   and  plane  pro- 
jection.   Only  about  twenty  pages  are  devoted  to  the  treat- 
ment of  lines  and  planes,  yet  in  this  short  space  many  of  the 
standard  problems  are  well  discussed.    In  the  chapter  on  the 
applications  to  curves  and  surfaces  no  general  statements  are 
found,  no  attempts  being  made  to  have  the  processes  apply  to 
other  surfaces  than  cones,  cylinders,  and  spheres.    The  mathe- 
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matical  terms  employed  are  used  correctly,  and  empirical 
processes  are  designated  as  such.  The  chapter  on  perspective 
begins  with  the  definite  problem  of  drawing  the  picture  of  a 
cube  in  given  position.  This  is  followed  by  a  very  brief  outline 
of  the  general  theory,  each  step  being  developed  directly  from 
the  preceding  illustration.  The  entire  process  is  then  com- 
pared with  the  treatment  of  the  same  problem  by  the  method 
of  double  orthogonal  projection.  The  last  few  pages  of  this 
chapter  proceed  along  lines  similar  to  those  in  the  opening 
chapters  of  Cremona's  Projective  Greometry,  but  are  much 
more  condensed.  The  last  chapter  in  the  book  contains  a 
short  introduction  to  photogrammetry.  The  use  of  the  art 
in  military  operations  is  attested,  suggesting  that  the  author's 
notes  had  been  very  recently  revised.  The  fundamental 
problem  is  explained  in  detail,  and  a  few  refinements  mentioned. 
Perhaps  this  is  suflBcient  to  comply  with  the  avowed  purpose 
of  the  Edinburgh  Tracts,  but  to  the  reviewer  it  seems  much 
too  brief  to  be  of  greatest  service.  The  page  is  attractively 
made  up,  the  type  very  clear  and  not  offensively  prominent, 
and  the  figures  well  drawn.  The  book  certainly  succeeds  in 
teaching  the  essential  features  of  descriptive  geometry  in  a 
remarkably  small  compass. 

Virgil  Sntder. 


NOTES. 

The  thirty-seventh  regular  meeting  of  the  Chicago  Section, 
being  the  sixth  regular  meeting  of  the  Society  at  Chicago, 
will  be  held  at  the  University  of  Chicago  on  Friday  and  Satur- 
day, April  21-22.  The  twenty-eighth  regular  meeting  of  the 
San  Francisco  Section  will  be  held  at  the  University  of  Cali- 
fornia on  Saturday,  April  22.  A  regular  meeting  of  the  Society 
will  be  held  at  Columbia  University  on  Saturday,  April  29. 

The  April  number  (volume  38,  number  2)  of  the  American 
Journal  of  Mathematics  contains:  "On  the  classification  and 
invariantive  characterization  of  nilpotent  algebras,"  by  Olive 
C.  Hazlett;  "Determination  of  the  order  of  the  groups  of 
isomorphisms  of  the  groups  of  order  p*,  where  p  is  a  prime," 
by  R.  W.  Mabriott;  "Correspondences  determined  by  the 
bitangents  of  a  quartic,"  by  J.  R.  Conner;  "  Infinite  groups 
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generated  by  conf ormal  transformations  of  period  two  (invo- 
lutions and  symmetries),"  by  Edward  Kasner;  "On  the 
solutions  of  Unear  homogeneous  difference  equations,"  by 
R.  D.  Carmichael. 

At  the  meeting  of  the  London  mathematical  society  held 
February  11  the  following  papers  were  read:  By  J.  H.  Grace: 
"Theorems  on  straight  lines  intersecting  at  right  angles," 
and  "The  classification  of  rational  approximations";  by  Mrs. 
G.  C.  Young:  "Infinite  derivatives";  by  E.  H.  Neville: 
"The  bilinear  curvature  and  other  functions  of  independent 
directions  on  a  siurface";  by  D.  Brodetsky:  "The  attraction 
of  equiangular  spirals." 

The  following  papers  were  read  at  the  meeting  of  March  9: 
By  P.  A.  Macmahon:  "  Some  applications  of  general  theorems 
of  combinatory  analysis;"  by  H.  F.  Baker:  "Mr.  Grace's 
theorem  on  six  lines  with  a  common  transversal;"  by  H.  E.  J. 
Curzon:  "The  integrals  of  a  certain  Riccati  equation  con- 
nected with  Halphen's  transformation;"  by  Hilda  P.  Hudson: 
"A  certain  plane  sextic;"  by  W.  P.  Milne:  "The  construc- 
tion of  co-apolar  triads  on  a  cubic  curve;"  by  J.  Bondman: 
"The  dynamical  equations  of  the  tides." 

At  the  meeting  of  the  Edinburgh  mathematical  society  on 
February  11  the  following  papers  were  read:  By  E.  L.  Rice: 
"On  the  continued  fractions  associated  with  the  hypergeo- 
metric  equation";  by  A.  Milne:  "Note  on  the  Peano-feaker 
method  of  solving  linear  differential  equations";  by  D.  Gibb: 
"On  integral  relations  connected  with  the  confluent  hyper- 
geometric  function";  by  E.  M.  Horsburgh:  "A  simple  form 
of  integrometer." 

The  Paris  academy  of  sciences  has  announced  the  following 
prize  problems  in  mathematics  for  the  year  1917:  The  Fran- 
coeur  prize  (1000  fr.)  for  the  most  meritorious  memoir  in  pure 
or  applied  mathematics;  the  Bordin  prize  (3000  fr.)  for  an 
improvement  in  some  important  point  of  the  arithmetic  theory 
of  non-quadratic  forms;  the  Poncelet  prize  (2000  fr.)  for  the 
French  or  foreign  author  of  the  most  meritorious  book  or 
memoir  on  applied  mathematics  during  the  last  ten  years; 
the  Vaillant  prize  (4000  fr.)  for  the  determination  and  descrip- 
tion of  all  surfaces  which  can  in  two  ways  be  formed  by  the 


Digitized  by 


Google 


1916.]  NOTES.  367 

displacement  of  an  invariable  curve;  the  Saintour  prize 
(3000  fr.)  for  general  mathematics;  the  Petit  d'Ormay  prize 
(10000  fr.)  for  the  best  contribution  to  pure  or  applied  mathe- 
matics. 

The  department  of  roads  and  canals  of  the  technical  school 
at  Delft  annoimces  the  following  prize  problem  for  the  present 
year: 

"An  investigation  is  desired  such  that  inaccuracies  that 
appear  in  the  calculation  of  the  distribution  of  forces  in  a 
statically  undetermined  system  may  be  lessened  by  the  choice 
of  an  appropriate  system  of  variables.  Errors  in  the  drawings 
and  those  arising  by  discarding  too  many  places  of  decimals 
in  numerical  approximations  should  both  be  considered. 
Finally,  a  measure  of  the  degree  of  accuracy  secured  should  be 
devised."  As  literature,  see  in  particular  the  prize  memoir  of 
J.  Pirlet  "Fehleruntersuchtmgen  bei  der  Berechnung  mehrfach 
statisch-unbestimmter  Systeme,"  Aachen  1909  and  various 
articles  by  the  same  author  in  Der  Eiaenbau,  1910-1915. 

Competing  memoirs  should  be  sent,  under  the  usual  con- 
ditions, to  Professor  J.  Nelemans,  Delft,  Holland,  not  later 
than  October  31,  1916.  The  prize,  a  gold  medal,  will  be 
awarded  January  8,  1917. 

The  following  university  courses  in  mathematics  are 
announced: 

CoLTTMBiA  UNiVERsrrY  (summcr  session,  July  10-August 
18). — By  Professor  M.  W.  Haskell:  Differential  equations, 
five  hours;  Modern  analytic  geometry,  five  hours. — By  Pro- 
fessor James  Maclat:  Theory  of  geometric  constructions, 
five  hours. — By  Professor  Edwakd  KalSNEr:  Theory  of  fimc- 
tions  of  a  real  variable,  five  hours. — ^By  Professor  W.  B.  FrrE: 
Higher  algebra,  five  hours. 

Cornell  Untversht  (sunmier  session,  July  6-August  16). 
— By  Professor  Virgil  Snyder:  Geometric  constructions  for 
high-school  teachers,  five  hours;  Seminar  in  algebraic  geom- 
etry.— By  Professor  W.  A.  Hurwitz:  Mathematical  analysis, 
five  hours;  Supplementary  problems  in  algebra  for  high- 
school  teachers,  five  hours;  Seminar  in  integral  equations. — 
By  Professor  F.  W.  Owens:  Projective  geometry,  five  hours; 
Seminar  in  foundations  of  geometry. 
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University  op  Illinois  (summer  session). — ^By  Professor 
E.  J.  Townsend:  Advanced  calculus  (functions  of  two  real 
variables),  five  hours. — ^By  Dr.  A.  R.  Crathorne:  Calculus 
of  variations,  five  hours. 

Untversitt  op  Wisconsin.  The  following  courses  in 
mathematics  are  announced  for  the  summer  session,  Jtme  26 
to  August  4:  By  Professor  E,  B.  Skinner:  Differential  ge- 
ometry. Linear  substitutions. — By  Professor  H.  W.  March: 
Theoretical  mechanics.  Infinite  series  and  products. — ^By 
Professor  H.  C.  Wolpp:  Probabilities  and  statistics. — ^By 
Professor  W.  W.  Hart:  The  teaching  of  mathematics. 
Courses  in  analytic  geometry  and  the  calculiis  are  also 
offered. 

CoLLfeGE  DE  France. — ^By  Professor  G.  Humbert:  Theory 
of  quadratic  forms  in  its  relation  to  the  theory  of  groups. — ^By 
Professor  J.  Hadamard:  Analytic  theory  of  prime  numbers. 

Professor  C.  J.  de  la  Vall^e  Poussin  has  been  invited  to 
give  a  series  of  conferences  at  the  College. 

UNiVERsriY  op  Strassburg  (summer  semester). — By  Pro- 
fessor F.  Schur:  Differential  and  integral  calculus,  II,  three 
hours;  Theory  of  quadric  surfaces,  two  hours;  Seminar,  two 
hours. — ^By  Professor  J.  Wellstein:  Linear  differential  equa- 
tions, three  hours;  Axonometry  and  perspective,  two  hours. — 
By  Professor  M.  Simon:  Non-euclidean  geometry. — ^By  Pro- 
fessor P.  Epstein:  Foundations  of  analysis,  two  hours. — ^By 
Dr.  O.  Speiser:  Mechanics,  two  hours. 

The  Gamble  prize  of  Girton  College,  Cambridge,  has  been 
awarded  to  Mrs.  W.  H.  Young  for  her  contributions  to  mathe- 
matics. 

At  Smith  College,  Professor  Harriet  R.  Cobb  has  been 
promoted  to  a  full  professorship  of  mathematics  and  Miss 
Pauline  Sperrt  has  been  appointed  assistant  professor  of 
mathematics. 

Dr.  Olive  C.  Hazlett,  of  Radcliffe  College,  has  been  ap- 
pointed associate  in  mathematics  at  Bryn  Mawr  College. 

Dr.  E.  J.  Miles,  of  the  Sheffield  Scientific  School  of  Yale 
University,  has  been  promoted  to  an  assistant  professorship 
of  mathematics. 
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Dr.  R.  W.  Burgess,  of  Cornell  University,  has  been  ap- 
pointed instructor  in  mathematics  in  Brown  University. 

Dr.  G.  a.  Pfeifper,  of  Harvard  University,  has  been  ap- 
pointed instructor  in  mathematics  in  Princeton  University. 

Dr.  Edward  Kircher  and  Mr.  W.  L.  Hart  have  been 
appointed  to  the  Benjamin  Peirce  instructorships  at  Harvard 
University  for  the  year  1916-1917. 

Mr.  H.  B.  Nixon,  instructor  in  mathematics  in  (Jettysburg 
CoUege,  died  March  30. 


NEW  PUBLICATIONS. 

I.    HIGHER  MATHEMATICS. 

Ahren8(W.).  Mathematiker-Anekdoten.  Leipzig,  Teubner,  1916.  8vo. 
4+56  pp.    Karton.  M.  0.80 

Baier  (W.).  Zur  Polartheorie  des  Fl&chenbtindels  2.  Ordnung  mit 
beeonderer  BerQcksichtigimg  des  Fl&chenbQndels  der  Raumkurve  3. 
Ordnung.    Rostock,  1914.    Svo.    71  pp. 

Beutneb  (W.).  Ueber  die  primitiven  Gruppen  in  sechs  Ver&nderlichen. 
Giessen,  1914.    Svo.    30  pp.  M.  0.60 

BiEBi  (A.).  Geometarische  Daistellung  der  elliptischen  Integrale  1.  und 
2.  Art.    Bern,  1914.    Svo.    73  pp. 

BoHB'  (H.)  og  MoLLERXJP  (J.).  Laerbog  i  matematisk  Analyse.  Foreldbig 
udarbejdeLBe  til  Brug  ved  Forelaesninger  paa  Polyteknisk  Laeran- 
stalt.    Afsnitl.    KjdbenhaYn,  1915.    Svo.    49Spp.     (Autographed.) 

M.  13.20 

Brandt  (H.).  Zur  Kompodtion  der  quatem&ren  quadratischen  Formen. 
Strassburg,  1913.    4to.    26  pp.  M.  2.00 

BVroer  (W.).  Die  Rekonstniktion  der  Urform  aus  einer  vorgeschrie- 
benen  Kovariante.    Strassburg,  1913.    Svo.    69  pp.  M.  2.50 

Bxtrkhabdt  (H.).    See  EnctklopIdie. 

Cabtblnuovo  (G.).    See  EnctklopIdie. 

Crantz  (P.).  Analytische  Geometrie  der  Ebene  zum  Selbstunterricht. 
Leipzig,  Teubner,  1915.    Svo.    5+93  pp.  M.  1.00 

Ebner  (P.).  Ueber  eine  reziproke  Zuordnung  von  Kurven  im  Raume. 
Wtknsburg,  1914.    Svo.    42  pp. 

EcKBRT  (H.).  Ueber  zwei  den  Eulerschen  Funktionen  r(p)  und  B(p,  q) 
fthnliche  Doppelintegrale.    Leipzig,  1914.    Svo.    SO  pp.         M.  2.00 

EnctklopXdie  der  mathematischen  Wissenschaften.  Band  II  1,  Heft 
7-S:  H.  Biurkhardt,  Trigonometrische  Reihen  und  Integrale  bis  etwa 
1S50.  Leipzig,  Teubner,  1914-1916.  Gr.Svo.  Pp.S19-1164+1166- 
1354.  M.  10.50+6.20 
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.    Band  III  2,  Heft  8:  G.  Castelnuovo  und  F.  Enriques,  Grond^^n- 

schaften  der  algebraischen  Flachen  vom  Gesichtspunkte  der  biraUon* 
alen  Transformationen  aus.  Leipzig,  Teubner,  1915.  Gr.  8vo  Pp. 
63&-7G8.  M.  4.20 

Enbiqttes  (F.).    See  EnctklopIdie. 

Flobin  (E.).  Untersuchung  der  Kurve,  die  den  Polaren  umhtUlt  wird. 
wdche  hinsichtlich  einer  Ellipse  z\i  den  Tangenten  einer  Parabel 
konjugiert  sind.    Mtlnster,  1914.    8vo.    46  pp. 

GbXbiobr  (G.).  Systeme  von  Geraden,  wdche  bei  der  Foiibewegung  des 
die  Raumkurven  begleitenden  Dreikantes  besondere  Regelflachen 
erzeugen.    Wtirzburg,  1913.    8vo.    40  pp. 

Hahn  (H.).  Zur  Theorie  des  Kegelschnittnetzes.  Giessen,  1913.  8vo. 
23  pp. 

Hill  (G.  F.).  The  development  of  Arabic  numerals  in  Eiux)pe,  exhibited 
in  sixty-four  tables.    Oxford,  Clarendon  Press,  1915.    4to.     125  pp. 

12s.  6d. 

HoLZBERGEB  (H.).  Ueber  das  Verhalten  von  Potenzreihen  mit  zwei  und 
drei  Ver&nderlichen  an  der  Konvergenzreihe.  MUnchen,  1914.  8vo. 
90  pp. 

Jaks  (E.).  Beitrftge  zur  Theorie  des  Kugelkreises.  Kdnigsberg,  1914. 
8vo.    98  pp.  M.  2.50 

Eleinbchbodt  (K.).  Ueber  Kegelschnitta-  und  Kreisgeometrie.  Jena, 
1913.    8vo.    87  pp.  M.  2.00 

Lanbib  (E.  H.).    See  Richardson  (R.  P.). 

Leibniz  (G.  W.).  9  Brief e  an  F.  A.  Hackmann.  Herausgegeben  von  P. 
Ritter.    Berlin  {Sitzb.  Akad.),  1915.    Gr.  8vo.    17  pp.  M.  1.00 

LuTZ  (E.).  Untersuchunsen  Gber  das  10-fach  Brianchonsche  Sechseck 
und  das  Pascalsche  Sechseck  im  10-fach  Brianchonschen  Sechseck. 
Mtlnchen,  1913.    4to.    48  pp. 

Mathews  (G.  B.).  Algebraic  equations.  2d  edition.  Cambridge, 
University  Press,  1915.    64  pp.  2s.  6d. 

Miller  (G.  A.).  Historical  introduction  to  mathematical  literature. 
New  York,  Macmillan,  1916.    8vo.    14H-302  pp.    Cloth.        $1.60 

MoLLEBUP  (J.).    See  Bohb  (H.). 

MoscHKOwiTSCH  (S.).  Ucbcr  Raumkurven,  bei  denen  eine  mit  dem  beglei- 
tenden Dreikant  fest  verbundene  Gerade  eine  abwickdbare  Fl&che 
erzeugt.    Jena,  1913.    8vo.    71  pp. 

Neiss  (F.).  Rationale  Dreiecke,  Vierecke  und  Tetraeder.  Leipzig,  1914. 
8vo.    38  pp. 

Petri  (M.).  Systeme  von  Fl&chen  zwdten  Grades,  die  zu  zwei  gegebenen 
Fl&chen  zweiten  Grades  in  einer  besonderen  Beziehung  stehen.  Leip- 
zig, 1914.    8vo.    55  pp.  M.  1.20 

Richardson  (R.  P.)  and  Landib  (E.  H.).  Fundamental  conceptions  of 
modem  mathematics.  Variables  and  quantities  with  a  discussion  of 
the  general  conception  of  functional  relation.  Chicago,  Open  Court, 
1916.  $1.25 

RiCHETTi  (M.).  Ueber  diskontinuirliche  und  orthogonale  Funktionen- 
systeme.    Zurich,  1914.    8vo.    33  pp. 
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RiTTER  (P.).    See  Leibniz  (G.  W.). 

S.  J.  Drei  Gleichungen  als  Grundlage  ftir  einen  Beweis  des  sogen.  groflsen 
Satzes  von  Fennat  (Wolfskehlsche  Preisaufgabe),  aUgemeinverstand- 
lich  vorgeftthrt.    Darmstadt,  1915.    Gr.  8vo.     16  pp.  M.  1.20 

ScHOLUiETER  (G.) .  UebeT  unendlich  kleine  Transf ormationen  der  Kurven 
konstanter  Torsion  und  der  Fl&chen  konstanter  KrQmmung.  Giessen, 
1914.    82  pp.  M.2.00 

Stein  (J.).  Beitrftge  zur  Matrizenrechnung  mit  Anwendungen  auf  die 
Relativit&tstheorie.    Tubingen,  1914.    8vo.    70  pp. 

TOpel  (R.).  Zur  Bestimmung  der  projektiven  Transformationsgnippen 
des  R||  die  keine  ebene  Mannigfaltigkeit  invariant  laasen.    TObingen, 

1914.  8vo.    59  pp.  M.  1.50 

Williams  (C.  L.).  The  fourth-dimensional  reaches  of  the  Exposition. 
San  Francisco,  Paul  Elder,  1915.    8vo.    Paper. 

II.    ELEMENTARY  MATHEMATICS. 

Cajobi  (F.).  School  arithmetic.  Intermediate  book.  New  York,  Mao- 
millan,  1915.    9+299  pp.    8vo.  $0.40 

Crathorne  (A.  R.).    See  Rietz  (H.  L.). 

Davison  (C).    A  first  course  of  geometry.    Cambridge,  University  Press, 

1915.  89  pp.  Is.  6d. 

LiETZMANN  (W.).  Geometrische  Aufgabensammlung.  Ausgabe  B:  fOr 
Realanstalten,  Unterstufe.  Leipzig,  Teubner,  1916.  Gr.  8vo. 
8+239  pp.  M.  2.80 

Manchester  (R.  E.).  A  brief  course  in  algebra.  Syracuse,  C.  W. 
Bardeen,  1915.    8vo.     198  pp. 

Myers  (G.  W.).    See  Palmer  (C.  I.). 

Palmer  (C.  I.)  and  Taylor  (D.  P.).  Plane  geometry,  edited  by  G.  W. 
Myers.    Chicago,   Scott   and   Foresman,    1915.    8vo.    5+276  pp. 

$0.80 

RiETz  (H.  L.),  Crathorne  (A.  R.)  and  Taylor  (E.  H.).  School  algebra. 
Second  course.    New  York,  Holt,  1915.    8vo.     10+235  pp.        $0.75 

Taylor  (D.  P.).    See  Palmer  (C.  I.). 

Taylor  (E.  H.).    See  Rietz  (H.  L.). 

III.    APPLIED  MATHEMATICS. 

Albrecht  (B.).  Ueber  das  Problem  der  Brachistochrone  der  Zentral- 
bewegung  ftir  das  Anziehungsgesetz  K  ^  m  *  r\  Halle,  1914.  8vo. 
48pp.+4Tafeln. 

Alexander  (T.)  and  Thomson  (A.  W.).  Elementary  applied  mechanics. 
3d  edition.    London,  Macmillan,  1916.    20+512  pp.  15s. 

Aughtib  (H.).    Applied  mechanics,  first  year.    London,  Routledge,  1916. 

184  pp.  2s. 

Berneis   (B.).    Bestimmung  der  spezifischen  Warme  unvollkommener 

Gase  nach  der  Durchstrdmungsmethode.    Heidelberg,  1914.    8vo. 

83  pp. 
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BiGELOW  (F.  H.).  A  meteorological  treatise  on  the  circulation  and  radia- 
tion in  the  atmospheres  of  the  earth  and  of  the  sun.  New  York, 
Wiley,  1915.    8vo.    11+431  pp.  $5.00 

Brentano  (J.).  Ueber  den  Fiinflum  allseitigen  hydrostatischen  Druckes 
auf  die  dektrische  Leitfahigkeit  von  Wismutdrahten  ausserhalb  und 
innerhalb  des  transversalen  Magnetf eldes  ftkr  Gleichstrom  und  Wechsel- 
Strom.    Mtinchen,  1914.    8vo.    77  pp. 

Bbown  (E.  W.).    See  Enctklopadie. 

Bbunn  (A.  v.).    See  EnctxlopIdie. 

Enctclgp^dib  des  sciences  math^matiques  pures  et  appliqudes.  Tome  VI» 
volume  1,  fascicule  1:  N.  Noirel,  Triangulation  g^oadsique^  bases  et 
nivellement:  deviations  de  la  verticale.  D'apr^  les  articles  alle- 
mands  de  r.  Pizzetti.  Paris,  Gauthier-Villars  et  Leipzig,  Teubner, 
1915.    Gr.  8vo.    Pp.  1-224.  M.  8.40 

EnctklopIdie  der  mathematischen  Wissenschaften.  Band  VI  2,  Heft  5: 
E.  W.  Brown,  Theorie  des  Erdmondes,  tLbersetzt  von  A.  v.  Brunn; 
K.  F.  Sundman,  Theorie  der  Planeten.  Leipzig,  Teubner,  1915.  Gr. 
8vo.    Pp.  667-807.  M.  4.40 

Fuss  (K.)  und  Hensold  (G.).  Lehrbuch  der  Phymk.  14te  vermehrte 
Auflage.    Allgemeine  Ausgabe.    Freiburg,  1915.    8vo.  M.  6.50 

BjjJE  (J.  W.  L.)  Practical  applied  mathematics.  New  York,  McGraw* 
Hill,  1915.     lH-206  pp.  $1.00 

HELMHOi;rz  (H.).  Ueber  die  Erhaltung  der  Eraft  (1847).  Neue  Ausgabe. 
8tes  Tausend.    Leipzig,  1915.    8vo.    60  pp.  M.  1.00 

Henbold  (G.).    See  Fuss  (K.). 

Klein  fH.  J.).  FOhrer  am  Stemenhimmel  ftkr  Freunde  astronomischer 
Beobachtungen.    3te  Auflage.    Leipzig,  1915.    8vo.    480  pp. 

M.  10.00 

KuLLBiCH  (E.).  Mathematisch-physikaUsche  Tafeln.  2te  Auflage.  Leip- 
zig, 1915.    8vo.     12  pp.  M.  0.60 

Lanchesteb  (F.  W.).  Aircraft  In  warfare:  the  dawn  of  the  fourth  arm. 
London,  Ck)nstable,  1916.     18+222  pp.  128.  6d. 

Lewis  (C.  J.).  Farm  business  arithmetic.  Chicago,  Heath,  1915.  8vo. 
13+199  pp. 

Maniltus  (M.).  Astronomica.  Edidit  J.  van  Wageningen.  Lhwius, 
1915.    8vo.    26+196  pp.    Leinenband.  M.  4.50 

NoiREL  (N.).    See  Enctclop£oie. 

Pizzetti  (P.).    See  EnctclopAdib. 

Stevens  (J.  S.).  Theory  of  measurements.  London,  Constable,  1915. 
6+81  pp.  6s. 

Sundman  (K.  F.).    See  ENCTKLOPiLDiE. 

Taqgart  (W.  S.).  Textile  mechanics.  London,  Routledge,  1916.  7+ 
117  pp.  28. 

Thomson  (A.  W.).    See  Alexander  (T.). 

Wageningen  (J.  van).    See  Manilius  (M.). 

Wbstergaard,  (H.).  Statistikens  Theori  i  Grundrids.  2.  omarbejdede 
Udgave.    Kjobenhavn,  1915.    Gr.  8vo.    442  pp.  M.  9.60 
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Recent  Noteworthy  Textbooks 


RietZy  Crathorne  and  Taylor's  School  Algebra 

By  H.  L.  RiETZ,  Professor,  and  A.  R.  Crathorne,  Associate  in  the  Uni- 
versity of  Illinois,  and  E.  H.  Tayj.OB,  Professor  in  the  Eastern  lllinoiB 
State  Kormal  >Scliool.  {American  McUhemaiical  Seriea.)  First  Course. 
xiii4-271pp.     12mu.    Sl.OO.    Second  Course.    x-f235pp.     12roo.  75c. 

Wilfred  U.  Sherk,  Lafayctle  Jiilih  Sclwol,  Bvjffuh,  N.  F.:— It  is  an  ex- 
cellent conservative  presentation  of  I  he  subject,  it  articulaleB  well  with  aritli- 
metic^  ItK  way  of  presenting  tJie  value  of  a  function  for  a  particular  value  of  the 
variable  by  means  of  a  dark  line  perpendicular  to  the  X-axis  is  fine  ;  it  has 
good  clear  geometric  representations  of  the  fundamental  operations,  it  has 
preserved  the  best  of  the  old-fashioned  problems  and  introduced  some  good 
new  one«. 

Young  and  Schwartz's  Plane  Geometry 

ByJ.AV.  YouNC4,  Professor  of  Mathematics  in  Dartmouth  (College,  and 
A.  J.  Schwartz,  Grover  Clevelajid  High  School,  St.  Lniiis.  (Amer- 
ican Maihemaiical  Sejies.)     x-|-2*23pp.     12nio.     85  cents. 

The  authors  of  this  lM)ok  believe  tliat  it  is  a  pedagogical  mistake  to  begin 
a  course  in  geometry  in  the  conventional  way  witli  formal  demonstrations.  The 
first  chapter,  therefore,  gives  an  informal  treatment  of  tiie  elementary  con- 
structions, which  is  accoiupUbhed  by  a  large  mmiber  of  ap^»lied  problems  in 
geometric  drawing.     Formal  statements  of  proofs  do  not  occnr  until  Cimpter  111. 

W.  R.  Ransom,  Tnfta  CoUecje:  It  seems  to  me  a  v.duiible  contribution  to 
our  list  of  texts.  To  have  transplanted  some  of  ilie  very  excellent  features  of 
Mahler's  little  book  is  worth  a  good  deal,  and  besides  that  J  recognize  the 
important  origimil  features  (»f  the  Iwok. 

W.  H.  Andrews,  Kan/ifis  State  Agrictti(ui(d  CoUfff  .♦ — It  contains  the  best 
introduction  to  formal  geometry  that  I  have  ever  seen.  The  drawings  are  of 
the  highest  degree  of  excellence.  For  introducing  pupils  to  a  working  knowl- 
edge of  geometry  it  surely  stands  alone. 

Bocher's  Plane  Analytic  Geometry 

Bv  Maxime  HOcitER,  Professor  of  Mathematics  in  Harvard  University. 
viii-f235pp.     12mo,     §1.60. 

Since  the  publication  of  this  l>ook  last  October,  it.  has  been  introduced  in 
a  large  number  of  colleges  including  the  fallowing:— Harvard  University, 
New  York  University,  Dartmouth  College,  We-leyan  (Ct. )  Univeisity,  Baker 
University,  Parsons  CoHe^'e,  Haraline  UniveiiJity,  Stanford  University,  imlij-na 
University,  University  of  Iowa,  University  of  Texas,  University  of  South 
Dakota,  Northwestern  University,  I'niversity  of  Cincinnati,  Kice  Instituie, 
Colorado  Agricultural  College. 
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THE   FEBRUARY   MEETING   OF   THE   AMERICAN 
MATHEMATICAL  SOCIETY. 

The  one  hundred  and  eighty-second  regular  meeting  of  the 
Society  was  held  in  New  York  City  on  Saturday^  February  26, 
1916.  The  attendance  at  the  morning  and  afternoon  sessions 
included  the  following  forty-three  members: 

Mr.  J.  W.  Alexander,  II,  Mr.  W.  E.  Anderson,  Mr.  D.  R. 
Belcher,  Dr.  A.  A.  Bennett,  Professor  Joseph  Bowden,  Pro- 
fessor E.  W.  Brown,  Professor  J.  G.  Coffin,  Professor  F.  N. 
Cole,  Professor  Elizabeth  B.  Cowley,  Professor  Louise  D. 
Cummings,  Dr.  H.  B.  Curtis,  Professor  L.  P.  Eisenhart, 
Professor  H.  B.  Fine,  Dr.  C.  A.  Fischer,  Professor  T.  S.  Fiske, 
Professor  W.  B.  Fite,  Professor  O.  E.  Glenn,  Dr.  T.  H.  Gron- 
wall.  Professor  C.  C.  Grove,  Professor  H.  E.  Hawkes,  Mr.  S.  A. 
Joffe,  Professor  Edward  Kasner,  Professor  C.  J.  Keyser,  Mr. 
Harry  Langman,  Mr.  G.  H.  Light,  Mr.  P.  H.  Linehan,  Pro- 
fessor E.  J.  Miles,  Mr.  G.  W.  MuUins,  Mr.  George  Paaswell, 
Dr.  P.  R.  Rider,  Mr.  J.  F.  Ritt,  Dr.  Caroline  E.  Seely,  Dr. 
H.  M.  Sheffer,  Professor  L.  P.  Siceloff,  Professor  Mary  E. 
Sinclair,  Professor  P.  F.  Smith,  Mr.  C.  E.  Van  Orstrand, 
Professor  Oswald  Veblen,  Mr.  H.  E.  Webb,  Dr.  Mary  E. 
Wells,  Professor  H.  S.  White,  Mr.  J.  K.  Whittemore,  Miss 
E.  C.  WiUiams. 

The  President  of  the  Society,  Professor  E.  W.  Brown, 
occupied  the  chair,  being  relieved  by  Professors  Fine,  Fiske, 
and  White.  The  Council  announced  the  election  of  the 
following  persons  to  membership  in  the  Society:  Mr.  L.  E. 
Armstrong,  Stevens  Institute  of  Technology;  Professor  Grace 
M.  Bareis,  Ohio  State  University;  Professor  G.  A.  Chancy, 
Iowa  State  College;  Mr.  J.  E.  Davis,  Pennsylvania  State 
College;  G.  H.  Hardy,  M.A.,  Trinity  College,  Cambridge, 
England;  Mr.  Harry  Langman,  Metropolitan  Life  Insurance 
Company,  New  York  City;  Mr.  E.  D.  Meacham,  University 
of  Oklahoma;  Dr.  A.  L.  Nelson,  University  of  Michigan;  Mr. 
Elmer  Schuyler,  Bay  Ridge  High  School,  Brooklyn,  N.  Y. 
Six  applications  for  membership  in  the  Society  were  received. 

The  Society  has  recently  taken  over  the  stock  of  the  Chicago 
Papers  and  Boston  Colloquium  Lectures,  heretofore  in  the 
hands  of  The  Macmillan  Company.    AU  publications  of  the 
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Society,  so  far  as  in  stock,  are  now  obtainable  directly  from 
the  main  oflSce.    The  New  Haven  Colloquium  was  published 
by  the  Yale  University  Press,  and  is  sold  by  them. 
The  following  papers  were  read  at  this  meeting: 

(1)  Dr.  T.  H.  Gronwall:  "A  functional  equation  in  the 
kinetic  theory  of  gases  (second  paper)." 

(2)  Dr.  T.  H.  Gronwall:  "On  the  zeros  of  the  functions 
P(z)  and  Q{z)  associated  with  the  gamma  function." 

(3)  Dr.  T.  H.  Gronwall:  "On  the  distortion  in  conformal 
representation." 

(4)  Dr.  C.  A.  Fischer:  "Equations  involving  the  deriva- 
tives of  a  function  of  a  surface." 

(5)  Professor  E.  W.  Brown:  " Note  on  the  problem  of  three 
bodies." 

(6)  Dr.  H.  Bateman:  "A  certain  system  of  linear  partial 
differential  equations." 

(7)  Dr.  H.  Bateman:  "On  multiple  electromagnetic  fields." 

(8)  Mr.  A.  R..  Schweitzer:  "On  a  new  representation  of  a 
finite  group." 

(9)  Mr.  A.  R.  Schweitzer:  "Definition  of  new  categories 
of  functional  equations." 

(10)  Professor  E.  B.  Wilson:  "Critical  speeds  for  flat  disks 
in  a  normal  wind:  theory." 

(11)  Professor  E.  B.  Wilson:  "A  mathematical  table  that 
contains  chiefly  zeros." 

(12)  Professor  E.  B.  Wilson:  "Changing  surface  to  volume 
integrals." 

(13)  Dr.  T.  H.  Gronwall:  "Elastic  stresses  in  an  infinite 
solid  with  a  spherical  cavity." 

(14)  Dr.  T.  H.  Gronwall  :  "  On  the  influence  of  key  ways  on 
the  stress  distribution  in  cylindrical  shafts." 

(15)  Professor  O.  E.  Glenn:  "The  formal  modular  inva- 
riant theory  of  binary  quantics." 

(16)  Professor  O.  E.  Glenn:  "The  concomitant  system  of 
a  conic  and  a  bilinear  connex." 

(17)  Dr.  P.  R.  Rider:  "Trigonometric  functions  for  ex- 
tremal triangles." 

(18)  Mr.  H.  S.  Vandiver:  "  Symmetric  functions  of  systems 
of  elements  in  a  finite  algebra  and  their  connection  with 
Fermat's  quotient  and  Bernoulli's  numbers  (second  paper)." 

(19)  Mr.  S.  A.  Joffe:  "Calculation  of  eulerian  numbers 
from  central  differences  of  zero." 
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The  papers  of  Dr.  Bateman,  Mr.  Schweitzer,  Mr.  Vandiver, 
and  the  first  and  third  papers  of  Professor  Wilson  were  read  by 
title.  Abstracts  of  the  papers  follow  below.  The  abstracts 
are  numbered  to  correspond  to  the  titles  in  the  list  above. 

1.  In  a  previous  paper  (Annals  of  Mathematics,  September, 
1915)  Dr.  Gronwall  has  shown  that,  <p(^,  rj,  f)  being  the* loga- 
rithm of  the  function  defining  the  distribution  of  velocities, 
the  functional  equation  for  <p  resulting  from  the  Maxwell- 
Boltzmann  fundamental  theorem  has  as  general  solution  the 
expression  a  +  61^  +  b2rj  +  fcsf  +  c(^  +  rj^  +  H,  under  the 
sole  assumption  of  the  continuity  of  <p  for  all  finite  values  of 
the  variables.  In  the  present  paper,  it  is  shown  that  this 
condition  may  be  replaced  by  the  weaker  one  that  <p  shall  be 
bounded  in  an  arbitrarily  small  neighborhood  of  the  origin. 

2.  Completing  a  result  due  to  Bourguet,  Haskins  has 
recently  shown  (Transactions,  1915)  that 


i-w-t*-^' 


has  one  and  only  one  zero  in  each  of  the  intervals  —  2m  —  | 
<  z  <  -  2m  -  1  and  —  2m  -  2  <  z  <  —  2m  —  f  (?7i  =  2, 
3,  •  •  •)•  The  proof  depends  on  the  Budan-Fourier  theorem. 
In  the  present  paper,  Dr.  Gronwall  shows,  by  a  simpler 
method,  that  the  real  zeros  of  P(z)  lie  one  in  each  of  the  inter- 
vals -  2m  -  1  -  6/(2m)!  ^z^-2m--l-  l/(2m)I  and 
-  2m  -  2  +  l/(2m  +  1)!  ^  z  ^  -  2m  -  2  +  6/(2m  +  1)1, 
and  furthermore  that  P(z)  has  exactly  four  complex  zeros, 
the  real  parts  of  which  lie  between  —  \^  and  —  f ,  and  the 
imaginary  parts  between  —  V-  and  +  V"-  Finally  it  is 
shown,  by  an  extremely  simple  application  of  Picard's  theorem, 
that  the  entire  function  Q(z)  =  T(z)  —  P(z)  has  an  infinity  of 
zeros.* 

*  It  should  be  noted  that  Bourguet,  Comptes  Rendus,  vol.  96  (1883),  pp. 
1487-1490,  indicated  approximations  to  the  real  zeros  of  P(2),  which  are 
of  essentially  the  same  order  as  those  of  Dr.  Gronwall.  Bourguet  also 
asserted  that  P{z)  can  have  at  most  four  complex  zeros.  His  proof ,  however, 
has  been  criticized  by  Nielsen,  Handbuch  der  Theorie  der  Gammafunktion, 
p.  36,  as  inaccurate.  It  is  worth  noting,  however,  that  by  making  use  of 
the  known  analytic  character  of  P(z),  ana  of  the  difference  equation  satis- 
fied by  it,  Bourguet's  proof  can  be  made  rigorous,  and  that  then  it  gives, 
when  taken  in  connection  with  Haskins's  completion  of  Bourguet's  theorem, 
the  further  fact  that  P{z)  has  exactly  four  complex  zeros.    C.  N.  Haskins. 
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3.  In  the  present  paper,  Dr.  Gronwall  gives  the  exact  de- 
termination of  the  bounds  in  Koebe's  distortion  theorem,  which 
may  now  be  stated  in  the  following,  and  final,  form: 

"  When  the  analytic  function 

w  =  z  +  a22?  +  •  •  •  +  an^i^  +  . . . 

gives  the  conformal  representation  of  the  circle  |2|  <  1  on  a 
simple  region  D  in  the  tc-plane,  then  we  have  for  \z\  =  r  and 
0<r<  1 

1  —  r        \dw 


< '+' 


—  r\»' 


(1-r) 


,<  \w\< 


(l  +  r)*^'"''^(l-r)»' 

except  when  w  =  z/(l  —  «*'z)*,  in  which  case  the  upper  and 
lower  bounds  are  reached  for  z  =  re"**  and  z  =  —  re~^ 
respectively.    When  the  region  D  is  convex,  we  have 


(1  +  r)' 


dw 
dz 


-  r^2' 


(1  -  r) 


i-^,<i^l<r^,. 


except  for  w;  =  2/(1  —  ef'z),  in  which  case  the  upper  and  lower 
bounds  are  reached  as  before." 

It  is  also  shown  that  the  convexity  bound,  i.  e.  the  upper 
bound  of  those  values  o£  r  for  which  the  map  of  |z|  <  r  is 
convex,  exceeds  2  —  V3  except  when  w  =  z/{l  —  eT'zfy 
where  this  value  is  reached.  The  above  results  are  then 
extended  in  two  directions,  first  by  assuming  the  region  D 
invariant  for  a  rotation  of  27r/n  about  the  origin,  and  second, 
by  assigning  a  priori  the  value  of  the  second  coeflScient  in  w, 

A  detailed  abstract  will  appear  in  the  Comptes  rendiuf. 

4.  The  functions  considered  in  Dr.  Fischer's  paper  depend 
on  a  surface  and  also  on  all  of  the  values  taken  by  a  given 
function  at  points  of  the  surface.  Such  a  function  has  two 
partial  fonctionnelle  derivatives.  The  condition  of  integra- 
bility  of  an  equation  involving  these  two  derivatives  is  found, 
and  the  characteristics  are  briefly  discussed.    Similar  equa- 
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tions,  involving  functions  of  lines  instead  of  surfaces,  are  dis- 
cussed by  L6vy  in  volume  37  of  the  Rendiconti  del  Circoh 
Matematico  di  Palermo. 

5.  Professor  Brown's  note  gives  a  form  for  the  equations  of 
motion  in  the  "restricted"  case  of  the  problem  of  three  bodies 
when  the  first  describes  an  elliptic  orbit  about  the  second, 
and  the  third  is  of  zero  mass.  The  curves  of  zero  velocity 
are  obtained  and  some  other  consequences  deduced. 

6.  Dr.  Bateman's  first  paper  appeared  in  full  in  the  April 
Bulletin. 

7.  A  vector  field  specified  by  two  vectors  H  and  E  may  be 
called  a  multiple  electromagnetic  field  of  rank  n  when  the 
complex  vector  M  =^  H  +  iE  satisfies  the  system  of  partial 
differential  equations 

rotp  3f  = -^ ,    divp  M  =  0      (p  =  1,  2,  •  •  •,  n). 

Dr.  Bateman  shows  that  each  component  of  Jf  is  a  right- 
handed  multiple  wave  function  of  rank  n  and  obtains  various 
expressions  for  M  by  generalizing  the  solutions  of  MaxweU's 
equations  which  have  been  given  by  Hertz,  Righi  and  others. 
A  generalization  is  also  obtained  of  a  theorem  due  to  Appell. 

8.  In  previous  communications*  Mr.  Schweitzer  has  indi- 
cated how  any  finite  group  can  be  represented  formally  by 
classes  of  functional  equations  derived  from  the  generatrix: 
f{uu  Wi,  •  •  •,  Un+i]  =  ^(xi,  X2,  •  •  •,  aja+i),  where  Ui  =  Mh^''^, 
h^'\  •  •  •,  tn^'\  Xi)  (i  =  1,  2,  . . .,  w  +  1;  n  =  1,  2,  3,  •  •  •). 
Perhaps  the  simplest  class  of  functional  equations  representing 
any  finite  group  is  the  classf  {^(i;,ij;:::;ir*t*0}-  The  author 
obtains  the  general  solution  of  this  class  of  equations  without 
referring  to  any  particular  substitution,  and  then  proves  the 
following  theorem:  Given  any  finite  group  G,  there  corresponds 
to  this  group  a  group  of  functional  equations  E{G)  such  that 
(1)  the  groups  G  and  E(G)  are  simply  isomorphic,  (2)  every 
equation  of  the  group  E{G)  possesses  a  solution. 

♦Cf.  Bulletin^  vol.  22,  pp.  4,  171. 

t  For  the  notation  see  Bulletin,  1.  c,  p.  4. 
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9.  The  categories  of  functional  equations  are  defined  by 
Mr.  Schweitzer  by  means  of  the  following  generatrices: 

f{Uu  W2,    •  •  •,  Unr^i)  =  ^(Xi,  X2,    '",  X^i) 

where  Ui  =  fi{ti^'^,  h^^,  •  •  •,  <n^»\  Xi)  (i  =  1,  2,  •  •  -,  n  +  1; 
n  =  1,  2,  •  •  •)  or  analogous  generatrices  obtained  by  applying 
the  following  processes,  either  separately  or  in  combination: 
(1)  interchanging  one  of  the  w's  with  the  symbol  ^{xi,  x^, 
•  •  •,  aJn+i);  (2)  transposing  homologously  the  x's  on  the  left- 
hand  side.  From  the  preceding  generatrices  are  derived 
functional  equations  by  replacing  some,  none,  or  all  of  the 
^'s  with  x's  and  assuming  that  the  remaining  ^'s  (if  any) 
with  the  same  subscript  are  identical.  When  the  function  0 
-  is  identically  zero,  the  functional  equations  thus  defined  include 
equations  defined  previously  by  the  author.  A  simple  ex- 
ample of  one  of  the  new  types  of  functional  equations  is  the 
relation 

VWb  h,   "-,  tn,  Xl),   •  •  •,/(<!,  fe,    •  •  ',  tn,  «n+l)} 

=  X/{ai(x^),  aiixi,),  •  •  •,  an^iixi^^,)]  +  <f>(tu  ^2,  •  •  •,  tn), 
where  the  z*  range  over  1,  2,  •  •  •,  n  +  1  and  are  distinct. 

10.  In  calibrating  the  new  wind  tunnel  at  the  Massachusetts 
Institute  of  Technology,  Lieutenant  J.  C.  Hunsaker,  U.  S.  N., 
instructor  in  aeronautics,  found  a  critical  velocity  for  disks 
(2"  to  6"  in  diameter)  around  10  to  20  miles  per  hour.  By 
considering  the  disks  as  ellipsoids  of  revolution  and  the  air  as 
a  perfect  liquid  moving  irrotationally.  Professor  Wilson  shows 
that  theoretically  such  a  critical  velocity,  arising  from  in- 
cipient cavitation,  should  occur  at  velocities  not  much  greater 
than  those  found  experimentally.  The  sharp  edges  of  the 
disks  and  the  imperfections  of  the  fluid  and  of  its  flow  would 
probably  lower  the  theoretical  value  found.  The  paper  will 
appear  in  connection  with  Lieutenant  Hunsaker's  in  Smiihao* 
nian  Miscellaneous  Collections,  volume  62,  number  4,  article  X. 

11.  Statistical  results  on  the  distribution  of  the  different 
digits  in  the  decimal  development  of  an  irrational  number  or 
in  a  tabulation  of  the  values  of  a  function  appear  not  to  be 
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numerous.  Professor  Wilson  sets  up  an  infinite  series  which 
defines  a  function  that  is  perfectly  healthy  from  the  analytic 
viewpoint  but  has  this  peculiar  statistical  malady:  The  irra- 
tional value  of  the  function  for  any  terminating  decimal  value 
of  the  argument  has  in  its  infinite  decimal  development  only 
an  infinitesimal  proportion  of  digits  other  than  zero.  This 
problem  arose  incidentally  out  of  conversations  with  Professor 
Josiah  Royce  on  probability  and  statistics. 

12.  Professor  Wilson's  note  appeared  in  full  in  the  April 
Bulletin. 

13.  In  the  present  paper,  Dr.  Gronwall  determines  the 
stress  distribution  in  a  solid  with  a  spherical  cavity,  the  di- 
mensions of  the  solid  being  very  large  in  comparison  with  the 
radius  of  the  sphere,  and  the  stress  at  a  large  distance  from  the 
cavity  being  assumed  as  pure  tension  or  compression  of  con- 
stant magnitude  T.  It  is  shown  that  the  maximum  tensile 
stress  at  the  surface  of  the  cavity  will  be 

39X+54m^ 
18X  +  28M    ' 

X  and  II  being  the  constants  of  elasticity.  Thus  the  maximum 
stress  is  roughly  twice  as  large  as  when  there  is  no  cavity, 
which  corrects  a  statement  by  Larmor  {Philosophical  Magazine, 
1892)  that  the  influence  of  a  cavity  on  the  distribution  of 
tensile  stresses  is  negligible. 

14.  Dr.  Gronwall  considers  a  cylindrical  shaft,  into  which 
is  cut  a  keyway  in  the  shape  of  a  cylinder  intersecting  the  former 
orthogonally,  the  shaft  being  subjected  to  torsional  stress  only. 
This  shape  of  keyway  is  common  enough  in  practice.  The 
stress  distribution  is  first  determined  by  the  methods  of  the 
theory  of  elasticity,  and  from  this  exact  result  an  approximate 
formula  is  derived,  adapted  to  practical  use,  and  giving  the 
ratio  between  the  maximum  stresses  in  the  keyed  and  the  full 
portions  of  the  shaft  as 

2 

l-36Va2' 

a  and  b  being  the  radii  of  shaft  and  keyway  respectively. 
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15.  The  first  part  of  Professor  Glenn's  paper  deals  with 
methods  of  constructing  formal  invariants  and  covariants. 
A  theorem  is  given  on  the  determination  of  a  covariant  whose 
leading  coefficient  is  any  assigned  seminvariant.  Funda- 
mental systems  modulo  2  of  first  degree  concomitants  are 
derived  for  the  quartic  and  the  quintic. 

In  the  second  part  it  is  shown  that  the  higher  forms  are 
reducible  in  terms  of  their  own  first  degree  concomitants 
modulo  2.  It  is  proved  that  if  the  systems  of  concomitants 
modulo  2  of  the  forms  of  orders  1,  2,  3  are  all  finite  then  the 
system  of  any  form  of  order  m  is  finite.  It  is  then  shown  for 
the  binary  cubic  modulo  2  that  every  covariant  is  quasi- 
reducible,  on  multiplication  by  a  power  of  a  first  degree  in- 
variant, in  terms  of  a  set  of  fourteen  concomitants. 

16.  By  a  ternary  transvection  process  which  Professor 
Glenn  described  in  a  paper  communicated  in  February,  1915, 
he  has  derived  the  fundamental  system  of  simultaneous  con- 
comitants of  the  set  consisting  of  a  singly  quadric  and  a 
doubly  linear  form.  The  system  furnished  initially  by  the 
method  contains  above  100  forms.  By  various  reduction 
processes  he  has  reduced  all  but  67  forms.  These  are  given 
as  generalized  transvectants  and  in  terms  of  the  symbols. 

17.  The  triangles  considered  in  Dr.  Rider's  paper  are 
formed  by  extremal  arcs.  At  one  vertex  the  transversality 
condition  of  the  calculus  of  variations  is  satisfied,  thus  making 
the  triangles  correspond  to  right-angled  triangles  in  euclidean 
plane  geometry.  The  trigonometric  functions  are  defined  as 
the  limits  of  the  ratios  of  the  lengths  of  the  sides  as  one  side 
approaches  zero,  where  by  length  is  meant  the  value  of  a 
definite  integral  taken  from  one  extremity  of  the  arc  to  the 
other. 

18.  The  present  paper  consists  mainly  of  extensions  along 
the  lines  indicated  in  Mr.  Vandiver's  first  article  under  the 
same  title  (presented  to  the  Society,  April,  1913).  A  conjugate 
set  in  a  finite  algebra  A  is  defined  as  a  system  of  elements 
which  are  reproduced  on  multiplication  of  each  element  by 
some  element  of  A.  Symmetric  functions  formed  by  these 
sets  are  studied  and  for  the  case  where  A  is  represented  by 
the  incongruent  residues  modulo  m,  a  rational  integer,  the 
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results  obtained  involve  Fermat's  quotient  and  Bernoulli's 
numbers. 

19.  In  the  Quarterly  Journal,  volume  45  (1914),  pages  1-51, 
Professor  J.  W.  L.  Glaisher  has  calculated  the  first  27  eulerian 
numbers  from  certain  recurring  formulas  and  has  shown  that 
the  method  was  especially  advantageous  when  "curtate" 
formulas  were  employed.  IVIr.  Joffe  has  verified  Professor 
Glaisher's  results  and  has  extended  the  calculations  to  five 
more  eulerian  numbers  by  a  different  method  based  upon  the 
formula 


^«  =  Z  (-  D' 


^m,i 


where  ««,«  denotes  (1/2^)5*^",  and  the  quantities  S^^""  are 
'*  central  differences  of  zero."  The  successive  terms  em,n  are 
computed  by  a  continuous  process  from  the  recurring  formula 


^,n  =  mNfifn,*-!  +  (m  +  m  —   l)^m-l,»-l], 

and  the  final  values  of  En  are  verified  by  the  formula 


^n  =  E  (-  D^'^'^'lim  +  l)(m  +  2)  -  IK, 


n-l- 


F.  N.  Cole, 
Secretary. 


ON  A  CONFIGURATION  ON  CERTAIN  SURFACES. 

BT  PROFESSOR  C.   H.   SISAM. 

(Read  before  the  American  Mathematical  Society,  April  21,  1916.) 

The  suffaces  here  under  consideration  are  rational  and  are 
generated  by  conies.  They  may  be  represented  birationally 
on  the  plane  in  such  a  way  that,  to  the  plane  or  hyperplane 
sections  of  a  given  surface  of  the  given  type,  correspond 
curves  of  order  n  having  in  common  an  (n  —  2)-fold  point  Pq 
and  A  simple  points  Pi,  P2,  •••,  P^.  We  suppose  further 
that  A  =  2k,  so  that  the  surface  is  of  even  order,  that  n  >  3 
and  that  k>  2.  For  simplicity,  we  suppose  that  the  funda- 
mental points  Pq,  Pi,  P%,  -",  pTk  are  in  generic  position. 

The  generating  conies  on  the  surface  are  determined  by  the 
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lines  in  the  parametric  plane  through  Po.  The  2k  conies 
which  correspond  to  the  lines  joining  Po  to  Pi,  P2,  •  •  •,  P2k 
are  composite  in  such  a  way  that  the  points  of  one  component 
correspond  to  the  points  of  the  line  PoP»,  those  of  the  other 
component  to  the  directions  through  Pi*  We  denote  the 
former  component  right  lines  by  the  symbols  1,  2,  •  •  •,  (2k), 
the  latter  by  the  symbols  1',  2',  •••,  {2k'),  respectively,  so 
that  the  lines  1  and  1',  2  and  2',  etc.,  constitute  a  composite 
generating  conic. 

The  directrix  carves  of  lowest  order  on  the  surface  are 
2^*"^  curves  C*~*  of  order  n  —  2.  These  curves  are  deter- 
mined as  follows: 

one,  by  the  directions  through  Po, 

2*C2  by  right  lines  through  two  simple  fundamental  points, 

2*^4  by  conies  through  Po  and  four  simple  fundamental  points, 

one,  by  the  curve  of  order  k,  which  has  a  (i  —  l)-fold  point  at 
Po  and  passes  through  Pi,  Pa,  •  •  •,  Put, 
wherein  iCj  denotes  the  number  of  combinations  of  i  things 
j  at  a  time. 

The  C"""^  which  is  determined  by  directions  through  Po 
intersects  the  lines  1,  2,  •  •  •,  (2k).  We  shall  denote  it  by  the 
composite  symi)ol  1  2  3  •  •  •  (2k).  If,  in  this  symbol,  we  put, 
in  all  possible  ways,  primes  on  an  even  number  of  the  com- 
ponent symbols  we  determine,  for  each  of  the  remaining 
C^"^,  a  symbol  which  indicates  the  lines  on  the  surface  that 
are  intersected  by  it.  Two  such  C"""*  which  have  2<r  com- 
ponent symbols  unlike  intei'sect  in  <r  —  1  points  as  may  be 
seen  by  counting  the  intersections,  not  at  fundamental  points, 
of  the  corresponding  curves  in  the  parametric  plane.  In 
particular,  each  C"~^  is  intersected  in  A;  —  1  points  by  a  single 
C"*"^  of  the  system. 

We  can  choose  sets  of  precisely  2k  of  the  curves  C"""^  in 
such  a  way  that  no  two  curves  of  the  set  intersect.  In  fact, 
if  we  birationally  transform  the  parametric  plane  so  that  a 
given  curve  C{^^  corresponds  to  the  directions  at  Po,  then 
the  C**"^  which  do  not  intersect  Ci"""^  correspond  to  right  lines 
through  pairs  of  simple  fundamental  points.  The  C""^  which 
correspond  to  the  right  lines  joining  a  given  simple  funda- 
mental point  Pi  to  the  remaining  simple  fundamental  points 
form,  with  Ci**~^,  a  set  of  the  required  type.     Conversely, 

♦  Clebsch,  Math.  Ann.,  vol.  1,  p.  266. 
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any  given  set  can  be  represented  in  this  way.  Any  2k  —  1 
of  the  C"^^  ot  such  a  set  determine  a  unique  right  line  on  the 
surface  which  intersects  them  all.  Of  the  2k  lines  determined 
in  this  way  by  a  set,  an  odd  number  have  primed  symbols. 
Conversely,  any  set  of  2k  right  lines  on  the  surface,  such  that 
an  odd  number  have  primed  symbols,  determines  a  unique 
set  of  2k  C"""*  which  do  not  intersect.  The  number  of  such 
sets  is  thus  2^*"^.  A  given  C~^  belongs  to  2k  sets.  Two 
given  skew  C""^  both  belong  to  two  sets.  Three  skew  C"""* 
define  a  unique  set. 

Let  S  denote  a  set  of  the  given  type.  Each  curve  of  the 
set  determines  a  unique  C"""^  which  intersects  it  in  A:  —  1 
points  and  which  is  seen  at  once  from  its  symbol  to  intersect 
each  of  the  other  curves  of  iS  in  fc  —  2  points.  The  2k  C""^ 
determined  in  this  way  by  the  C**"*  of  S  are  skew  to  each  other. 
Hence  they  form  a  set  S'  of  the  given  type.  It  follows  at 
once  from  the  method  of  formation  that  the  correspondence 
between  S  and  S'  is  involutorial. 

We  have  supposed  n>  3,  k  >  2.  In  case  k  =  2,  there 
exist,  in  addition  to  the  above  sets  of  skew  curves,  eight  sets 
of  four  skew  C"""*  such  that  all  the  C"""^  of  a  set  intersect  a 
fixed  line  on  the  surface.  Each  line  on  the  surface  determines 
a  set  and  the  sets  can  be  arranged  in  conjugate  pairs. 

In  case  n  =  3,  the  C""*  are  right  lines  and  the  above  con- 
figurations are  components,  merely,  of  known  configurations 
of  right  lines  on  rational  surfaces  which  have  their  plane 
sections  of  genus  unity. 

A  similar  theory  can  be  developed  when  the  number  of 
simple  fundamental  points  is  odd,  A  =  2k  +  1,  so  that  the, 
surface  is  of  odd  order,  but  in  this  case  the  correspondence 
between  the  sets,  as  defined  above,  is  not  one  to  one. 

Ubbana,  III., 

February  21, 1916. 
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ON  SEPARATED  SETS. 

BY  PROFESSOR  W.  A.  WILSON. 

(Read  before  the  American  Mathematical  Society,  April  29, 1916.) 

In  the  March  number  of  the  Bulletin  appeared  a  discussion 
of  the  definition  of  Lebesgue  integrals  given  in  Pierpont's 
Theory  of  Functions  of  Real  Variables,  volume  II,  by  Fr6chet 
and  the  author.  The  questions  there  discussed  are  much 
simplified  if  use  is  made  of  the  ottier  and  inner  associated  sets 
of  a  point  set,  concepts  due,  I  beUeve,  to  W.  H.  Young. 

These  sets  are  defined  in  the  text  mentioned,  but  for  the 
sake  of  convenience  I  shall  give  their  definitions  here.  They 
arise  at  once  from  the  definitions  of  upper  and  lower  measure 
of  a  point  set.  Let  A  be  the  set  under  consideration.  Let  it 
be  enclosed  in  an  enumerable  set  R  of  rectangular  cells,  of 
which  the  sum  of  the  areas  is  finite  and  may  be  denoted  by 
R.  The  minimum  of  all  the  possible  values  of  R  is  called  the 
upper  measure  of  A  and  denoted  by  Meas  A.  Now  if  a 
sequence  {Rn]  of  the  rectangular  sets  is  so  chosen  that 
lim  Rn  =  Meas  A,  their  divisor  (or  set  of  points  common  ta 

n=oo 

all  of  them)  will  contain  A,  and  will  be  a  measurable  point 
set  of  measure  equal  to  Meas  A  by  the  ordinary  laws  of 
measurable  sets.  Such  a  set  is  called  an  outer  associated 
set  of  A  and  may  be  denoted  by  At.  There  will  be  an  infinity 
of  such  sets  corresponding  to  a  single  A,  but  for  each  Ae, 
Meas  Ae  =  Meas  A  and  the  sets  Ae  differ  only  by  a  set  of 
measure  zero.  The  inner  associated  sets  are  defined  as 
follows.  Let  A  be  enclosed  in  a  rectangular  cell  Q,  let 
B  =  Q  '-  A,  and  let  Be  be  an  outer  associated  set  of  B.  Let 
Ai  =  Q  —  Be.  Then  Ai  is  contained  in  A,  is  measurable  and 
Meas  Ai  =  Meas  Q  —  Meas  Be  =  Meas  Q  —  Meas  B  =  Meas 
A,  by  the  definition  of  lower  measure.  This  set  Ai  is  called 
an  inner  associated  set  of  A.  Young  has  also  shown  that  any 
Ai  may  be  regarded  as  the  union  of  an  enumerable  set  of 
complete  sets  Cn  contained  in  A  and  such  that  lim  Meas 

n=oo 

Cn  =  Meas  A.    The  importance  of  these  sets  is  obvious; 
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their  existence  makes  it  possible  in  questions  concerning  the 
upper  and  lower  measures  of  any  set  A  to  replace  A  by  a 
measurable  set  containing  A  and  of  measure  equal  to  Meas  A 
or  contained  in  A  and  of  measure  equal  to  Meas  A. 

Applying  these  notions  to  separated  sets,  we  have  at  once 
the  result  that,  if  A  and  B  are  separated  sets,  there  exist  measure 
able  sets  A\  and  Bi  enclosing  A  and  B  respectively  and  such 
thai  Meas  A\  =  Meas  A  and  Meas  B\  =  Meas  B;  and  further 
that  the  measure  of  the  divisor  of  any  such  pair,  Ai  and  Bi,  is 
zero.  The  first  part  of  the  theorem  is  obvious;  we  may  take 
Ae  for  Ai  and  Be  for  Bi,  To  prove  the  second  part,  let  A^ 
and  B2  be  measurable  sets  enclosing  A  and  B  respectively  and 
such  that  the  measure  of  their  divisor  is  zero  according  to  the 
definition  of  separated  sets.  Let  -^3  be  the  divisor  of  Ai  and 
A2,  and  Aa  the  remainder  of  Ai.  Now  Az  contains  A,  since 
both  Ai  and  A2  do.  Therefore  Meas  Az  ^  Meas  A  =  Meas- 
Ai. '  Since  Az  is  also  ^  Ai,  Meas  Az=  Meas  Ai  and  Meas  -^4= 0. 
Similar  results  hold  for  B^  and  B4,  defined  in  like  manner. 
Thus  the  divisor  of  Ai  and  Bi  is  contained  in  the  divisor  of 
A2  and  B2,  save  for  at  most  a  set  of  zero  measure  made  up  from 
A4  and  £4.  Therefore  the  measure  of  the  divisor  of  Ai  and  Bi 
is  zero. 

The  theorem  questioned  by  Frfchet  is  the  following:  Let  A 
and  B  be  separated  sets  and  C  their  union;  then  Meas  C^=  Meas 
A  +  Meas  B.  The  proof  can  now  be  given  without  the  use  of 
the  €n-enclosures,  which  seem  to  have  caused  all  the  trouble. 
Let  Ae,  Be,  and  C«  be  outer  associated  sets  of  A,  B,  and  C 
respectively.  Let  Ai  be  the  divisor  of  Ae  and  C*;  let  Bi  be 
the  divisor  ot  Be  and  C«;  and  let  Ci  be  the  union  of  Ai  and  Bu 
Also  let  D  be  the  divisor  of  Ai  and  Bi.  Then  A  ^  Ai  ^  Ae, 
B  ^Bi^  Be  and  C  ^  Ci  ^  Ce]  hence  Meas  Ai  =  Meas  A, 
Meas  Bi  =  Meas  B,  Meas  Ci  =  Meas  C  and  by  the  previous 
paragraph  Meas  D  =  0.    Therefore 

Meas  C  =  Meas  Ci 

=  Meas  Ai  +  Meas  Bi  —  Meas  D 


=  Meas  A  +  Meas  B  —  0, 

which  was  to  be  proved. 
We  can  also  go  farther  and  say  that  if  the  set  C  is  the  union 
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of  A  and  B,  and  Meas  C  =  Meas  A  +  Meaa  B,  the  seta  A  and 
B  are  separated.    Proceeding  as  in  the  previous  theorem, 


Meas  C  =  Meas  Ci 

=  Meas  Ai  +  Meas  Bi  —  Meas  D 


Meas  A  +  Meas  B  —  Meas  D. 


But  since  Meas  C  =  Meas  A  +  Meas  B,  Meas  D  =  0.  Thus 
we  have  A  and  B  enclosed  in  measurable  sets  Ai  and  Bi 
respectively,  of  which  the  divisor  D  has  measure  zero.  This 
is  the  requirement  for  separated  sets. 

Regarding  the  example  used  by  Frfchet  and  questioned  by 
Pierpont,  it  can  be  shown  that  any  separated  partition  of  a 
measurable  set  A  will  he  made  up  of  rneasurahle  sets  only. 

It  is  sufficient  to  prove  this  for  the  case  that  the  partition 
consists  of  two  sets  only.  For,  let  B  be  any  one  of  an  enumer- 
able set  of  separated  sets  making  up  A  and  let  U  be  the  union 
of  the  remainder.  It  is  readily  seen  from  the  definition  of 
separated  sets  that  B  and  U  are  separated.  Hence  it  is 
sufficient  to  prove  B  and  U  measurable. 

To  do  this  let  Be  and  Ue  be  outer  associated  sets  of  B  and 
(7  respectively,  and  let  Bi  be  the  divisor  of  A  and  5«,  and  Ux 
the  divisor  of  A  and  ?/«.  Then  by  previous  results  Bi  and 
Ui  are  measurable,  Meas  B\  =  Meas  B  and  Meas  Ui  =  Meas 
U,  and  the  measure  oi  their  divisor  is  zero. 

As  A  is  the  union  of  Bi  and  Ui,  the  set  Bi  consists  of  B  and 
certam  points  of  U  contained  in  Bi.  But  the  divisor  of  Bi 
and  Ui  is  a  null  set,  hence  the  divisor  of  Bi  and  17  is  a  null  set. 
Therefore  those  points  of  Bi  not  belonging  to  B  have  measure 
zero  and  thus  B  is  the  difference  between  the  measurable  set 
Bi  and  a  null  set.  Hence  B  is  measurable.  In  like  manner 
U  is  measurable.  But  £  was  any  set  of  those  making  up 
Ai  and  so  the  theorem  is  proved. 

This  with  the  previous  theorem  gives  the  important  result 
that  no  measurable  set  can  be  made  up  of  an  enumerable 
set  of  non-measurable  point  sets  and  have  the  additive  prop- 
erty, i.  e.,  Meas  A  =  Meas  Ai  +  Meas  At+  •  •  • ,  preserved. 
New  Haven,  Conn. 
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SINGULAR  POINTS  OF  TRANSFORMATIONS  AND 
TWO-PARAMETER  FAMILIES  OF  CURVES. 

BY  DR.  w.  V.  Lovrrr. 

1.  Introduction. 

In  the  Transactions  for  October,  1915,  I  discussed  some 
singularities  of  a  point  transformation  in  three  variables 

(1)       X  =  <t>(u,  V,  w),    y  =  ^(w,  V,  w),    z  =  x(w,  v,  w). 

Let  a  particular  one  of  the  singular  points  in  question  be 
denoted  by  P,  and  let  S  denote  the  surface  through  P  in  the 
uvW'SpeLce  defined  by  setting  the  jacobian  of  the  transforma- 
tion equal  to  zero.  The  point  P  and  the  surface  S  are  trans- 
formed by  (1)  into  a  point  Pi  and  surface  Si  in  the  aryz-space. 
In  the  present  paper  there  is  found  on  the  surface  Si(x,  y,  z) 
a  curve  (di)  which  is  the  envelope  of  a  one-parameter  family 
of  curves  properly  chosen  from  the  two-parameter  family  (1). 
We  find  in  the  uvw-spsice  that  plane  of  directions  which  trans- 
forms into  the  direction  of  the  curve  (di)  in  the  xyz-space. 

2.  Initial  Assumptions. 
Let  us  consider  a  real  point  transformation  of  three-space 

(1)       X  =  <f>{u,  V,  w),    y  =  \l/(u,  V,  w)y    z  =  x(w,  V,  w) 

with  determinant 


J(u,  V,  w)  s 


The  functions  0,  ^,  x  ^^^  not  necessarily  analytic  but  it  will 
be  presupposed  that 

(a)  the  functions  0,  ^,  x  are  of  class  C"'*  in  a  neighborhood 
of  the  origin  (w,  »,  w)  =  (0,  0,  0) ; 

*  We  shall  say  that  a  single-valued  function  /  of  w,  v,  tw  is  of  class  C" 
if  /(u,  v,  w)  and  its  partial  derivatives  of  orders  one,  two,  and  three  are 
continuous  in  a  region  in  which  /  is  defined. 


<t>u 

<f>v 

<t> 

^u 

^v 

^ 

Xu 

Xv 

X 
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(6)  the  following  initial  conditions  are  satisfied: 
«(0,  0,  0)  =  ^(0,  0,  0)  =  x(0,  0,  0)  =  0; 

(c)  J(0,0,0)==0; 

(d)  at  the  origin  (u,  v,  w)  =  (0,  0,  0)  at  least  one  of  the 
determinants  of  the  matrix 


(2) 


0u       0»       <t>u 
^u      ^v      ^« 

Xtt     X»     Xt4 


is  different  from  zero. 

There  is  no  loss  of  generality  in  assuming,  as  indicated  in 
the  conditions,  that  the  singular  point  P  is  at  the  origin  in  the 
ttrt(^space,  and  that  the  transform  of  P  by  (1)  is  the  origin 
Pi  in  the  aryz-space.  Neither  will  generality  be  lost  if  we 
assume  for  convenience  that  the  determinant 


(3) 


i?i  = 


^u      ^v      ^w 

Xtt     X«     Xto 


is  that  one  of  the  matrix  (2)  which  does  not  vanish  at  the 
origin. 
By  our  assumptions  (fc)  and  (c)  the  equations 

(4)       J{u,  »,  M7)  =  0,    y-  }l/{u,  V,  w),    z  =  x(u,  v,  w) 

have  the  initial  solution  (m,  r,  w,  y,  z)  =  (0,  0,  0,  0,  0).  The 
hypothesis  (d)  justifies  the  assumption  that  the  determinant 

(3)  is  different  from  zero,  as  we  have  seen.  Hence  by  the 
usiial  theorems  of  implicit  functions  there  exists  a  neighbor- 
hood (0,  0,  0,  0,  0),*  in  which  no  two  solutions  (w,  v,  w,  y,  z) 
of  equations  (4)  have  the  same  projection  (y,  z),  and  a  neigh- 
borhood (0,  0)a  of  the  point  (y,  z)  =  (0,  0)  in  which  equations 

(4)  determine  u,  v,  w  as  functions  of  class  C"  of  y  and  z, 

(5)  u  =  u(y,  z),    V  =  v(y,  z),    w  =  w(y,  z) 

*  For  these  theorems  see  Bliss,  Princeton  Colloquium  Lectures,  pp.  8-9. 
By  the  notation  (0,  0,  0,  0,  0)«  is  meant  a  neighborhood 

of  the  point  (0,  0,  0,  0,  0). 
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defining  values  (u,  v,  w,  y,  z)  in  the  neighborhood  (0, 0, 0, 0, 0),. 
By  substituting  these  results  in  the  third  of  equations  (1), 
a  surface 
(Si)  X  =  X{y,  z) 

is  found,  which  is  the  transform  by  (1)  of  the  surface  S. 

3.  The  Envelope  Curve  d\. 

We  now  interpret  equations  (1)  as  a  two-parameter  family 
of  curves  with  the  parameters  c,  w.  Under  the  assumption 
(d),  the  surface  Si  is  the  envelope  of  the  curves  (1).*  If  a 
one-parameter  family  of  curves  be  chosen  from  the  set  (1), 
this  family  will  not  in  general  have  an  enveloping  carve. 
The  condition  that  a  curve 

(di)      X  =  x{a)  =  X[y{a)y  z(a)],    y  =  y(a),    z  =  z{a) 

on  the  surface  Si  shall  be  an  envelope  may  be  derived  as 
follows,  t 

If  we  substitute  y{a),  z{a)  in  the  functions  v(y,  z),  w(y,  z) 
defined  by  equations  (5)  two  functions  «(a),  w{a)  are  deter- 
mined and  a  one-parameter  family  of  curves  is  defined  when 
v{a)y  w(a)  are  substituted  in  (1).  These  curves  are  tangent  to 
the  curve  (di)  if  y  and  z  are  determined  as  functions  of  a 
so  that 

w,  u,  and  w  being  thought  of  as  functions  of  y  and  z.    The 
three  determinants  of  the  matrix 

must  therefore  be  zero,  i.  e.,  the  three  equations 

(<f>u  -  <t>V^u)ya  -  ^t*0*2«  =  0 
Xu<t>vya  —    (^1*  —   Xu0»)2«  =   0, 

*  W.  V.  Lovitt,  ''A  type  of  siBgular  points  for  a  transformation  of  three 
variables,"  Tranfactions,  vol.  16  (1916),  p,  377. 

t  Mason-Bliss,  '*The  properties  of  curves  in  space  which  minimise  a 
definite  integral,*^  Transactions,  vol.  Q  (1908),  pp.  440-466. 
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must  be  satisfied.  The  coefficients  of  y^^  z.  in  these  equations 
cannot  all  vanish  since  at  least  one  ot  the  derivatives  <t>u9  ^l^u, 
Xu  is  different  from  zero  at  the  point  Pi.  That  any  two  of  the 
equations  are  a  consequence  of  the  third  may  be  shown  by 
expanding  the  determinant  of  any  pair  of  the  equations  and 
using  the  relation 

The  determination  of  a  one-parameter  family  of  curves 
having  an  enveloping  curve  (di)  is  therefore  to  be  effected  by 
solving  one  of  the  above  equations.    It  has  the  form 

A(y,  2)ya  +  B(y,  2)z.  =  0, 

when  u,  v,  and  w  are  replaced  by  their  values  in  terms  of  y  and 
z  from  equations  (5).  Since  this  differential  equation  is  of 
the  first  order  ther^  exists  one  and  only  one  integral  curve 

y  =  y{a),    z  =  z(a) 

in  the  yz-plane,  passing  through  the  point  y  =  2  =  0  for 
a  =  0.  The  equations  of  the  family  of  curves  tangent  to 
(di)  are  found  by  substituting  y(a),  z(a)  in  the  expressions  for 
V  and  w  in  terms  of  y  and  z  from  equations  (5)  and  then  putting 
the  resulting  functions  v(a),  w{a)  in  equations  (1).  A  family 
of  extremals 

X  =  <f>{u,  a),     y  =  ^(w,  a),     z  =  x(w,  oc) 

is  thus  found,  which  are  tangent  to  (di)  when  u  =  w(a).  The 
equation  of  the  envelope  (di)  will  then  be 

X  =  <f>[u{a),  a],    y  =  ^[M(a),  a],     z  =  x[w(a),  a]. 

We  have  then  the  following  theorem : 
Theorem  1 :  Given  a  family  of  curves 

X  =  ^(w,  V,  w)y    y  =  ^(w,  V,  w),    z  =  x(w,  v,  w), 

if  on  a  'particular  curve  Ci  the  determinant  J  vanishes  at  the 
point  Pi  and  one  at  least  of  the  determinants  of  the  matrix  (2) 
is  different  from  zero  at  Pi,  then  the  family  of  curves  has  an 
enveloping  surface  Si  which  touches  Ci  at  Pi  and  for  which  Pi  is 
not  a  singular  point.  On  the  surface  Si  there  exists  a  unique 
curve  (di)  without  singular  poinis,  which  parses  through  the 
point  Pi  and  envelopes  a  one-parameter  family  of  curves,  con- 
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taining  the  curve  Ci,  which  are  the  transforms  by  (1)  of  the  lines, 
in  the  uvio^pace,  parallel  to  the  u-^axis. 

4.  The  Plane  of  Directions  which  Transforms  irUo  the 
Direction  of  di. 

Umer*  has  shown  that  the  necessary  and  suflScient  condition 
that  two  non-tangent  curves  through  P  which  have  their 
directions  distinct  from  the  critical  direction  be  rendered 
tangent  by  the  transformation,  is  that  the  plane  of  their 
tangents  at  the  point  contain  the  line  having  the  critical 
direction.  Furthermore  each  plane  of  directions  through  the 
critical  direction  is  compressed  into  a  single  direction.  We 
ask,  what  is  the  plane  of  directions  which  is  compressed  into 
the  direction  of  the  envelope  (di)  at  Pi? 

This  plane  must  contain  the  line  of  critical  direction 


(D 


h  "  h 

It  must  contain  the  line 

(O  v=^w 


W 


0. 


Thus  the  plane  is  completely  determined,  unless  these  direc- 
tions coincide;  but  this  cannot,  in  general,  happen. 


Designate  by  X  the  plane  determined  by  C  and  /.  Every 
direction  in  X  except  1  goes  into  the  same  direction  li  in  the 
a:yz-space.  In  particular  the  direction  T  wkich  is  the  inter- 
section of  X  with  the  tangent  plane  to  the  surface  S  at  P  goes 
into  the  direction  /i.  To  the  curve  (di)  on  the  surface  S\ 
there  corresponds  a  unique  curve  (d)  on  the  surface  S  and  from 

*  S.  E.  Umer,  ''Certain  singularities  of  point  transformations  in  space 
of  three  dimensions,"  Transactitms,  vol.  13  (1912),  pp.  232-264. 


Digitized  by 


Google 


392  SINGULAB  POINTS  OF  TRANSFORMATIONS.  [May, 

what  we  have  just  shown  the  curve  (d)  must  be  tangent  to  the 
plane  X  at  the  point  P. 

We  detennine  the  differential  equation  for  the  curve  (d)  as 
follows:  obtain  the  equation  of  the  plane  X.    It  is 

Izv  —  hw  =  0. 

The  line  T  is  the  intersection  of  this  plane  with  the  tangent 
plane  to  the  surface  S  at  the  point  P.  The  projection  of  its 
direction  on  the  tm^-plane  is 

Itdw  —  I^dv  =  0. 

The  integral  curve  of  this  equation  which  passes  through  the 
point  P  is  the  projection  of  the  curve  (d)  upon  the  tw-plane. 
This  integral  together  with  the  surface  S  completely  deter- 
mines the  curve  (d). 

We  have  then  the  following  theorem: 

Theorem  2.  The  plane  of  directions  in  the  uwhspace  deter- 
mined by  the  critical  direction  I  (/i  :  It  :  /g)  and  the  line 
f)  =z  y)  =z  0  and  containing  the  tangent  line  T  to  the  curve  (d) 
transforms  into  a  single  direction  I\  in  the  xyz-space.  The 
direction  h  is  the  direction  of  the  tangent  to  the  curve  (di),  which 
curve  is  the  transform  of  the  curve  (d)  by  means  of  equations  (1). 

5.  Illustration. 
The  transformation 

x  =  ti*,    y  =  u  +  V,    z  =  v+  w 

has  for  its  jacobian  J  =  2u.  Thus  the  jacobian  surface  S  is 
the  surface  u  =  0.  Substitution  in  equation  (3)  gives  us 
Hi=  2^  0.  The  critical  direction  is  given  by  1  : 1  : 1.  The 
line  (d)  on  S  and  through  P  (0,  Vo,  Wq)  which  transforms  into 
(di)  on  Si  is  the  line 

(d)  v  +  w  ^  vo  +  Wo,    u  =  0. 

The  transform  of  (d)  is  the  line 

(di)  z  =^  Vo+  Wo,    X  =  0. 

The  surface  Si  is  given  by  x  =  0.    The  lines 

c  =  Ci,     t»  =  Ci,     u  ^  t, 
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which  are  parallel  to  the  iz-axis^  are  transformed  into 

a:  =  (y  -  ci)\    z  =  Ci  +  c^, 

which  are  seen  to  be  tangent  to  the  surface  Si.  It  is  evident 
from  the  last  equations  that  those  one-parameter  families  of 
parabolas  which  lie  in  the  planes  parallel  to  the  xj^-plane  have 
envelopes,  and  that  no  others  have.  These  envelopes  are  the 
curves  (di). 

PUBDUS  UnIYERSCTT. 


AN  ELEMENTARY  BOUNDARY  VALUE  PROBLEM. 

BT  PBOFESSOR  DUNHAM  JACKSON. 

(Read  before  the  American  Mathematical  Society,  April  29,  1916.) 

It  is  intuitively  obvious  that  if  a  simple  continuous  curve  is 
given  in  the  (x,  y)-plane,  and  a  continuous  distribution  of 
values  along  the  curve,  there  will  exist  functions  of  x  and  y 
which  are  continuous  in  both  variables  together,  and  which 
take  on  the  prescribed  values  along  the  curve.  It  is  the  pur- 
pose of  the  present  note  to  give  an  analytic  proof  of  this  fact, 
by  elementary  means,  and,  in  particular,  without  reference  to 
potential  theory.*  The  problem  will  be  treated  first  for  the 
case  of  a  rectifiable  curve,  then  for  an  arbitrary  Jordan  curve. 

Let  the  equations 

X  =  /W,   y  =  v'W,  (0  ^  *  ^  0, 

define  a  simple  closed  rectifiable  curve  C,  the  variable  9 
standing  for  the  length  of  arc,  and  /  for  the  total  length  of  the 
curve.  It  is  assumed  that  the  functions /(*)  and  ^{s)  are  con- 
tinuous throughout  their  interval  of  definition,  and  that 
/(O)  =  /(/)>  ^(0)  =  <p{l),  but  that  with  this  exception  no  one 
pair  of  values  (x,  y)  is  given  by  two  distinct  values  of  s.  Let 
FijBi)  be  an  arbitrary  continuous  function  defined  throughout 
the  same  interval,  subject  to  the  condition  that  Fifi)  =  F{]^. 

*  I  understand  that  Mr.  R.  E.  Gleason  has  had  occasion  to  deal  with  a 
similar  problem  in  connection  with  a  paper  recently  presented  to  the 
Society;  see  Bulletin,  vol.  22  (1916),  pp.  278-279. 
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We  shall  consider  the  function  J{z,  y)  =  J\IJq,  where 
and 


Jo      P  Jo    P 


The  function  J  is  obviously  defined  and  continuous  through- 
out the  {x,  y)-plane,  with  the  exception  of  the  points  of  the 
curve  C.  We  shall  show  that  if  the  point  (x,  y)  approaches  a 
point  Po  of  C,  with  the  coordinates  (/(«o),  ^(«o)),  the  value  of 
J{x,  y)  will  approach  F{8^  as  a  limit.*  There  is  clearly  no 
loss  of  generality  in  assuming  that  ^o  is  distinct  from  0  and  /. 
We  have  to  deal  with  the  difference 

J{x,  y)  -  F{s,)  -  I  C[F{s)  -  F{8,)]%. 

JqJo  p 

Let  €  be  any  positive  quantity.    Let  5  >  0  be  chosen  so  that 

I  F{8)  -  F(8o)  I  ^  i€  for  I  «  -  *o  I  ^  5.    Then 


I/' 

\J»<r- 


[F{s) -- F{so)]^, 


^  Wo, 


regardless  of  the  position  of  the  point  {x,  y),  provided  only 
that  it  does  not  he  on  C  Let  y  be  the  minimum  distance 
from  Po  to  a  point  of  C  for  which  |  «  —  *o  I  ^5.  This  mini- 
mum will  be  positive,  since  the  distance  is  a  continuous  func- 
tion of  s  which  does  not  reduce  to  zero.  Denoting  by  po  the 
distance 

PO  =  ^l[x  -  f{so)?  +  \y  -  <p{so)]\ 

a  quantity  which  depends  oil  x  and  y  but  not  on  s,  we  can  be 
sure  that  if  po  ^  ^y,  then  p  ^  ^7  for  |  *  —  *o  |  ^  5.  Con- 
sequently, if  Jf  is  the  maximum  of  |  F{s)  |, 

*  It  is  our  purpose  merely  to  indicate  a  single  solution  of  the  boundary 
value  problem;  when  on.-  solution  is  given,  it  is  of  course  possible  inune- 
diately  to  find  infinitely  many  others. 


Digitized  by 


Google 


1916.]      AN  ELEMENTARY  BOUNDARY  VALUE  PROBLEM.  395 

and  similarly 


^  8M{1  -sq-S) 

^  n  « 


•   I  r  if{s)-fmA 

We  see  accordingly  that 

(1)  \J(x,y)-F(so)\^h  +  ^^. 

provided  that  {x,  y)  is  a  point  at  a  distance  from  Pq  not  greater 
than  J7,  and  not  lying  on  C.  It  remains  only  to  show  that  as 
{x,  y)  approaches  Po,  the  value  of  Jo  becomes  infinite.  For  if 
this  is  established^  the  second  term  on  the  right-hand  side  of 
(1)  will  be  less  than  ^c  when  (a?,  y)  is  suflSciently  near  to  Po> 
and  it  will  follow  that 

I  J(x,  y)  -  F{8o)  I  <  €. 

Let  ri  be  an  arbitrarily  small  positive  quantity.  If  po  ^57 
and  I  *  —  5o  I  ^  i^,  it  is  certain  that  p  ^rj,  since  it  has  been 
assumed  that  s  represents  the  length  of  arc  along  the  curve. 
For  all  points  within  a  distance  §17  of  Pq,  therefore, 


Jo> 


which  can  be  made  arbitrarily  large  by  taking  17  sufficiently 
small.    This  completes  the  proof. 

Now  let  C  be  an  arbitrary  closed  Jordan  curve,  given  by  a 
pair  of  equations 

X  =  /(O,    y  =  ^(0,  O^t^a, 

where  the  functions  /  and  <p  are  continuous,  and  do  not  yield 
any  one  point  twice,  except  f or  /  =  0  and  t  =  a.  It  will  be 
convenient  to  think  of/  and  <p  as  defined  for  all  real  values  of 
t,  with  the  period  a;  they  will  be  continuous  without  exception. 
Let  F(i)  be  an  arbitrary  continuous  function  of  period  o. 

Let  a)i(^)  and  0)2(17)  be  the  maxima  of  |  f(f')  —  /(if)  \  and 
I  <p{n  -  ^(^0  I  respectively  for  \t''  -f\  ^ri,  and  let 
a)(i7)  =  0)1(17)  +  0)2(17).  Then  o)(i7),  defined  for  17  ^  0,  is  a 
function  which  is  positive  or  zero,  and  never  decreases  when  77 
increases.  Furthermore,  lim,«o  o)(i7)  =  0,  because  of  the  uni- 
form continuity  of  /  and  ip;  and,  more  generally,  u)(ri)  is  con- 
tinuous   for    all    positive    values    of    17,    since    o)(i7'  +  17") 
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^  a)(i70  +  wCiy")'  Let  /3  =  xiv)  =  <^(v)  +  ^-  This  new  func- 
tion is  continuous,  reduces  to  zero  for  17  =  0,  and  always 
increases  when  17  increases.  To  each  value  of  j8  ^  0  corre- 
sponds one  and  just  one  value  of  17;  the  inverse  function 

is  itself  increasing  and  continuous,  and,  in  particular, 
lim,.o^(/3)  =  0. 

We  are  ready  now  to  write  down  a  solution  of  the  boundary 
value  problem.    We  shall  set  J{x,  y)  =  Ji/Jo,  where 

^'^""^  ^^  ^  X  wm'  ^'^'''  ^^  =  Jo  Wm' ' 

and  

P=  V[a:-/(0?+[y-^(OP. 

It  is  true  again  that  «7(a;,  y)  is  defined  and  continuous  at  all 
points  {Zj  y)  not  lying  on  the  given  curve.  Guided  by  the 
earlier  demonstration,  we  shall  begin  the  proof  that  J{x,  y)  is 
a  function  having  the  desired  property,  by  showing  that  Jo 
becomes  infinite  as  (a:,  y)  approaches  a  point  P^:  (/(<o),  viU)) 
of  the  curve. 

Let   j3   be   an   arbitrarily   small   positive   quantity,    and 
17  =  ^(/3).    li\t-U\  ^17,  then 

1/(0  -m  I  ^  a)i(^),     I  <p{t)  -  ^«o)  I  ^  co,(i7), 

and  hence  the  distance  from  P©  to  the  point  (J{t),  <p{t))  is 
subject  to  the  inequality  * 


Denoting  by  po  the  distance  from  Pq  to  the  point  {x,  y),  we  see 

that  when 

(2)  Po  <  /3 

we  can  be  sure  that  p  <  2/3  for  values  of  t  in  the  interval  just 
named,  and  hence 

Jp  ^  i8,    \^(§P)  ^  ^(/3)  =  ^. 

It  follows  that  if  (x,  y)  is  within  the  neighborhood*  of  Po 
defined  by  the  inequality  (2), 


^ifi) 
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As  ^(/3)  approaches  zero  with  jS,  the  assertion  with  regard  to  Jo 
is  justified. 

Returning  to  the  consideration  of  the  numerator  J\  and  the 
quotient  J,  let  €  be  an  arbitrarily  small  positive  quantity, 
and  h  a  positive  quantity  such  that  |  F{i)  —  F{t^  \  ^  fc  for 
I  <  —  <o  I  ^  5;  let  7  be  the  minimum  distance  from  P©  to  a 
point  of  C  for  which  |  <  —  <o  |  ^  5,  a  distance  which  is  surelv 
positive,*  and  finally  let  M  be  the  maximum  value  of  |  F{t)  |. 
If  po  ^  It,  it  is  certain  that  p  ^  ^7  for  |  <  —  <©  |  ^  5.  We  see 
that  the  following  inequalities  hold : 

I  J.      mh)?     I -Jo    mh)?~mh)r^    ^' 


/■(0-.F«o)     I         2Jf 


dt 


«  2Jlf a 


and  by  combination  of  these, 

|J(^.y)-^«o)|-|^J^     [^(jp)P    •-  =^2-[^(H]Vo. 

If  (a:,  y)  is  sufficiently  near  to  Po,  the  value  of  Jo  will  be  so 
large  that  the  second  term  on  the  right  is  less  than  f  €,  and  we 
shall  have  the  inequality  Which  establishes  the  theorem  to  be 
proved, 

I  Jix,  y)  -  P«o)  I  <  €. 

It  may  be  remarked  that  similar  reasoning  can  be  applied 
to  Jordan  curves  that  are  not  closed,  or  to  a  system  of  any 
finite  number  of  Jordan  curves,  no  two  of  which  have  a  point 
in  common. 

Harvard  UNivBRsrrT, 
Cambru>gb,  Mass. 

*  We  are  assuming  here  that  i  is  restricted  to  the  interval  0  £  ( ^  a. 
and  are  making  for  convenience  the  further  assumption,  of  no  essential 
significance,  that  (« is  an  interior  point  of  the  same  interval. 
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CONCERNING  REVIEWS. 

'  On  reading  certain  book  reviews  that  have  appeared  in 
recent  numbers  of  the  Bulletin,  one  is  reminded  of  Addison's 
complaint  that  rather  than  to  dwell  upon  the  excellencies  of  a 
work  some  reviewers  imagine  they  have  discharged  their  duty 
when  they  have  succeeded  in  pointing  out  slight  faults  and 
errors,  forgetting  that 

"Errors,  like  straws,  upon  the  surface  flow; 
He  who  would  search  for  pearls  must  dive  below.'' 

As  an  instance  justifying  this  complaint  I  wish  to  cite  the 
review  of  the  "  Memorabilia  Mathematica  "  in  the  January'num- 
ber  of  the  Bulletin.  Except  for  an  extract  from  the  preface  of 
the  book  and  its  table  of  contents,  which  is  erroneously  quoted 
(there  are  twenty-one  chapter  headings  instead  of  the  seventeen 
quoted  by  the  reviewer,  and  two  of  those  are  wrongly  quoted), 
one  seeks  in  vain  for  a  word  that  would  enlighten  the  reader 
as  to  the  contents  of  the  book.  The  remainder  of  the  review,, 
as  far  as  it  deals  with  the  work  under  consideration,  is  Jjmited 
to  trivial  errors  and  petty  fault-finding.  Of  what  possible 
interest  can  it  be  to  the  reader  to  be  told  that  in  one  place  T* 
should  be  replaced  by  T,  or  that  "inapt"  appears  where  the 
original  has  the  misspelled  form  "unapt,"  or  again,  that  New- 
ton's utterance  "I  don't  know  what  I  may  seem  to  the  world" 
as  quoted  by  Parton  is  given  by  Brewster  in  the  form  "I  do 
not  know  what  I  may  appear  to  the  world  "?  Surely  an  author 
might  deem  himself  fortunate  whose  work  were  blemished  by 
no  greater  faults  1 

Suppose  the  reviewer's  five-page  review  were  reviewed 
according  to  his  own  standard.  He  writes  "Porton"  for 
"Parton,"  "Euclyde"  for  the  "Euclide"  of  the  original,  and 
"hut"  for  "hyt"  in  the  line  "Yn  Egypte  he  tawghte  hyt  ful 
wyde."    His  quotation  from  Prior 


should  read 


'Circles  to  square,  and  cubes  to  double. 
Would  give  a  man  excessive  trouble;" 


"Circles  to  square,  and  Cubes  to  double. 
Would  give  a  Man  excessive  Trouble:   * 


*  Matthew  Prior,  Cambridge  English  Classics,  Cambridge  (1905),  p.  248. 
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The  original  form  of  the  line 

''God  said|  'Let  Newton  be  I'  and  all  was  light/' 
from  Pope's  Epitaph  intended  for  Sir  Isaac  Newton  is  not 

"God  said,  Let  Newton  be!  and  all  was  light/' 

as  the  reviewer  has  it,  but 

"GOD  said,  Let  Newton  be\  and  all  was  Light."* 

There  are  other  errors  of  a  like  character  but  enougl>  have 
been  cited  to  lend  support  to  Addison's  dictum  that  there 
never  was  a  critic  who  made  it  his  business  to  lash  the  faults 
of  others  who  was  not  guilty  of  greater  faults  himself. 

In  conclusion  I  must  call  attention  to  one  or  two  more 
serious  errors  in  the  review  in  question.  On  page  188  we  are 
told  that  in  Ahrens's  Scherz  und  Ernst  inder  Mathematik  names 
of  living  mathematicians  are  rarely  met  with.  The  volume 
in  question  contains  by  actual  count  20  quotations  from  Klein, 
18  from  Poincar^,  10  from  M.  Cantor,  7  each  from  Hilbert  and 
Frobenius,  6  from  G.  Cantor,  and  so  on  through  more  than  a 
score  of  names  of  men  either  now  living  or  deceased  since  the 
book  appeared  in  1904.  Again,  the  Memorabilia  Mathe- 
matica  contains  1,140  quotations  instead  of  some  1,200  as 
stated  by  the  reviewer.  The  seven-line  reference  on  page 
190  to  the  reviewer's  own  paper  is  irrelevant  to  the  matter  in 
hand.  A  most  curious  slip  occurs  on  page  191  in  the  reviewer's 
observation  "for  Reid,  M."  read  "Reid,  T."  the  line  criticized 
being,  "Reid,  M.  as  an  exercise  in  language." 

Robert  E.  Morfiz. 
The  University  op  Washington. 


With  regard  to  the  collection  of  quotations  which  Professor 
Moritz  edits,  the  reviewer  does  not  find  that  he  has  made  a 
single  statement  which  may  be  legitimately  termed  inaccurate, 
or  which  is  liable  to  give  a  wrong  impression  as  to  the  merits 
of  the  editor's  redaction — a  redaction  which  the  editor  himself 
appears  to  regard  as  containing  "pearls"  unnoticed  by  the 
reviewer.    Let  us  see  what  his  strictures  amount  to. 

•  Warburton's  "The  Works  of  Alexander  Pope,  as  they  were  delivered 
to  the  Editor  a  little  while  before  his  death,  etc."  London  (1760),  vol.  6, 
p.  99. 
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In  spite  of  the  authority  of  the  great  Oxford  Dictionary  he 
contends  that  "some  1200"  may  not  be  used  to  refer  to  11401 
Again,  the  reviewer  is  accused  of  error  in  tabulation  of  the 
contents.  These  consist,  presumably,  (1)  in  stating  that  the 
quotations  were  classed  under  20  headings  when  the  editor 
claims  21  ("Persons  and  anecdotes,  A-M,"  "Persons  and 
anecdotes,  N-Z,"  the  reviewer  was  guilty  of  combining  under 
one  heading:  "Persons  and  anecdotes");  (2)  in  asserting  that 
"Definition  and  object  of  mathematics"  was  a  heading  when 
the  first  word  should  have  been  in  the  plural  form;  and  (3) 
in  leaving  it  to  the  reader  to  infer  that  two  of  the  20  headings, 
"Mathematics  as  a  Fine  Art"  an4  "Mathematics  as  a  Lan- 
guage," were  indicated  by  "Mathematics  as  a  fine  art,  as  a 
language";  and  similarly  that  three  headings  were  indicated 
by  "Mathematics  and  logic,  and  philosophy,  and  science." 

In  response  to  the  inquiries  of  Professor  Moritz  the  following 
replies  may  be  vouchsafed:  (a)  In  the  Thomson  and  Tait 
quotation  T  has  no  meaning,  while  the  calculus  notation  T  is 
peculiarly  pregnant  with  suggestion;  (6)  it  is  not  true  that 
unapt  is  misspelled  for  inapt  in  Orr's  mnemonic — this  may 
be  verified  by  the  simple  expedient  of  consulting  the  Century 
Dictionary;  (c)  it  may  be  learned  from  any  first-class  librarian  - 
that  Parton  is  a  worthless  authority  in  connection  with  any 
statement  concerning  Newton. 

Let  us  now  take  up  five  examples,  somewhat  different  in 
character,  to  illustrate  Professor  Moritz's  methods  of  criticism. 

1.  In  his  book  he  gives  two  of  the  seven  lines  written  by 
Pope  as  an  epitaph  on  Sir  Isaac  Newton  and  refers  to  those 
two  lines  as  the  epitaph  in  question;  the  reviewer  remarked 
that  this  statement  was  inaccurate  and  gave  the  full  quotation, 
with  a  reference  to  Elwin  and  Courthope's  standard  edition  of 
Pope's  works.  In  thie  quotation  there  is  not  the  slightest  mis- 
print in  capitalization,  in  italics,  or  in  punctuation.  That 
some  other  edition,  no  more  authoritative,  has  a  different  capi- 
talization in  one  line  is  entirely  irrelevant. 

2.  The  same  method  is  applied  to  the  quotation  by  Prior, 
again  given  with  exact  reference  by  the  reviewer.  There  is 
not  a  particle  of  variation  between  the  original  and  that  indi- 
cated in  the  review. 

3.  Again,  the  reviewer  wrote:  "on  page  405  of  the  index  for 
Reid,  M.  read  Reid,  T."  To  be  more  explicit,  8  quotations 
are  attributed  to  Thomas  Reid  in  the  Memorabilia.    These 
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are  all  incorrectly  listed  in  the  index  on  page  405,  under 
Reid,  M.  Instead,  therefore,  of  a  "most  curious  slip"  on  the 
part  of  the  reviewer,  yet  another  has  been  made  by  Professor 
Moritz  himself.  But  his  slips  in  this  sentence  are  not  con- 
fined to  one,  or  even  two.  Without  any  foundation  whatever 
the  reviewer  is  accused  of  criticizing  a  line  "Reid,  M.  as  an 
exercise  in  language."  This  line  occurs  nowhere  in  the  book. 
True  one  does  find  "Reidt,  M.  as  an  exercise  in  language," 
to  which  the  reviewer  made  no  reference,  but  here  he  now 
finds  another  slip,  for  instead  of  M.  should  be  F.* 

4.  The  reviewer  repudiates  Professor  Moritz's  statement  of 
what  he  wrote  concerning  Ahrens's  work.  What  he  did  write 
was  as  follows:  "A  24-page  detailed  index  of  subjects  and 
authors  provides  the  means  for  rapid  orientation.  Names  of 
living  mathematicians  are  rarely  met  with,  but  references  to 
the  "old  masters"  such  as  Abel,  Euclid,  Gauss,  Helmholtz, 
Lagrange,  I^place,  Steiner  and  Weierstrass  are  very  numerr 
ous."  Even  if  "a  score  of  names"  of  living  mathematicians 
may  be  found  in  the  24-page  index,  the  statement  of  the 
reviewer  has  not  been  shown  to  be  in  the  smallest  degree 
inaccurate. 

5.  With  exact  reference  to  HalHweirs  Rara  Mathematica 
the  reviewer  quoted  some  lines  referring  to  Euclid.  It  is  not 
true  that  "Euclide"  should  replace  "Euclyde"  in  that  quota- 
tion; it  is  true  that  "hyt"  should  replace  "hut"  in  the  third 
line,  and  the  reviewer  is  glad  to  have  his  attention  drawn  to 
this  slip  in  proof-reading. 

The  relation  between  the  reviewer's  and  critic's  statements 
thus  set  forth,  render  impotent  the  critic's  remark  concerning 
"other  errors  of  a  like  character."  In  conclusion  it  may  now 
be  added  that  in  his  review  the  reviewer  mentioned  only  a 
few  of  the  three  score  of  slips  which  he  had  noticed  in  the 
Memorabilia. 

R.  C.  Archibald. 

*  On  page  408  the  biographer  of  Lord  Kelvin  is  referred  to  as  Sylvanus 
(instead  of  Silvanus)  Thompson.  The  reviewer  is  indebted  to  Mr.  W.  J. 
Greenstreet  for  calling  his  attention  to  this  same  slip  in  his  review. 
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Robert  of  Chester^s  Latin  Translation  of  the  Algebra  of  AU 
Khowarizmi,  with  an  introduction,  critical  notes,  and  an 
English  version.  By  Louis  Charles  Karpinski.  Uni- 
versity of  Michigan  Studies,  Humanistic  Series,  Vol.  XI. 
New  York,  The  Macmillan  Company,  1915.  viii  +  164  pp. 
Price  $2. 

Of  the  various  kinds  of  contributions  to  the  history  of 
mathematics,  those  which  are  based  upon  a  study  of  original 
sources  are,  of  course,  the  most  important.  It  was  through 
contributions  of  this  type  that  Boncompagni's  BuUettino 
exercised  its  great  influence;  it  is  through  these  studies  that 
the  Abhandlungen  zur  Geschichte  der  Mathematik  have 
proved  so  valuable;  and  it  is  through  its  articles  based  upon 
original  sources  that  the  Bibliotheca  Mathematica  has  made  its 
reputation.  In  this  critical  study  of  original  sources,  however, 
our  own  scholars  have  thus  far  been  very  backward.  This  is 
entirely  natural,  because  it  is  first  necessary  to  study  the 
secondary  sources  in  any  new  branch,  and  it  takes  time  to 
discover  a  problem  and  to  find  the  opportunity  for  assisting 
in  its  solution.  On  this  account  those  to  whom  the  story  of 
mathematics  has  a  charm  have  thus  far,  in  our  country,  been 
chiefly  occupied  in  learning  the  literature  and  in  delving  into  the 
pages  of  Cantor  and  his  predecessors,  or  in  studying  as  time 
allowed  such  works  as  those  of  Heath  or  Braimmiihl. 

It  is  for  this  reason  that  the  appearance  of  this  work  by 
Professor  Karpinski  is  i>articularly  noteworthy.  Many 
scholars  publish  the  results  of  their  studies  in  one  line  or 
another  from  time  to  time,  and  these  results  are  often  note- 
worthy; but  to  few  is  it  given,  as  it  has  been  in  this  case,  to 
suggest  a  new  excursion  into  one  of  the  by-paths  of  the  aca- 
demic grove  of  a  country.  And  yet  this  is  what  has  been 
done  in  the  work  under  review,  for  it  stands  as  the  first  note- 
worthy original  study  of  a  European  version  of  an  early 
classic  in  mathematics. 

It  is  well  known  that  Al-Khowarizmi,  early  in  the  ninth 
century,  wrote  a  work  bearing  the  title  "  algebr  w'almuqabala." 
It  is  also  well  known  that  this  work  was  translated  into  Latin 
by  Robertus  Retinensis  (Ketenensis,  de  Ketene,  Ostiensis, 
Astensis,  or  Cestrensis),  commonly  known  today  as  Robert 
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of  Chester,  one  of  the  group  of  English  scholars  that  revealed 
the  most  important  scientific  works  of  the  Arabs  to  western 
Europe  in  the  twelfth  century.  Here,  however,  the  story- 
comes  to  an  end  for  most  students.  Occasionally  some  reader, 
browsing  in  the  appendix  to  Libri's  Histoire,  comes  across  the 
Latin  version  ascribed  to  Gherardo  of  Cremona,  and  the 
Rosen  translation  (1831)  from  an  Arabic  manuscript  in  the 
Bodleian  Library  is  accessible  in  any  large  scientific  collection; 
but  Robert  of  Chester's  version  has  thus  far  remained  beyond 
the  reach  of  most  students.  Curiously  enough,  however,  the 
work  was  at  one  time  prepared  for  the  printer,  by  Johann 
Scheybl,  professor  of  mathematics  at  Tubingen,  probably 
soon  after  1550.  For  some  reason  Scheybl's  text  was  never 
published,  and  this  manuscript  was  not  preserved,  like  various 
others  of  this  writer,  in  the  library  of  his  university.  After 
various  wanderings  it  appeared  in  the  stock  of  a  German 
book  dealer  about  fifteen  years  ago,  and  the  writer  of  this 
review  purchased  it  for  a  small  sum,  as  an  anonymous  manu- 
script t)n  mathematics,  for  the  library  of  Columbia  University. 
About  a  year  later,  upon  examining  it  with  some  care,  the  name 
of  Scheybl  suggested  that  it  might  be  one  of  his  manuscripts, 
and  photographs  were  made  of  other  manuscripts  in  his  hand 
at  Tubingen.  A  comparison  of  the  handwriting  showed  at 
once,  and  without  question,  that  the  Columbia  manuscript 
was  a  lost  one  of  Scheybl's.  Moreover,  it  was  seen  that  it 
contained  a  Latin  version  of  Al-Khowarizmi  which  differed  in 
various  details  from  the  one  published  by  Libri  and  from  the 
Arabic  copy  used  by  Rosen.  It  is  this  manuscript  which  Pro- 
fessor Earpinski  has  transcribed,  translated,  and  annotated. 
The  form  of  the  publication  is  very  satisfactory.  On  the 
left-hand  page  is  the  Latin  text;  on  the  right-hand  page  is 
the  translation;  at  the  foot  of  each  page  are  such  notes  as  are 
necessary  to  show  the  variation  of  the  Scheybl  version  from 
the  Dresden  and  Vienna  codices  and  from  the  Arabic 
manuscript  used  by  Rosen.  Professor  Karpinski  has  wisely 
reirained  from  attempting  a  literal  translation,  since  the 
transcribed  text  furnishes  all  needed  material  for  the  study  of 
exact  expressions;  but  he  has  given  his  readers  that  free  type 
of  translation  which  permits  of  a  work  being  easily  read  and 
easily  understood.  All  difficulties  of  any  moment  are  re- 
moved by  the  extensive  array  of  footnotes,  and  altogether 
there  is  little  which  one  could  desire  that  has  not  been  given. 
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In  one  sense  the  Robert  of  Chester  version  is  not  as  satis- 
factory as  the  one  attributed  to  Gherardo  of  Cremona,  but 
the  latter  had  abeady  been  published  by  libri,  and  hence 
it  was  desirable  that  the  former  should  also  be  made  available 
for  study.  In  this  connection  it  is  also  proper  to  mention 
another  manuscript  of  Al-Khowarizmi's  algebra,  for  a  knowl- 
edge of  which  many  students  are  indebted  to  Professor 
Karpinski.  This  version  lay  unnoticed  in  an  Italian  manuscript 
of  the  fifteenth  century  until  the  present  reviewer  happened 
upon  it  in  the  library  of  the  well-known  bibliophile  George  A. 
Plimpton,  of  New  York,  some  years  ago.  This  may  possibly 
be  the  version  of  William  of  Luna,  and  some  scholar  should 
do  for  it  what  Professor  Karpinski  has  done  for  the  Robert  of 
Chester  translation. 

Of  the  work  of  Al-Khowarizmi  itself,  this  is  not  the  place 
to  speak,  since  we  are  concerned  with  the  translation  rather 
than  the  original.  One  problem  concerning  it  may,  however, 
be  mentioned,  namely,  that  which  relates  to  the  source  of 
Al-Khowarizmi's  knowledge.  Essentially,  the  treatment  is 
Greek,  but  no  direct  connection  exists  between  it  and  such 
classical  works  as  those  of  Euclid  and  Diophantus.  Neither 
the  problems  nor  the  identical  methods  can  be  traced  to  any 
other  source,  although  Al-Khowarizmi  knew  something  of 
Hindu  mathematics  and  the  Greek  authors  were  already 
becoming  known  in  Bagdad  where  he  was  at  work.  The 
problem,  therefore,  is  to  determine  whether  any  of  this 
material  is  to  be  found  in  the  works  of  minor  Greek  or  Hindu 
writers,  or  possibly  in  the  works  of  Persian  and  Chinese 
authors  whose  treatises  have  still  to  be  critically  examined. 

The  work  closes  with  a  carefully  selected  Latin  glossary 
which  will  be  helpful  to  students  of  mathematics  of  the 
medieval  and  renaissance  periods.  It  is  probably  too  much 
to  expect  that  in  any  university  series  of  this  kind  the  reader 
is*  to  be  assisted  by  an  index.  Whether  this  is  because  of 
tradition  or  because  of  the  economy  of  our  universities  it  is 
hard  to  say;  but  we  may  be  sure  that  on  this  occasion  it  is 
not  due  to  the  wishes  of  a  student  like  Professor  Kaipinski. 
No  one  who,  like  the  writer,  has  had  occasion  to  refer  to  this 
work  several  times,  and  wishes  to  find  such  an  item  as 
Gherardo's  supposed  translation,  can  fail  to  regret  the  omission 
of  this  feature. 

On  the  whole,  it  may  be  said  that  the  work  under  review  is 
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a  very  noteworthy  contribution  to  the  study  of  sources  in 
the  history  of  mathematics. 

David  Eugene  Smfth. 


A  First  School  Calculus.    By  R.  Wyke  Batliss.    London, 

Longmans,  Green  and  Company,  1915.    xii  +  288  pp. 

The  pedagogical  method  used  in  this  book  is  distinctly 
different  from  any  found  in  the  usual  elementary  calculus  text. 
The  author,  a  mathematical  master  at  a  boys'  preparatory 
school  in  England,  aims  to  teach  the  calculus  to  the  youths  by 
means  of  the  question  and  answer  method.  Simple  and 
definite  questions  on  concrete  problems  concerning  matter 
supposedly  familiar  to  the  youthful  students  are  used  to 
develop  and  fix  the  fundamental  principles  of  the  calculus. 
There  are  180  pages  of  questions  and  suggestions;  the  answers 
to  these  cover  100  pages. 

An  equivalent  of  a  meager  high  school  course  in  mathematics 
seems  sufficient  as  a  prerequisite.  Much  of  the  work  could 
be  done  orally;  a  private  student  might  make  considerable 
headway  by  using  the  text.  Graphical  work  is  minimized 
and  included  almost  entirely  among  the  answers. 

No  attempt  is  made  to  introduce  rigor  in  the  derivation  of 
formulas.  For  example,  the  formulas  based  on  the  exponential 
function  are  developed  from  a  practical  consideration  of  the 
rate  of  increase  of  a  sum  of  money  placed  at  compound  interest 
(continuous) — a  concept  with  which  all  the  students  are  sup- 
posed to  be  familiar.  Or  they  are  advised  to  draw  a  figure 
and  use  this  to  derive  a  formula.  Or  tables  of  trigonometric 
functions  may  be  used  to  get  average  rates  of  increase  and 
thus  lead  to  general  formulas.  All  of  which,  thoroughly 
rough  and  ready,  seems  like  substituting  a  butcher's  cleaver^ 
with  a  fairly  dull  edge  for  the  scalpel  in  a  surgical  operation. 

In  the  integral  calculus  much  time  and  labor  is  saved  by 
the  following  definition  of  integral:  "We  have  seen  that  the 
symbol  D^^fix)  denotes  the  expression  for  the  amount  of  a 
quantity  when  its  rate  of  increase  is  denoted  by  f(x).  The 
amount  D^^f(x)  is  called  the  integral  of  the  function  f(x)." 
After  which  iformulas  may  be  applied  in  large  chunks.  And 
there  is  an  everlasting  amount  of  formal  differentiating  and 
integrating  to  be  done. 

The  evaluation  of  the  definite  integral  is  arrived  at  through 
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the  summation  process  common  to  most  calculus  texts.  Much 
smoother  sailing  is  evident  when  areas,  volumes,  centroids 
and  moments  of  inertia  are  found. 

Needless  to  say,  the  law  of  the  mean,  extended  law  of  the 
mean,  various  forms  of  remainders  and  their  Uke  are  decidedly 
not  included  in  the  chapter  on  the  expansion  in  series,  nor  are 
the  various  degrees  of  convergence  considered.  As  the  author 
puts  it  ".  .  .  there  are  'pinnacles'  and  'caverns'  which  only 
the  experienced  mathematician  should  explore." 

The  concluding  chapter  is  headed  The  Borderland  of  Dis- 
covery. In  other  texts  this  is  labeled  Approximate  Integra- 
tion. 

There  is  throughout  the  book  much  material  of  a  rough  and 
ready  nature,  which  is  well  worth  while  and  of  great  service 
in  illustrating  the  fundamental  principles  of  the  calculus; 
there  is  certainly  lacking  the  close  reasoning  which  only  the 
use  of  the  method  of  limits  can  assure  the  calculus.  The 
question  and  answer  method  might  work  well  with  a  very 
limited  number  of  students,  though  they  would  certainly 
have  to  be  English  because  all  units  used  are  intensely  British; 
but,  with  all  the  answers  given  in  detail,  we  doubt  very  much 
if  even  the  most  conscientious  students  might  not  too  often 
be  tempted  to  "look  in  the  book  and  see." 

Ernest  W.  Ponzer. 

MaihenuUische  Abhandlungen,  Hermann  Amandus  Schwarz 
2U  seinem  funfzigjdhrigen  Doktorjubildum  am  6.  August 
1914  gevndmet  von  Freunden  und  SchuLern,  Berlin,  Springer, 
1914.    Portrait,  viii+451  pp. 

This  volume  forms  an  imposing  testimonial  to  the  influence 
on  the  development  of  modern  mathematics  of  the  research 
,and  teaching  of  Schwarz.  Of  the  thirty-four  papers  contrib- 
uted by  his  friends  and  former  students,  a  majority  deal  with 
subjects  and  methods  brought  out  by  him.  It  is  impossible,, 
within  the  limited  space  of  this  review,  to  do  full  justice  to  the 
rich  contents  of  this  volume,  so  that  the  reviewer  must  confine 
himself  to  mentioning  a  few  of  the  papers  which  have  been  of 
particular  interest  to  him,  while  regretting  the  necessity  of 
passing  in  silence  many  noteworthy  contributions. 

C.  Carathfiodory  gives  a  simplification  of  his  former  proof 
in  the  Mathematische  Annalen,  volume  72,  of  the  most  general 
existence  theorem  in  conformal  representation,  and  establishes. 
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a  number  of  cases  in  which  the  continuous  one-to-one  corre- 
spondence of  the  boundary  points  may  be  shown  by  Schwarz^s 
principle  of  reflexion.  L.  Fejer  proves  some  simple  and  elegant 
theorems  on  the  convergence  of  power  series,  defining  a  con- 
formal  representation,  on  their  convergence  circle,  and  O. 
Holder  deals  with  the  question  of  the  variation  of  the  solution 
of  a  differential  equation  when  the  form  of  the  latter  is  varied. 
A.  Hurwitz  solves  the  problem,  proposed  by  Weierstrass,  of 
the  possibility  of  defining  the  elliptic  sigma  function  by  its 
addition  theorem,  while  P.  Koebe  has  an  article,  also  inspired 
by  Weierstrass,  on  analytic  functions  possessing  an  algebraic 
addition  theorem.  E.  Landau  carries  his  researches  on  prime 
numbers  into  definite  quadratic  forms  and  pure  cubic  number 
fields,  Ch.  Miintz  gives  an  elegant  extension  of  Weierstrass's 
theorem  on  approximation  by  ordinary  polynomials  to  such 
as  involve  non-integral  powers,  and  E.  Schmidt  presents  simple 
proofs  of  the  fundamental  properties  of  the  Newtonian  po- 
tential, beautiful  by  their  unity  of  method.  J.  Schur  in- 
vestigates the  expansion  of  a  function  in  a  series  of  character- 
istic functions  of  a  positive  definite  kernel,  M.  Simon  con- 
tributes an  attractive  sketch  of  the  life  and  works  of  Sophie 
Germain,  0.  Toeplitz  gives  an  example  throwing  much  Ught 
upon  the  scope  of  Mercer's  theorem  in  integral  equations,  and 
in  the  final  paper  of  the  volume,  D.  Hilbert  deals  with  a 
general  question  in  the  theory  of  invariants,  closely  connected 
with  his  work  in  the  early  nineties. 

T.  H.  Gronwall. 

Graphische  Methoden.    Von  C.  Runge.    Leipzig,  Teubner, 

1915.    iv+142pp. 

This  book,  which  appears  as  No.  18  of  Jahnke's  collection 
of  mathematical  and  physical  texts,  is  a  translation  of  the 
lectures  delivered  by  the  author  in  1909-10  at  Columbia 
University  and  published  in  1912  as  No.  4  of  the  publications 
of  the  Ernest  Kempton  Adams  Fund  for  Physical  Research. 

Chapter  I  gives  the  means  for  performing  graphically  the 
four  elementary  operations  on  real  numbers,  the  graphical 
calculation  of  polynomials  in  one  variable  and  of  linear  func- 
tions of  n  variables,  including  the  solution  of  a  system  of  linear 
equations,  and  ends  with  the  representation  of  complex  num- 
bers in  the  Gaussian  plane. 

Chapter  II  deals  with  graphs  of  functions  of  one  variable^ 
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the  principle  of  the  slide  rule,  change  of  variables,  the  calculation 
of  a  =  /(it,  y)  by  contour  lines  of  the  corresponding  surface, 
and  its  dual  method  in  line  coordinates,  the  nomography  of 
d'Ocagne.  The  extension  of  the  latter  to  more  than  three 
variables  is  briefly  indicated.  Chapter  III  contains  various 
methods  of  graphical  integration  and  differentiation,  includ- 
ing the  determination  of  the  integral  curves  ot  differential 
equations  of  the  first  and  second  order. 

The  presentation  is  concise  and  very  clear,  and  supported 
by  well  chosen  illustrative  examples  and  94  figures,  the 
neatness  of  which  forms  a  much-needed  object  lesson  to  many 
writers  of  texts  on  geometry  and  graphics. 

Regarding  literature,  there  is  only  a  general  reference  to  the 
corresponding  articles  in  the  Encyklopadie;  it  would  have  been 
appropriate  to  give  at  least  some  references  for  further  study, 
as  for  instance  to  d'Ocagne's  Calcul  graphique  et  Nomographic, 
and  various  papers  by  Runge,  Kutta  and  others  on  the 
graphical  integration  of  differential  equations.  The  book 
under  review  brings  forth  one  sad  reflection:  when  will  our 
writers  of  calculus  texts  for  engineering  students  see  fit  to  give 
something  really  modern  and  practical  on  graphical  integration 
and  solution  of  differential  equations? 

T.  H.  Gronwall. 

IJher  die  Theorie  des  Kreisels.    Von  F.  Klein  und  A.  Som- 
MERFELD.     Heft    I:    Die    kinematischen    und    kinetischen 
Grundlagen  der  Theorie.    Zweiter  durchgesehener  Abdruck. 
Leipzig,  Teubner,  1914.    viii-|-196  pp. 
The  second  edition  of  the  first  part  of  this  standard  work 

differs  but  slightly  from  the  first  one.    Literature  references 

have  been  brought  up  to  date,  and  occasionally  the  wording  of 

A  theorem  is  changed. 

T.  H.  Gronwall. 

Konstruktionen  in  Begrenzter  Ebene.  Mathematische  Biblio- 
thek,  herausgegeben  von  W.  Lietzmann  und  A.  Witting, 
XL  Von  P.  ZuHLKE.  Leipzig  und  Berlin,  B.  G.  Teubner, 
1913.    39  pp.    65  fig. 

This  book  treats  the  subject  of  constructions  in  a  limited 
plane  primarily  from  the  standpoint  of  drawing.  No  restric- 
tion is  made  to  a  particular  set  of  axioms  for  proofs,  or  to  any 
particular  set  of  instruments  for  constructions.    Both  metric 
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and  non-metric  methods  are  used,  the  theorems  of  Desargues 
and  of  Pascal  (Pappus)  being  used  for  a  basis  for  many  of  the 
constructions.  Cases  in  which  lines  are  parallel  are  considered 
as  distinct  from  cases  in  which  the  lines  merely  fail  to  meet  on 
the  paper,  a  distinction  which  is  of  special  importance  in  case 
an  instrument  for  drawing  parallels  is  available. 

After  a  brief  historical  introduction,  the  book  consists  of 
five  subdivisions.  I.  Unreachable  points  of  intersection  of 
two  or  more  lines.  11.  Bisection  of  an  angle  with  non-inter- 
secting sides.  III.  Construction  of  triangles  and  polygons 
with  unreachable  vertices.  IV.  Problems  in  the  theory  of 
circles.    V.  Bibliography. 

A  large  variety  of  methods  is  given,  although  some  of  those 
given  as  distinct  differ  in  only  slight  particulars.  The  chapter 
on  circles,  in  which  points  are  given  by  means  of  non-inter^ 
secting  circles,  i.  e.,  by  circles  of  which  parts  lie  on  the  paper, 
but  whose  points  of  intersection  do  not,  is  especially  interesting. 

It  is  much  to  be  regretted  that  material  on  such  subjects  as 
this  is  not  more  readily  available  in  the  English  language. 
Perhaps  our  poverty  in  well-written  elementary  books  of 
such  a  character  as  to  supplement  our  preparatory-school 
work  is  responsible  for  part  of  the  difficulty  in  stimulating 
bright  pupils  to  do  work  outside  of  the  daily  minimum  require- 
ment of  the  textbook.  Much  of  the  matter  in  this  little  book 
might  well  be  used  for  this  purpose. 

F.  W.  Owens. 

Introduction  geometrique  a  quelques  ThSories  physiques.  Par 
Emile  Borel.  Paris,  Gauthier-Villars,  1914.  viii+139 
pp. 

This  book  is  centered  about  the  theories  of  relativity  and 
statistical  mechanics,  and  is  divided  into  two  distinct  parts,  of 
which  the  first  deals  in  textbook  fashion  with  certain  kine- 
matical  questions  from  a  purely  mathematical  point  of  view, 
while  the  second  is  composed  of  seven  papers,  all  published 
before  and  rather  loosely  connected  with  each  other,  dealing 
with  various  topics  in  mathematical  physics  in  a  critical  and 
philosophical  manner.  The  first  part  contains  four  chapters 
on  the  euclidean  displacements  in  two  and  three  dimensions, 
the  four-dimensional  euclidean  geometry,  a  two-dimensional 
hyperbolic  geometry,  and  the  three-  and  four-dimensional 
hyperbolic  displacements  and  their  application  to  the  kine- 
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matics  of  relativity.  A  fifth  chapter,  on  functions  of  a  very 
large  number  of  variables,  and  areas  and  volumes  in  a  geometry 
of  10^*  dimensions,  leads  up  to  statistical  mechanics,  the  number 
stated  being  of  the  order  of  magnitude  of  the  number  of  mole- 
cules in  the  unit  volume,  or  the  number  of  dimensions  of  their 
velocity  space. 

The  titles  of  the  seveU' papers  forming  the  second  part  are  as 
follows:  On  the  principles  of  the  kinetic  gas  theory;  statistical 
mechanics  and  irreversibility;  the  relativity  of  space  according 
to  Henri  Poincar^;  some  remarks  on  the  theory  of  resonators; 
on  a  problem  in  geometric  probability;  the  kinematics  of  the 
theory  of  relativity;  molecular  theories  and  mathematics. 

These  investigations  of  some  of  the  most  modern  questions 
in  theoretical  physics  should  prove  of  great  interest  to  both 
mathematicians  and  physicists. 

T.  H.  Gronwall. 

Grundziige  der  Geoddne.    Von  M.  Nabauer.    Leipzig,  Teub- 

ner,  1915.    xiv+420  pp. 

This  book  forms  volume  3  of  Handbuch  der  angewandten 
Mathematik,  edited  by  H.  E.  Timerding,  and  is  written  pri- 
marily with  the  purpose  of  acquainting  students  of  mathe- 
matics with  the  modern  methods  of  geodesy.  This  purpose  is 
quite  successfully  accomplished  by  presenting  just  enough  of 
the  practical  side  of  the  subject  to  give  the  proper  setting  for 
the  clear  and  terse  mathematical  discussion  of  the  underlying 
principles  and  the  sources  of  error  in  the  various  geodetic 
operations. 

The  first  part  contains  the  theory  of  errors  and  the  applica- 
tion of  the  method  of  least  squares  to  the  reduction  of  ob- 
servations. Part  two,  plane  surveying,  deals  with  the  sur- 
veying instruments,  the  various  kinds  of  field  work  (the 
paragraph  on  photogrammetry  is  especially  well  done), 
plotting  and  computation  of  areas.  Part  three,  higher  geod- 
esy, begins  with  triangulation  and  the  various  kinds  of  coor- 
dinates on  the  earth  considered  as  a  sphere,  proceeds  to  the 
earth  ellipsoid,  its  conformal  representation  on  the  sphere  and 
the  determination  of  its  dimensions,  and  ends  with  a  brief 
account  of  the  determination  of  the  exact  figure  of  the  earth 
by  astronomical  and  pendulum  observations. 

The  mathematical  apparatus  is  confined  to  the  elements  of 
the  calculus,  and  the  volume  contains  much  that  could  be  used 
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to  advantage  in  bringing  a  course  in  trigonometry  in  closer 
touch  with  one  of  its  main  applications. 

T.  H.  Gronwall. 

Relativity.  By  A.  W.  Conway.  Edinburgh  Mathematical 
Tracts,  number  3.  London,  G.  Bell  and  Sons,  1915.  2  s. 
43  pp. 

This  tract  is  a  course  of  four  lectures  delivered  before 
the  Edinburgh  Mathematical  Colloquium  on  the  subject  of 
relativity.  The  audience  were  representative  of  various 
branches  of  science.  These  four  lectures  start  with  funda- 
mentals, followed  by  a  study  of  the  transformation  of  the 
electromagnetic  equations,  applications  to  radiation  and 
electron  theory,  and  Minkowsla's  transformation.  The  lec- 
turer has  succeeded  very  well  in  presenting  the  essentials  of  the 
relativity  hypothesis  free  from  metaphysics,  and  speculations 
of  any  kind.  He  has  a  decidedly  sane  treatment.  There  are 
examples  enough  to  make  the  ideas  clear,  stated  in  everyday 
terms,  and  not  in  terms  of  the  usual  mathematical  model. 
It  is  a  serviceable  introduction. 

James  Byrnie  Shaw. 

A  Theory  of  Time  and  Space.  By  Alfred  A.  Robb.  Cam- 
bridge, University  Press,  1914.  vi  +  373  pp. 
This  treatise  is  an  elaboration  of  a  previous  publication  on 
the  same  subject.  In  brief  it  is  an  analysis  of  space  and  time 
relations  by  means  of  a  single  type  of  order  called  conical. 
The  author  also  calls  the  result  optical  geometry.  The  treat- 
ment is  of  an  axiomatic  character,  the  few  diagrams  serving 
only  as  schemes.  There  are  twenty-one  postuliates  set  down, 
and  from  these  and  various  definitions,  some  two  hundred  and 
six  theorems  are  deduced.  These  ultimately  lead  to  state- 
ments which  permit  an  algebraic  formulation  by  the  use  of 
four  parameters,  which  may  be  interpreted  as  the  usual  x,  y,  z, 
and  t,  the  last  having  a  somewhat  different  role  from  the 
others.  The  notion  of  relativity  of  course  hovers  in  the  back- 
ground, but  any  one  seeking  light  on  that  notion  here  will  be 
disappointed,  as  the  book  is  simply  a  development  of  a  very 
abstract  geometry  of  four  dimensions. 

It  is  not  possible  to  give  a  resume  of  the  contents  in  a  review, 
but  some  idea  can  be  gained  of  the  point  of  view  by  stating 
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the  fundamental  conceptions  of  the  author  in  a  somewhat 
different  and  more  picturesque  manner  than  he  does.  The 
model  thus  given  is  of  course  due  to  the  reviewer  and  not  to 
the  author.  Let  us  surround  every  point  of  ordinary  three- 
dimensional  space  with  a  sphere,  the  radii  being  anything  we 
like,  and  some  radii  being  considered  to  be  positive,  some 
negative.  Then  any  such  sphere  with  its  center  may  be  called 
an  element.  We  will  consider  that  if  all  the  radii  are  increased 
by  the  same  amount  the  elements  are  unchanged.  Two 
different  spheres  about  the  same  center  at  one  time  are  two 
distinct  elements.  It  is  in  this  conception  that  the  term 
conical  order  becomes  appropriate,  for  if  we  start  with  a  two- 
dimensional  space  and  surround  the  points  by  circles,  when 
the  radii  are  increased  by  the  same  amount  we  may  move  the 
plane  of  operations  parallel  to  itself  a  proportional  amount, 
thus  generating  cones  by  the  expanding  circles.  This  con- 
ception however  cannot  be  used  in  the  imagery  of  three 
dimensions. 

The  element  B  is  said  to  be  after  the  element  A  when  the 
distance  of  the  center  of  A  from  that  of  B  is  less  than  the 
algebraic  difference  of  the  radii  of  B  and  A,  this  difference 
being  positive.  If  the  distance  between  the  centers  is  less 
than  the  difference  between  the  radii  of  A  and  B,  this  difference 
being  positive,  B  is  said  to  be  before  A.  If  the  distance 
between  centers  is  greater  than  the  absolute  value  of  the 
difference  of  the  radii  neither  A  nor  B  is  before  or  after  the 
other.  This  is  the  type  of  order  upon  which  the  author  bases 
his  whole  development.  The  appropriateness  of  the  terms 
from  an  optical  point  of  view  is  seen  if  we  consider  the  spheres 
to  be  the  wave-fronts  of  light  signals  from  the  points.  For 
a  signal  to  proceed  from  A  to  B  within  a  given  time,  the 
element  B  must  be  after  the  element  A. 

The  a-subset  of  A  consists  of  all  elements  whose  centers 
and  radii  are  such  that  the  distances  from  the  center  of  A 
to  the  other  centers  are  equal  to  the  differences  between  the 
radius  of  A  and  the  radii  of  the  other  elements.  The  /S-subset 
of  A  consists  of  all  elements  whose  distances  from  the  center 
of  A  equal  the  differences  of  their  radii  and  the  radius  of  A. 
The  element  A  belongs  to  both  subsets.  If  the  radii  are  all 
increased  sufficiently  the  a-subset  will  consist  of  all  elements 
whose  spheres  are  internally  tangent  to  that  of  -4,  or  would 
become  so  by  further  increase  of  radii. 
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The  elements  Ai  and  A2  determine  an  optical  line  if  A%  is  an 
element  of  either  the  a-subset  of  Ai  or  its  /S-subset.  The 
optical  line  then  consists  of  all  elements  which  are  in  either 
the  two  a-subsets  of  Ai  and  A2  or  their  two  /S-subsets.  All 
these  elements  will  be  tangent  to  the  sphere  of  Ai  at  the  same 
point,  or  will  become  so  when  the  radii  are  all  suflSciently 
increased.  If  A2  is  neither  before  nor  after  Ai,  then  the  two 
determine  a  separation  line,  because  the. elements  which  have 
centers  on  this  line  may  have  spheres  of  such  size  that  no  one 
is  before  or  after  any  other.  In  this  sense  they  are  like 
particles  on  a  line  in  space.  If  A2  is  not  in  the  a-subset  of  Ai 
but  is  after  Ai  they  determine  an  inertia  line,  in  the  sense  that 
a  particle  properly  chosen  could  move  along  this  line  with  a 
given  velocity,  that  is  to  say  elements  may  be  so  chosen  as 
to  be  successively  after  Ai  and  before  A2.  A  separation 
segment  is  said  to  have  a  length  r,  which  is  the  second  side  of 
a  right  triangle  made  on  the  distance  between  centers  as 
hypotenuse,  and  the  difference  of  the  radii  as  first  side.  An 
inertia  line  is  said  to  have  a  length  which  is  the  second  side 
of  a  right  triangle  whose  hypotenuse  is  the  difference  of  radii 
and  first  side  the  distance  between  centers.  In  the  latter  case 
however  the  unit  of  measure  is  taken  to  be  a  standard  number 
V  called  the  velocity  of  light,  and  which  would  be  the  rate  of 
increase  of  all  the  radii  of  all  the  elements. 

It  is  clear  that  the  time  deduced  in  such  an  axiomatic  treat- 
ment is  not  the  Time  of  philosophy  nor  of  psychology,  but  is 
merely  a  kind  of  order.  The  time  involved  here  does  not 
flow,  for  the  particular  system  of  spheres  we  chose  is  a  sta- 
tionary set,  and  any  increase  in  radii  is  for  convenience  merely, 
since  only  the  differences  of  the  radii  are  ever  considered. 
T^me  enters  only  by  constructing  a  second  system  of  spheres 
about  all  the  points  of  space.  The  new  radii  are  then  repre- 
sentative of  times  (instants)  different  from  those  represented 
by  the  first  set.  As  the  author  claims,  he  is  studying  a  type 
of  order,  which  permits  of  the  abandonment  of  the  notion  of 
simultaneity  save  as  a  local  phenomenon.  In  this  sense  he  is 
studying  relativity.  The  treatise  will  be  interesting  in  the 
main  to  students  of  postulational  geometries. 

James  Byrnie  Shaw. 
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Repertorium  der  Physik.    Von  R.  H.  Weber  und  R.  Gans. 

Erster  Band :  Mechanik  und  Warme.    Erster  Teil.    Leipzig, 

B.  G.  Teubner,  1915.    xii  +  434  pp.    8vo.    Price,  8  Marks. 

This  is  the  first  part  of  the  first  volume  of  a  repertorium  of 
physics  similar  to  the  well-known  Pascal  repertorium  of  mathe- 
matics. The  general  character  is  more  that  of  a  small  treatise, 
intennediate  between  an  ordinary  textbook  and  a  manual, 
since  it  is  written  in  a  fairly  connected  style.  It  includes 
many  results  of  memoirs,  however,  that  one  would  not  find  in 
the  ordinary  text,  and  omits  many  details,  particularly  numer- 
ical ones,  that  would  be  found  in  a  complete  manual.  In  this 
way  it  has  been  possible  to  compress  within  a  reasonable 
space  a  quite  convenient  vademecum  for  both  physicists  and 
mathematicians. 

This  first  part  is  divided  into  three  books.  The  first  and 
second  are  written  by  R.  Gans  of  La  Plata.  The  third  book  is 
written  by  F.  A.  Schulze.  The  first  book  is  on  the  mechanics  of 
discrete  particles.  A  list  of  the  chapter  headings  will  convey 
a  sufficient  idea  of  the  contents.  These  are:  Fimdamentals 
of  mechanics;  Principles  of  mechanics;  Dynamics  of  rigid 
bodies;  Gravitation;  Coordinate  systems,  rotation  of  the  earth, 
centrifugal  force;  Friction;  Vibrations.  The  second  book  is 
devoted  to  the  mechanics  of  continuous  media  under  two 
divisions:  A,  Elasticity;  B,  Hydrodynamics.  Under  A  we 
find  chapters  on:  Kinematics  and  dynamics  of  deformable 
media;  Statical  problems  of  the  theory  of  elasticity;  Dy- 
namical problems  of  the  theory  of  elasticity.  Under  B  we 
find  the  chapters  treating  of:  Equations  of  motion  and  general 
theorems;  Kinematics  of  fluids  with  an  immersed  fixed  body; 
Dynamics  of  fiuids  containing  an  immersed  fixed  body; 
Problems  in  two  dimensions;  Waves;  Vibrations  of  the  air; 
Viscosity;  Tides.  The  book  on  Acoustics  contains  chapters 
on:  Propagation  of  sound;  Intensity  of  sound;  Various  prob- 
lems; Musical  scales. 

The  second  part  of  the  first  volume  will  treat  of  Capillarity, 
Heat,  Statistical  mechanics.  Kinetic  theory  of  gases;  the 
second  volume  will  be  devoted  to  Electricity,  Magnetism, 
and  Optics. 

It  may  be  regretted  that  for  a  subject  as  extensive  as  physics, 
the  work  is  not  a  little  more  comprehensive,  but  as  it  is  it  will 
be  useful. 

James  Byrnie  Shaw. 
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NOTES. 

The  April  number  oiF  the  Transactions  of  the  American 
Mathematical  Society  contains  the  following  papers:  "On  multi- 
form solutions  of  linear  differential  equations  having  elliptic 
function  coefficients/'  by  W.  L.  Miser;  "On  the  foundations 
of  plane  analysis  situs,"  by  R.  L.  Moore;  "On  the  generalized 
Jacobi-Kummer  cyclotomic  function,"  by  H.  H.  Miichell; 
*' Proof  of  a  theorem  of  Haskins,"  by  D.  Jackson;  "On  the 
measurable  bounds  and  the  distribution  of  functional  values  of 
summable  functions,"  by  C.  N.  Haskins;  "Jacobi's  condition 
for  problems  of  the  calculus  of  variations  in  parametric  form," 
by  G.  A.  Buss. 

The  twenty-first  summer  meeting  and  eighth  colloquium 
of  the  American  Mathematical  Society  will  be  held  at  Harvard 
University  during  the  week  beginning  Monday,  September  4, 
1916.  The  first  two  days  will  be  devoted  to  the  regular  ses- 
sions for  the  presentation  of  papers.  The  colloquium  will 
open  on  Wednesday  morning  and  close  on  Saturday  morning. 
Two  courses  of  five  lectures  each  will  be  given  as  follows  (the 
list  of  principal  topics  is  appended) : 

Professor  G.  C.  Evans:  "Topics  from  the  theory  and 
applications  of  functionals,  including  integral  equations." 

The  lectures  will  attempt  a  brief  survey  of  the  present  state 
of  this  theory,  showing  how  its  results  have  been  applied  in 
various  branches  of  analysis  and  in  physics.  The  following 
topics  will  be  considered,  with  the  purpose  of  keeping  the 
point  of  view  as  general  as  possible: 

Functions  depending  on  curves  and  surfaces  in  three  di- 
mensions, determination  of  Green's  function  by  means  of 
variational  equations;  functions  depending  on  curves  and  sur- 
faces in  four  dimensions,  integrals  of  analytic  functions  of  two 
complex  variables;  the  linear  functional  relation,  the  integral 
equation  of  the  third  kind;  applications  of  the  Volterra  theory 
of  functional  relations;  applications  of  the  Hilbert  theory  of 
integral  equations. 

Professor  Oswald  Veblen:  "Analysis  situs." 
This  course  will  attempt  to  give  an  account  of  the  present 
state  of  this  elementary  but  relatively  undeveloped  branch  of 
geometry.    Among  the  topics  considered  \^dll  be: 
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The  n-dimensional  cell;  separation  of  a  cell  into  regions  by 
polyhedra;  combinatorial  properties  of  polyhedra;  manifolds 
as  generalized  polyhedra;  abstract  equivalence  of  manifolds; 
numerical  invariants  and  group  of  a  manifold;  equivalence  of 
two  manifolds  within  a  third,  theory  of  knots;  continuous 
transformations  of  a  manifold  into  itself. 

The  chief  references  can  be  obtained  from  the  article  on 
Analysis  Situs  in  the  Encyklopadie  and  the  chapter  on  Topol- 
ogy in  the  new  edition  of  Pascal's  Repertorium. 

At  the  meeting  of  the  London  mathematical  society  held 
March  9  the  following  papers  were  read:  By  P.  A.  Macmahon: 
"Some  applications  of  general  theorems  of  combinatory  anal- 
ysis''; by  H.  F.  Baker:  "Mr.  Grace's  theorem  on  six  lines  with 
a  common  transversal";  by  H.  E.  J.  Curzon:  "The  integrals 
of  a  certain  Riccati  equation  connected  with  Halphen's  trans- 
formation"; by  Hilda  P.  Hudson:  "A  certain  plane  sextic"; 
by  W.  P.  Milne:  "The  construction  of  co-apolar  triads  on  a 
cubic  curve";  by  J.  Bondman:  "The  dynamical  equations  of 
the  tides." 

At  the  meeting  of  the  Edinburgh  mathematical  society  on 
March  10  the  following  papers  were  read:  By  J.  F.  Tinto: 
"Transformations  founded  on  the  space  cubic  and  its  chord 
system";  by  J.  Dougall:  "Elliptic  cylindrical  harmonics." 

The  Association  of  mathematics  teachers  of  New  Jersey 
held  its  fourth  regular  meeting  at  Princeton  University  on 
May  6,  1916.  The  programme  included  the  presidential 
adchress  of  Professor  H.  B.  Fine:  "The  theory  of  incommen- 
surable magnitudes  as  set  forth  in  the  tenth  book  of  Euclid's 
Elements ; "  Report  of  the  committee  on  trigonometry  courses ; 
Edwin  Florance:  "Ptolemy's  theorem;"  E.  S.  Ingham: 
"An  exposition  of  Napier's  principle  of  logarithms;"  Rev. 
F.  C.  Doan:  "Certain  religious  implications  of  the  mathe- 
matical infinite;"  J.  C.  Stone:  "The  ultimate  aim  of  a  course 
in  arithmetic." 

The  Paris  academy  of  sciences  annoimces  as  the  subject 
for  its  Grand  prize  in  mathematics  (3000  francs)  for  1917  the 
following: 

"To  perfect  in  an  important  point  the  theory  of  successive 
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powers  of  a  given  substitution,  the  exponent  of  the  power 
increasing  indefinitely.  The  influence  of  the  initial  element 
is  to  be  considered,  and  the  consideration  may  be  limited  to 
the  simplest  cases,  such  as  that  of  rational  substitutions  in 
one  variable." 

The  Academy  has  elected  as  corresponding  members  Pro- 
fessors LiAPOUNOF,  of  Petrograd,  and  C.  J.  de  la  Valle£ 
PoussiN,  of  Louvain. 

On  account  of  the  war  two  mathematical  periodicals  have 
susi>ended  publication,  viz.,  L'Ediication  MathSmatique, 
which  concluded  its  sixteenth  and  last  volume  with  the  issue 
for  July,  1914,  and  the  Revue  de  McUhSmatiques  Spiciales, 
last  issued  in  September,  1914,  in  completion  of  its  twenty- 
fourth  consecutive  year. 

The  following  university  courses  in  mathematics  are  an- 
nounced for  the  academic  year  1916-1917: 

Cornell  Univeksity. — By  Professor  J.  McMahon:  Theory 
of  probabilities,  three  hours. — By  Professor  V.  Snydeh: 
Descriptive  geometry  (first  term),  three  hours;  Algebraic 
curves  and  surfaces,  three  hours. — By  Professor  F.  R.  Sharpe: 
Theory  of  potential  and  Fourier  series,  three  hours. — By  Pro- 
fessor W.  B.  Carver:  Differential  geometry  (first  term), 
three  hours;  Theory  of  numbers  (second  term),  three  hours. 
— By  Professor  A.  Ranum:  Modern  algebra  (second  term), 
three  hours. — By  Professor  D.  C.  Gillespie:  Principles  of 
mechanics,  three  hours. — By  Professor  W.  A.  HuRwrrz: 
Theory  of  functions  of  real  variables,  three  hours. — By  Pro- 
fessor C.  F.  Craig:  Functions  of  a  complex  variable,  three 
hours. — ^By  Professor  F.  W.  Owens:  Differential  equations, 
three  hours;  Mathematical  physics,  three  hours. — By  Dr. 
J.  V.  McKelvey:  Advanced  calculus,  three  hours. — By  Dr. 
L.  L.  Silverman:  Analytic  geometry,  three  hours. — By  Dr. 
M.  G.  Gab  a:  Projective  geometry,  three  hours. — By  Mr.  H. 
Betz:  Graphical  processes  and  numerical  calculation,  three 
hours. 

Harvard  University. — All  courses  meet  three  times  a 
week  throughout  the  year,  except  those  marked*,  which  meet 
for  half  a  year. — By  Professor  W.  F.  Osgood:  Introduction 
to  potential  fimctions  and  Laplace's  equation;*  Galois's  theory 
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of  equations.* — ^By  Professor  M.  Bocher:  Interpolation  and 
approximation;*  Theory  of  functions;  Linear  differential 
equations,  complex  variables.* — By  Professor  C.  L.  Bouton: 
Advanced  calculus;  Geometrical  transformations,  with  special 
reference  to  the  work  of  Sophus  Lie. — By  Professor  J,  L, 
Coolidge:  Modem  geometry  and  modern  algebra;  Line 
geometry. — By  Professor  E.  V.  Huntington:  lYindamental 
concepts  of  mathematics.* — By  Professor  G.  D.  Birkhoff: 
Dynamics,  second  course;*  Analytical  theory  of  heat,  Fourier's 
series,  and  Legendre's  polynomials;*  Applications  of  the  cal- 
cuius  of  variations.* — By  Professor  D.  Jackson:  Infinite 
series  and  products;*  Lebesgue  integrals.* — By  Dr.  G.  M. 
Green:  Elementary  differential  equations;*  Differential  geom- 
etry of  curves  and  surfaces. — By  Dr.  E.  Kircher:  Vector 
analysis;*  Finite  groups.* — ^By  Mr.  W.  LeR.  Hart:  Calculus 
of  variations;*  Functions  of  infinitely  many  variables.* 

Professors  Osgood  and  Birkhoff  will  conduct  a  fortnightly 
seminar  in  analysis. 

Courses  of  research  are  also  offered  by  Professor  Osgood  in 
the  theory  of  functions,  by  Professor  B6cher  in  the  real  solu- 
tions of  linear  differential  equations,  by  Professor  Bouton  in 
the  theory  of  point-transformations,  by  Professor  Coolidge  in 
geometry,  by  Professor  Birkhoff  in  the  theory  of  differential 
equations,  by  Professor  Jackson  in  the  theory  of  functions  of 
a  real  variable,  and  by  Dr.  Green  in  differential  geometry. 

University  of  Pennsylvania. — By  Professor  E.  S.  Craw- 
ley: Modern  analytic  geometry. — By  Professor  G.  E.  Fisher: 
Theory  of  functions  of  a  complex  variable. — By  Professor 
G.  H.  Hallett:  Galois  theory  of  equations. — By  Professor 
F.  H.  Safford:  Partial  differential  equations. — By  Professor 
M.  J.  Babb:  Introduction  to  modern  higher  algebra. — By 
Professor  O.  E.  Glenn:  Theory  of  invariants. — By  Professor 
H.  H.  Mitchell:  Elliptic  functions. — By  Dr.  R.  L.  Moore: 
Functions  of  a  real  variable  with  an  introduction  to  certain 
phases  of  general  analysis. — By  Dr.  F.  W.  Beal:  Differential 
geometry. 

Princeton  Universfty  (1916-1917). — By  Professor  H.  B. 
Fine:  History  of  analysis,  second  term,  three  hours. — By 
Professor  L.  P.  Eisenhart:  Differential  geometry,  three 
hours. — By  Professor  Oswald  Veblen:  Projective  geometry^ 
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three  hours;  Seminar. — By  Professor  Pierre  Boutroux: 
Analysis,  three  hours;  Differential  equations,  three  hours. — 
By  Dr.  A.  A.  Bennett:  Algebra,  three  hours;  Projective 
geometry,  three  hours. — By  Dr.  J.  W.  Alexander:  Newtonian 
potential  function,  three  hours. 

Sheldon  travelling  fellowships  for  the  year  1916-1917  have 
been  awarded  by  Harvard  University  to  Mr.  R.  W.  Brink 
and  Mr.  J.  L.  Walsh.  During  the  current  academic  year  a 
similar  fellowship  is  held  by  Mr.  L.  R.  Ford,  who  is  studying 
in  Paris.  Mr.  A.  L.  Miller  holds  a  Rogers  travelling  fellow- 
ship and  is  studjdng  in  Turin. 

ONE^of  the  two  fellowships,  of  the  annual  value  of  seven 
hundred  and  fifty  dollars,  in  the  department  of  mathematics 
of  the  Rice  Institute  remains  to  be  filled  for  the  academic  year 
1916-1917.  The  successful  candidate  will  be  expected  to  enter 
upon  a  course  of  study  and  research  work  leading  to  the  degree 
of  doctor  of  philosophy,  and  also  to  assist  with  elementary 
teaching  of  mathematics  for  six  hours  per  week.  The  fellows 
will  be  able  to  live  in  the  residential  hall  of  the  Institute, 
where  board  and  lodging  will  be  provided  for  them  at  about 
thirty  dollars  per  month.  Applications  accompanied  by  testi- 
monials and  a  full  statement  of  previous  work  and  training 
should  be  addressed  to  the  Department  of  Mathematics^ 
Rice  Institute,  Houston,  Texas. 

On  March  16,  1916,  the  Scandinavian  mathematicians  cele- 
brated at  Stockholm  the  seventieth  birthday  of  their  illustrious 
colleague,  Professor  G.  Mittag-Lefpler,  founder  and  director 
of  the  Acta  MathenuUica.  Many  messages  of  congratulation 
were  received  from  mathematicians  of  other  countries.  On 
this  occasion  Professor  Mittag-Leffler  and  his  wife  set  aside 
their  entire  fortune  for  the  foundation  of  an  International  in- 
stitute for  pure  mathematics. 

Mr.  R.  E.  Gillman,  of  Princeton  University,  has  been  ap- 
pointed instructor  in  mathematics  at  Cornell  University. 
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NEW  PUBLICATIONS. 

I.    HIGHER  MATHEMATICS. 

Backbs  (W.).  Ein  Nachtrag  zu  den  Beweisen  fur  den  Fermatschen  Sati 
x»  +  y»  =  z\    Mainz,  1915.    4  pp.  M.  3.00 

Bell  (E.  T.).  Arithmetical  theory  of  certain  numerical  functions.  (Uni- 
versity of  Washington  Publications  in  Mathematical  and  Physical 
Sciences,  vol.  1,  No.  1.)  Seattle,  University  of  Washington,  1916. 
4to.    44  pp.  $0.50 

B6cHER  (M.).  Syllabus  of  a  brief  course  in  solid  analytic  geometry. 
(Rectangular  coordinates.)  Cambridge,  Mass.,  Harvard  Cooperative 
Society,  1916.    8vo.     10  pp.    Paper.  $0.15 

BoNTNGE  (W.).    See  Fisher  (A.). 

Fisher  (A.).  The  mathematical  theory  of  probabilities  and  its  appli- 
cation to  frequency  curves  and  statistical  methods.  Translated  and 
edited  from  the  author's  original  Danish  notes  with  the  assistance  of 
W.  Bonyn^e,  with  an  introductory  note  by  F.  W.  Frankland.  Vol.  1. 
Mathematical  probabilities  and  homograde  statistics.  New  York, 
Macmillan,  1915.    20+171  pp.  $2.00 

Ford  (W.  B.).  Studies  on  divergent  series  and  summability.  (Univeratv 
of  Michigan  Studies.  Scientific  Series,  vol.  2.)  New  York,  Macmil- 
lan, 1916.    4to.    12+194  pp.    Cloth.  $2.50 

Frankland  (F.  W.).    See  Fisher  (A.). 

FuBiNi  (G.).  Lezioni  di  analisi  matematica.  2a  edizione,  interamente 
rifusa.  (Grande  biblioteca  tecnica,  no.  9.)  Torino,  Soc.  tip.  ed. 
Nazionale,  1915.    8vo.  L.  14.00 

Lewis  (F.  P.).  Geometrical  application  of  the  theory  of  the  binary 
quintic.     (Diss.)     Baltimore,  Johns  Hopkins,  1914.    4to.    24  pp. 

RuLF  (W.).  Analytische  Geometrie  ftlr  hdhere  Gewerbeschulen.  Wien, 
Deuticke,  1915.     158  pp.    Geb.  Kr.  3.20 

Spoi/tore  (N.).  La  duplicazione  grafica  del  cubo.  Vasto,  tip.  Zaccagnini, 
1915.    Svo.    8  pp.  con  tavola. 

Udziela  (E.).  Neue  Ldsung  des  Fermatschen  Problems  x*»  +  y*»  =  z\ 
Wien,  Udziela,  1915.    6  pp. 

II.    ELEMENTARY  MATHEMATICS. 

Anderson  (R.  F.).    See  Philips  (G.  M.). 

Behrendsen  (O.)  und  G5tting  (E.).  Lehrbuch  der  Mathematik  nach 
modemen  Grundsatzen.  Leipzig,  Teubner,  1915.  8vo.  Ausgabe  B 
fUr  Schulen  mit  realistischem  Lehrplan.  Unterstufe.  3te  Auflage. 
8+350  pp.    Oberstufe.    2te  Auflage.    7+404  pp.         M.  2.80+4.00 

Benedict  (H.  Y.)  and  Calhoun  (J.  W.).  Teaching  of  plane  geometry. 
2d  issue.  (Official  series.  No.  104.)  Austin,  University  of  Texas, 
1914.    8vo.    57  pp. 
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Bbtz  (W.)  and  Wbbb  (H.  £.).  Solid  geometry.  With  the  editorial  co- 
operation of  P.  F.  Smith.    Boston,  Ginn,  1916.    Pp.  22+327-504. 

$0.76 

Bbookman  (T.  a.),  a  practical  algebra  for  beginners.  New  York, 
Scribner,  1915.    Svo.    17+322  pp.  $1.12 

Calhoun  (J.  W.).    See  Benbdigt  (H.  Y.). 

CovBTiB  (S.  A.).  Courtis  standard  practice  tests  in  the  four  operations 
with  whole  numbers.  (Efficient  drill  series.)  Three  parts.  Yon- 
kers-on-Hudson,  World  Book  Company,  1914.  Teacher's  manual, 
paper.  $0.50.  Practice  tests  (48  lesson  leaves),  $0.16.  Student's 
record,  per  package  of  50,  $1.00. 

FiBCHBB  (P.  B.).  Rechenbuch  ftLr  die  unteren  und  mittleren  iOassen  der 
h5heren  Knabenschulen.  Leipzig,  Teubner,  1915.  Ausgabe  in  1 
Bande.  4+196  pp.  M.  2.20.  Ausgabe  in  3  Heften.  Iter  Teil: 
Lehrstoff  der  Sexta.  4+73  pp.  M.  1.00.  2ter  Teil:  Lehrstofif  der 
Quinta.  4+62  pp.  M.  0.80.  3ter  Teil:  Lehrstoff  der  Quarta. 
4+60  pp.    M.0.80. 

GiFroRD  (J.  B.).  Everyday  arithmetic.  Boston,  Little,  Brown  and 
Company,  1916.  $0.35 

G&msQ  (E.).    See  Bbhbendsbn  (O.). 

HAifimoN  (S.).  K^  to  Hamilton's  Arithmetics,  second  and  third  books; 
New  Jersey  edition.  New  York,  American  Book  Company,  1915. 
188  pp.  $0.64 

Habt(W.  W.).    See  Wells  (W.). 

Habtl  (H.).  Lehrbuch  der  Planimetrie.  3te  Auflage.  Wien,  Deutieke, 
1915.    143  pp.    Geb.  Kr.  3.00 

Habvbt  (L.  D.).  Essentials  of  arithmetic;  with  everyday  problems 
relating  to  agriculture,  commerce,  and  other  vocations.  (Three  book 
series.)  2d  book,  parts  1-2.  New  York,  American  Book  Company, 
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THE  APRIL  MEETING  OF  THE  SOCIETY  AT 
CHICAGO. 

The  thirty-seventh  regular  meeting  of  the  Chicago  Section, 
being  the  sixth  regular  meeting  of  the  Society  at  Chicago,  was 
held  at  the  University  of  Chicago,  on  Friday  and  Saturday, 
April  21  and  22.  The  meeting  was  attended  by  about  sixty- 
five  persons,  among  whom  were  the  following  forty-six  mem- 
bers of  the  Society: 

Professor  R.  M.  Barton,  Dr.  Josephine  E.  Bums,  Professor 

D.  F.  Campbell,  Professor  R.  D.  Carmichael,  Dr.  E.  W. 
Chittenden,  Dr.  G.  R.  Clements,  Professor  H.  E.  Cobb, 
Professor  D.  R.  Curtiss,  Professor  S.  C.  Davisson,  Dr.  W.  W. 
Denton,  Professor  L.  E.  Dickson,  Professor  ^A.  Dresden, 
Professor  W.  B.  Ford,  Professor  Tomlinson  Fort,  Professor 
A.  B.  Frizell,  Professor  A.  S.  Hathaway,  Professor  E.  R. 
Hedrick,  Dr.  Cora  B.  Hennel,  Professor  W.  C.  Krathwohl, 
Dr.  W.  V.  Lovitt,  Professor  A.  C.  Limn,  Professor  W.  D. 
MacMillan,  Dr.  T.  E.  Mason,  Professor  G.  A.  Miller,  Professor 

E.  H.  Moore,  Professor  E.  J.  Moulton,  Professor  F.  R.  Moul- 
ton.  Dr.  A.  L.  Nelson,  Professor  C.  I.  Palmer,  Dr.  A.  Pell, 
Professor  H.  L.  Rietz,  Professor  W.  H.  Roever,  Professor 
D.  A.  Rothrock,  Miss  I.  M.  Schottenfels,  Mr.  A.  R.  Schweitzer, 
Professor  J.  B.  Shaw,  Professor  C.  H.  Sisam,  Professor 
H.  E.  Slaught,  Professor  R.  B.  Stone,  Professor  E.  J.  Town- 
send,  Professor  A.  L.  Underbill,  Professor  E.  B.  VanVleck, 
Professor  E.  J.  Wilczynski,  Professor  K.  P.  Williams,  Dr.  C.  H. 
Yeaton,  Professor  J.  W.  A.  Yoimg. 

The  sessions  were  presided  over  by  Professor  W.  B.  Ford, 
chairman  of  the  Section,  relieved  during  the  session  of  Saturday 
forenoon  by  Professor  E.  R.  Hedrick,  vice-president  of  the 
Society.  Forty-four  persons  were  present  at  the  dinner  on 
Friday  evening. 

The  following  papers  were  presented  at  this  meeting: 

(1)  Professor  D.  M.  Smith:  "Jacobi's  condition  for  the 
problem  of  Lagrange  in  the  calculus  of  variations." 

(2)  Professor  C.  H.  Sisam:  ''On  a  configuration  on  certain 
surfaces." 
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(3)  Professor  T.  R.  Running:  "A  new  method  for  deriving 
weir  formulas." 

(4)  Professor  Arnold  Emch:  ''A  new  configuration  on  an 
elliptic  cubic  and  its  group  of  order  16." 

(5)  Professor  L.  L.  Dines:  "A  characteri3tic  property  of 
self-projective  curves." 

(6)  Dr.  A.  L.  Nelson:  "Plane  nets  with  equal  invar- 
iants." 

(7)  Dr.  A.  L.  Nelson:  ''Quasi-periodic  asymptotic  plane 
nets." 

(8)  Dr.  E.  W.  Chittenden:  "A  theorem  in  general  an- 
alysis." 

(9)  Dr.  E.  W.  Chittenden:  "On  the  equivalence  of  &art 
and  voisinage." 

(10)  Professor  R.  D.  Cabmichael:  "On  the  asymptotic 
character  of  functions  defined  by  series  of  the  form 
licngix  +  n)." 

(11)  Professor  W.  D.  MacMillan:  "A  theorem  relating  to 
irrational  numbers." 

(12)  Professor  W.  D.  MacMillan:  "A  reduction  of  certain 
differential  equations  of  the  second  order  to  algebraic  types." 

(13)  Professor  ToBiLiNSON  Fort:  "A  dass  of  developments 
in  orthogonal  functions." 

(14)  Dr.  R.  L.  Borgeb:  "On  the  Cauchy-Goursat theorem." 

(15)  Professor  H.  T.  Burgess:  "A  practical  method  for 
determining  elementary  divisors." 

(16)  Dr.  J.  O.  Hassler:  "Plane  nets  periodic  of  period  3 
under  the  Laplacian  transformation." 

(17)  Professor  A.  S.  Hathaway:  "The  expansion,  in  terms 
of  the  coefficients  of  an  equation,  of  the  homogeneous  products 
of  the  roots  as  a  whole,  and  when  restricted  to  k  roots  in  each 
term." 

(18)  Professor  W.  B.  Ford:  "A  theorem  in  the  calculus  of 
residues." 

(19)  ProfessorG.  A.  Miller:  "Graphical  method  of  finding 
the  possible  sets  of  independent  generators  of  an  abelian 
group." 

(20)  Professor  A.  B.  Frizell:  "Postulates  of  continuity 
for  arithmetic." 

(21)  Professor  K.  P.  Williams:  "Concerning  Hill's  deriva- 
tion of  the  Liagrange  equations  of  motion." 

(22)  Professor  Henry  Blumberg:  "On  convex  functions." 
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(23)  Professor  Henby  Blumberg:  "On  a  theorem  of 
Kempner  concerning  transcendental  numbers/' 

(24)  Professor  E.  B.  Van  Vleck:  "On  the  composition  of 
non-Ioxodromic  substitutions/' 

(25)  Mr.  Tobias  Dantzig:  "A  geometrical  treatment  of 
plane  transformations.'' 

(26)  Professor  E.  H.  Moobe:  "On  a  definition  of  the  con- 
cept: limit  of  a  function." 

(27)  Mr.  A.  EiiBiENDORP:  "A  differentiating  machine." 

(28)  Mr.  A.  M.  Harding:  "On  certain  loci  projectively 
connected  with  a  given  plane  curve." 

(29)  Miss  Pauune  Sperry:  "Properties  of  a  certain  pro- 
jectively defined  two-parameter  family  of  curves  on  a  general 
surface." 

(30)  Dr.  C.  H.  Yeaton:  "Surfaces  characterized  by  certain 
special  properties  of  their  directrix  congruences." 

Dr.  Hassler^  Mr.  Harding  and  Miss  Sperry  were  introduced 
by  Professor  Wilczynski,  Mr.  Dantzig  by  Professor  Davisson, 
and  Mr.  Elmendorf  by  Professor  Dresden.  The  papers  of 
Professors  Smithy  Running,  Dines,  Burgess  and  Blumberg, 
and  Dr.  Borger  were  read  by  title. 

Abstracts  of  the  papers  follow  below.  The  abstracts  are 
numbered  to  correspond  to  the  titles  in  the  list  above. 

1.  For  the  problem  of  Lagrange,  in  the  calculus  of  varia- 
tions, the  Euler  rule,  Weierstrass  condition,  and  corner  point 
condition  are  obtainable  without  the  use  of  the  second  vari- 
ation. The  Jacobi  condition,  however,  is  derived  by  the  use 
of  complicated  transformations  of  the  second  variation  or 
with  the  exclusion  of  important  special  cases.  In  the  paper 
of  Professor  D.  M.  Smith  it  is  shown  that  the  well-hiown 
necessary  condition  for  a  minimum — ^i.  e.,  that  the  second 
variation  must  be  positive  or  zero  for  every  set  of  admissible 
variations — ^implies  a  problem  of  Liagrange  of  precisely  the 
same  type  as  the  original  problem.  An  application  of  the 
Euler  rule,  Weierstrass  condition,  and  corner  point  condition 
to  this  new  problem  leads  to  simple  and  inclusive  proofs  of 
the  Legendre  and  Jacobi  conditions  for  the  original  problem. 
The  paper  will  appear  in  the  Transactions. 

2.  Professor  Sisam's  paper  appeared  in  full  in  the  May 
Bulletin. 
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3.  The  following  method  for  deriving  the  formulas  for  the 
rate  of  flow  of  water  over  weirs  avoids  the  necessity  of  a 
large  number  of  experiments  and  can  be  applied  to  weirs  of 
any  head. 

A  tank  having  a  constant  horizontal  cross-section  has  a 
weir  fitted  with  a  gate  which  can  easily  be  removed  to  allow 
the  flow  of  water.  A  chronograph  connected  electrically 
with  a  float  and  also  with  a  vibrating  pendulum  records  time 
to  hundredths  of  a  second  and  head  to  thousandths  of  a  foot. 
Professor  Running  experimented  with  a  right-angled  notch 
weir,  head  from  2  ft.  to  1.7  ft.,  and  obtained  for  the  law  con- 
necting time  and  head 

r  =  -  23  +  62.2ff-i*^ 

T  and  H  must  satisfy  the  relation 

QdT  =  -  SdH, 

where  Q  represents  the  rate  of  outflow  and  jS  the  horizontal 
cross-section  of  the  tank.  From  these  two  equations  the 
formula  for  the  weir  was  found  to  be 

Q  =  2.52ff2*^ 

This  represents  quite  closely  the  results  of  experiments  per- 
formed by  other  methods. 

The  above  is  part  of  a  paper  to  be  published  jointly  with 
Professor  King. 

4.  It  is  well  known  that  a  plane  cubic  may  be  generated 
in  an  infinite  number  of  ways  by  projective  quadratic  pencils 
of  straights  with  a  self-corresponding  element.  The  vertices 
of  these  pencils  are  points  of  a  Steinerian  couple.  A  Steinerian 
quadruple  on  an  elliptic  cubic  is  formed  by  the  points  of 
tangency  of  the  four  tangents  from  a  point  of  the  elliptic 
cubic  to  the  same  cubic.  The  quadruple  contains  six  couples, 
and,  consequently,  six  projectivities  of  quadratic  pencils  may 
be  formed  which  may  be  written  in  12  different  ways,  and 
which  all  generate  the  same  cubic.  Applying  a  certain  cyclic 
process  to  the  equations  of  these  projectivities  and  making 
use  of  a  certain  theorem  in  algebra.  Professor  Emch  obtains 
a  configuration  of  48  straights,  which  in  triplets  are  concurrent 
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in  16  points.  From  one  triplet  all  the  others  are  obtained 
by  the  substitutions  of  a  group  of  order  16  with  15  subgroups 
of  order  2.  The  paper  will  be  published  in  the  AnndU  of 
Mathematics. 

5.  Self-projective  curves,  or  JF-curves,  were  defined  by 
Klein  and  Lie  to  be  those  curves  which  admit  infinitesimal 
projective  transformations  into  themselves.  In  this  paper, 
Professor  Dines  determines  for  these  curves  a  simple  char- 
acteristic property  somewhat  similar  to  the  Steinerian  defini- 
tion of  conies.  The  paper  will  appear  in  the  AnnaU  of  Mather 
matics. 

6.  Wilczynski  has  treated  the  projective  differential  geom- 
etry of  plane  nets,  as  well  as  that  of  curved  surfaces.  Dr. 
Nelson  sets  up,  in  this  paper,  a  perspective  connection  between 
these  two  theories  by  means  of  the  following  theorem  of 
Koenigs:  The  asymptotic  curves  of  a  surface  are  projected 
from  a  fixed  point  on  a  fixed  plane  in  a  net  with  equal  Liaplace- 
Darboux  invariants,  and  conversely,  a  plane  net  with  equal 
invariants  may  be  considered  as  the  perspectives,  from  a  fixed 
point,  of  the  asymptotic  curves  of  a  surface.  The  paper  will  be 
offered  for  publication  to  the  Palermo  Bendiconti. 

7.  Dr.  Nelson's  second  paper  appears  in  the  present  num- 
ber of  the  Bulletin. 

8.  Dr.  Chittenden  completes  the  proof  of  the  theorem: 
Every  dass  Wl  with  the  composite  property  DufiT uA  has  the 
property  Jf  i2«,  and  9K*  has  the  composite  property 

LCDiAAKiiKM. 

The  pYoof  is  accomplished  with  the  aid  of  a  theorem  of  Pro- 
fessor A.  D.  Pitcher  which  differs  from  the  present  theorem 
in  that  the  hypothesis  contains  the  additional  property  Bt. 
Bz  is  a  special  property  defined  in  terms  of  A  and  boundedness 
from  zero. 

Professor  Pitcher  in  a  discussion  of  the  complete  existential 
theory  of  the  eight  properties  i,  C,  Z),  A,  Ki,  K%,  A,  Kn^, 
left  unsettled  the  question  of  the  existence  of  three  composite 
properties;  viz., 

L  -C-DAAKiKrKMl       LO^DAAKiK^Kn^] 

LC-D-AAKiKrKi2*. 
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The  theorem  of  this  paper  shows  that  the  first  two  are  non- 
existent, and  that  the  third  is  non-exbtent  for  any  system 
(^;  A;  SD'PO-  This  extends  the  results  obtained  by  Professor 
Pitcher  who  showed  that  the  three  properties  were  non- 
existent for  any  system  (^;  A;  33t^^*)«  It  is  imderstood 
that  the  development  A  is  finite. 

9.  Hahn  has  shown  that  if  a  voisinage  Via,  b)  is  defined 
for  a  class  O  containing  at  least  two  elements,  then  for  every 
element  g  of  O  there  exists  a  continuous  function  /*«,  vanishing 
only  at  q  and  assuming  values  between  zero  and  one.  Dr. 
Chittenden  modifies  the  existence  proof  of  Hahn  and  secures 
a  type  of  xmiformity  among  the  functions  /*'•  Defining 
(a,  6)  as  the  least  upper  bound  of  |m'(o)  —  M^C')!  'or  all 
elements  q  of  O,  it  appears  that  (a,  b)  is  an  6cart  and  is  defined 
for  every  pair  of  elements  of  O.  By  means  of  the  uniformity 
mentioned  it  is  shown  that  Lni^n,  a)  =  0  implies  LnV^On,  a) =0 
and  that  LnV(an,  a)  =  0  implies  Lnion,  a)  =  0.  Hence  voi- 
sinage is  equivalent  to  6cart.  This  result  was  anticipated  by 
Fr^chet  on  the  ground  that  no  theorem  was  known  for  an 
&;art  which  had  not  been  established  for  a  voisinage.  This 
paper  will  be  offered  to  the  Transactions  for  publication. 

10.  In  a  previous  paper  (read  before  the  Society  at  the 
recent  meeting  in  Columbus)  Professor  Carmichael  laid  the 
foundations  of  a  general  theory  of  the  series 

Q(«)  =  ^Cn9(x+n), 

where  g{x)  is  a  function  having,  in  a  sector  V,  the  PoincarS 
asymptotic  representation 

P{x)  and  Q{x)  being  polynomials  in  x.  In  the  present  paper 
he  shows  that  a  function  Q(x)  defined  by  the  foregoing  series 
satisfies  the  relations 

lim  {gix  +  s)}'HQ{x)  -  g  Cng{x+s)]  =  0 

(^=0,1,2,.-.), 
provided  that  x  approaches  infinity  in  an  appropriately  deter- 
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mined  sector  V  lying  in  F.  Guided  by  this  result  he  intro- 
duces a  generalization  of  Poincar6's  notion  of  asymptotic 
representation  and  discusses  the  character  of  this  generalized 
representation^  especially  in  relation  to  that  of  Poincar6. 

11.  In  celestial  mechanics,  series  occur  very  frequently 
which  contain  denominators  having  factors  of  the  form 
(i  —  jy)  where  y  is  an  irrational  number;  i  and  j  are  integers 
which  take  all  possible  values.  The  study  of  series  in  which 
this  phenomenon  occurs  has  led  Professor  MacMillan  to  the 
following  theorem: 

If  7  is  a  positive  number,  and  if  pjn  is  a  rational  fraction 
such  that  I  Pn  —  n7  I  ^  i,  and  if 

o'»=(J[Ip*-*7|)''* 

is  the  geometric  mean  of  the  first  n  of  the  quantities  |  p*  —  Ary  | , 
then  tibe  limit  of  Gn,  as  n  increases  without  limit,  is  zero  if  7  is 
rational,  and  is  equal  to  l/2e,  where  e  =  2.71828  •  •  •  is  the 
Naperian  base,  if  7  is  an  irrational  number  which  satisfies  the 
condition  that 

a„+i  ^  Mqniqn  +  1)  •  •  •  (g*  +  s), 

where  7  expressed  as  a  continued  fraction  is 

1        1 


ai 


at+az  +  ' 


where  qn  is  the  denominator  of  the  nth  principal  convergent, 
and  s  is  any  assigned  positive  integer  independent  of  n.  If  7 
is  an  irrationd  number  which  does  not  satisfy  this  condition 
then  Gn  for  large  values  of  n  oscillates  between  zero  and  l/2e. 
This  paper  will  appear  in  the  American  Journal  of  McUhe' 
mattes. 

12.  In  two  former  papers  Professor  MacMillan  has  shown 
that  certain  differential  equations  can  be  reduced  by  a  linear- 
transcendental  substitution  to  algebraic  forms.  The  first  of 
these  papers  dealt  with  a  '' general  case,"  the  second  with 
equations  of  the  first  order. 

The  exceptions  to  the  general  case  include  most  of  the 
equations  of  dynamics,  and  therefore  these  equations  require 


Digitized  by 


Google 


432  THE  APRIL  MEETING  AT  CHICAGO.  [June, 

further  study.  The  present  investigation  takes  up  differential 
equations  of  the  second  order 

-jr  =  aai  +  terms  of  higher  degree     (i  =  1,  2), 

where  all  of  the  coefficients  of  the  right  members  are  constants, 
and  where  the  a,-  considered  as  points  in  the  complex  plane 
lie  on  a  straight  line  through  the  origin  and  on  opposite  sides 
of  the  origin.  If  these  conditions  on  the  ai  are  not  satisfied 
the  equations  belong  to  the  general  case. 

If  tile  ratio  aa/ai  is  an  irrational  number  of  a  certain  type 
(which  includes  all  irrational  algebraic  numbers)  then  the 
differential  equations  can  be  reduced  by  a  linear-transcendental 
substitution  to  its  linear  terms,  and  the  substitution  is  con- 
vergent if  the  differential  equations  are  convergent. 

If  the  ratio  a^/ai  is  rational  there  is  no  essential  restriction 
in  supposing  that  ai  =  +  1,  a2  =  —  1.  In  this  case  the 
differential  equations  cannot,  in  general,  be  reduced  to  their 
linear  terms.  They  can  however  be  reduced  to  a  set  of  differ- 
ential equations  which  are  algebraic,  and  which  are  easily 
integrable.  The  convergence  of  the  substitution  is  assured 
if  the  equations  are  canonical 

,      dH  ,  dH 

where  H  issl  convergent  power  series  in  zi  and  z^.  In  certain 
other  cases,  however,  the  substitution  may  diverge  even 
though  the  differential  equations  converge.  The  paper  will 
be  offered  to  the  Transactions. 

13.  Professor  Fort's  paper  considers  the  development  of  an 
arbitrary  function /(x)  in  infinite  series  of  solutions  of 

(1)  ^  lHz)t/{z)]  -  \K'g{x)  +  Kx)]  y:=  0, 

satisfying  the  conditions  (2)  y(0)  =  ^(2^),  y'(0)  =  j/{2Tr); 
and  secondly  in  terms  of  solutions  satisfying  the  conditions 
(3)  y(0)  =  -  y(2T),  j/{0)  =  -  ^'(2^).  The  principal  results 
are  given  in  the  following  theorem. 

Let  {k)x  and  g{x)  be  positive  at  all  points  and  have  second 
derivatives  integrable  from  0  to  2ir.    Let  l{x)  have  a  first 
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derivative  integrable  from  0  to  2ir  and  let  /(a;)  itself  be  integ- 
rable  from  0  to  2t.  Let  moreover  ^(0)^(0)  =  ff(2T)i(2ir)  and 
[ff(0)ifc(0)]' =  \g{2T)k(2Tr)Y.  Then  the  development  correspond- 
ing to  f(x)  in  terms  of  solutions  of  (1)  satisfying  (2)  (more 
accurately  described  in  the  paper)  converges  at  any  particular 
point  of  (4)  0  ^  a:  ^  2t,  when  and  only  when  the  Fourier 
series  for  f(z)  converges  at  that  point  and  to  the  same  value. 
It  converges  uniformly  over  the  whole  interval  or  any  sub- 
interval  when  and  only  when  this  is  true  of  the  Fourier  series 
and  diverges  to  oo  or  —  oo  at  any  particular  point  when  and 
only  when  this  is  true  of  the  Fourier  series.  Moreover  it  is 
summable  by  the  method  of  the  arithmetic  mean  when  and 
only  when  the  same  thing  is  true  of  the  Fourier  series  and 
to  the  same  value. 

Secondly:  The  development  in  terms  of  the  solutions  of  (1) 
satisfying  (3)  bears  the  same  relation  to  the  development  of /(«) 
in  terms  of  sin  [(2n+  l)/2]a:  and  cos  [(2n+  l)/2]a:,  n  =0, 
1, 2^  •  •  •  as  is  borne  by  the  series  just  discussed  to  the  Fourier 
series. 

14.  In  this  paper  Dr.  Borger  shows  that  if  the  two  fimctions 
U{x,  y),  V{Xy  y)  satisfy  the  following  conditions  in  a  region  R: 

(1)  TJ  and  V  are  continuous  in  {x,  y), 

(2)  U:/,  Vs',  Uy\  Vy'  exist  and  are  finite, 

(3)  UJ  =  V;  Uy'  =  -  VJ, 

(4)  U  and  V  possess  proper  total  differentials; 

then  U  and  V  are  analytic  functions  of  the  real  variables  x,  y. 

An  immediate  corollary  is: 

If  t(?  =  /(a)  =  U(x,  y)  +  iV{x,  y)  possess  a  finite  derivative  at 
every  point  of  a  region  R: 

(a)  This  derivative  is  a  continuous  function  of  z. 

(6)  All  the  derivatives  of  w  exist. 

(c)  w  can  be  represented  by  a  power  series  in  a. 

This  paper  will  be  offered  to  the  Bulletin  for  publication. 

15.  In  this  paper  Professor  Burgess  shows  that  there  exists 
a  very  simple  relation  between  the  exponents  of  the  elementary 
divisors  of  the  characteristic  matrix  \I+  B  which  are  con- 
nected with  the  linear  factor  X  —  a  of  the  characteristic 
equation  |  XI  +  ^  |  ==  0,  and  the  ranks  of  the  matrices 
(od  +  BY  for  n  =  1,  2,  3,  etc.  In  fact  these  ranks  determine 
the  elementary  divisors  and  conversely. 
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It  is  also  shown  that  the  method  is  easily  applied  to  any 
matrix  of  the  form  \A  +  B  whose  determinant  does  not 
vanish  identically  in  X.  The  paper  will  be  published  in  the 
Anmds  of  Mathematics. 

16.  In  the  projective  theory  of  plane  nets,  as  developed  by 
Wilczynski,  the  members  yi(u,  v),  y%(u,  t>),  yz(u,  v)  of  any 
fimdamental  system  of  solutions  of  a  completely  integrable 
system  of  partial  differential  equations  of  the  form 

Vuu  =  apu  +  by^  +  cy, 

(1)  yuv  =  a'yu  +  b'yv  +  c% 

y^^a"yu+V%  +  c"y, 

are  interpreted  as  the  homogeneous  coordinates  of  a  point  P, 
in  a  plane,  defining  a  non-degenerate  net  of  plane  curves. 
The  invariants  and  covariants  of  the  system  (1)  under  the ' 
transformations  y  —  \{Uj  v)y  and  u  =  U{u)f  v  =  V{v)  may 
be  interpreted  geometrically  by  certain  projective  properties 
of  the  net.  The  two  covariants  p  —  yu—  Vy,  <r  =  y»  —  a'y 
give  rise  to  the  homogeneous  coordinates  of  two  points  Pf, 
and  P^  when  we  substitute  successively  for  y  the  values 
yu  y2,  yz'  As  u  and  v  vary  P,  and  P^,  describe  nets  called  the 
first  and  minus  first  Liaplacian  transforms  of  the  original  net. 
The  minus  first  Laplacian  transform  of  the  (r-net  and  the  first 
Liaplacian  transform  of  the  p-net  both  coincide  with  the 
original  y-net. 

In  this  paper  Dr.  Hassler  considers  classes  of  nets  such  that 
the  first  Laplacian  transform  of  the  cr-net  is  the  p-net  and  the 
minus  first  Laplacian  transform  of  the  p-net  is  the  cr-net. 
Such  nets  are  periodic  of  period  3  under  the  Laplacian  trans- 
formation. He  establishes  necessary  and  sufficient  conditions 
for  such  periodicity,  determines  the  form  of  the  coefficients 
of  system  (1)  for  such  a  net,  computes  its  invariants  and 
covariants,  and  studies  the  osculating  conies  of  the  curves  of 
the  original  net  and  of  its  Laplacian  transforms.  The  deter^ 
mination  of  a  net  of  this  kind  by  certain  boimdary  conditions 
is  considered  and  the  following  theorem  is  proved: 

Choose  an  arbitrary  triangle  LMN.  Through  the  point  L 
pass  two  non-rectilinear  but  otherwise  arbitrary  analytic 
curves  C  and  C\  tangent  to  LN  and  LM,  respectively,  at  L. 
Through  each  of  the  points  M  and  N  pass  another  such  arbi- 
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trary  curve,  Ci  through  M  and  CLi  through  iV,  tangent  to  MN 
at  M  and  N,  respectively.  Select  any  conic  Mi  tangent  to 
LM  at  M  and  a  second  conic  N^i  tangent  to  LN  at  N.  There 
exists  one  and  only  one  net  which  is  periodic  of  period  3  under 
the  Lapladan  transformation,  which  contains  the  given  curves 
C  and  C",  which  has  C_i  corresponding  to  C  and  Gi  correspond- 
ing to  &  as  curves  of  the  minus  first  and  first  Laplacian 
transforms  respectively,  and  which,  moreover,  has  M\  as  the 
osculating  conic  of  the  curve  of  the  first  Laplacian  transform 
corresponding  to  C  and  -ALi  as  the  osculating  conic  of  the  curve 
of  the  minus  first  Laplacian  transform  corresponding  to  C. 
This  paper  will  appear  in  the  Palermo  Bendiconti. 

17.  In  this  paper,  Professor  Hathaway  shows,  from  the 
properties  of  gamma  coeflScients  defined  by 

(AcdSP)  =  (Aa  +  Bfi)T{a  +  P)/T(a  +  l)T(fi  +  1),  etc., 

that  the  fimction  of  weight  n  in  the  coeflScients  of  the  equation 

aJ~  =  aiof^^  +  '"  +  dm 
defined  by 

F{n)  =  ^^{AiaiAzat  •  •  •  Anan)ai'^a%'^  •  •  •  (!»•• 
(the  siunmation  being  for  all  integral  solutions  of 

ai  +  2a2  +  •  •  •  +  non  =  n) 
18  the  unique  solution  of  the  difference  equation 

F{n)  =  aiF{n  -  1)  +  . . .  +  a^iFil)  +  AnOn. 

When  n'  >  m,  a»/  =  0,  in  the  above  values  of  F{n). 

Hence,  the  problem  of  expanding  any  symmetric  function 
of  the  roots  is  the  problem  of  determining  the  coeflScient  An 
in  its  difference  equation  of  the  above  type.  Thus,  for  T(n), 
the  homogeneous  products.  An  =  1,  i.  e.,  the  numerical 
coeflScient  of  any  term  in  x(n)  is  the  multinomial  coeflScient 
of  its  exponents  (laila2  *  •  •  lotn). 

Also,  for  the  homogeneous  products,  one  root  in  a  term, 
Ti(n)  =  3nf  by  Newton's  formulas.  An  =  n.  The  resultant 
coeflScient  of  any  term  (Iai2a2  *  *  •  non)  is  identical  with 
Waring's. 

To  determine  An  for  the  homogeneous  products,  k  roots 
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at  a  time,  T*(n),  we  have  only  to  consider  the  equation  «*  =  1, 
and  find  An  =  (—  1)*^'H1(^  -"  *)!*],  a  binomial  coefficient. 

There  is  a  remarkable  relation  between  the  homogeneous 
products  of  all  weights,  and  those  of  weight  n  and  all  orders  k. 
Thus,  expanding  F{n)  in  terms  of  the  arbitrary  quantities  A, 
we  obtain 


F(n)  =  AiaiT^i 

-\-  Aifh% 

•-1+- 

•  •  +  An<U. 

Thus  we  have  the  table, 

oiir»_i 

OtlTn-i 

atT»-i 

OlTn-i       •  •  • 

T(n)  =      1 

1 

1 

1 

Tx(n)  =      1 

2 

3 

4 

-  x,(n)  = 

1 

3 

6 

T,(n)  = 

1 

4 

-  T4(n)  = 

1 

The  relation  may  also  be  written  as  an  identity  in  an 
arbitrary  variable  x^ 

2(-  «)*ir*(n)  +  S(l  +  xYauTcin  -  i)  =  ir(n) 

(i=l,  2,  ...,  n), 

and  by  substituting  —  1  —  a;  for  «  we  see  that  the  relation  is 
symmetrical. 

18.  Cauchy's  integral  theorem  for  fimctions  of  a  complex 
variable  has  often  been  employed  to  advantage  for  the  sum* 
ming  of  infinite  series,  such  applications  belonging  to  the 
subject  commonly  known  as  ''the  calculus  of  residues.^' 
After  pointing  out  the  limitations  naturally  present  in  using 
this  method  of  summation,  Professor  Ford's  paper  proceeds 
to  outline  a  way  by  which  the  fundamental  difficulty  may  be 
avoided  in  many  cases,  and  an  actual  formula  for  sum  is 
obtained  which  has  a  wide  range  of  applicability.  The  paper 
will  be  offered  for  publication  to  the  Bulletin. 
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19.  The  term  independent  generators  of  an  abelian  group 
has  two  distinct  meanings.  According  to  one  of  these  mean- 
ings the  set  of  operators  ^i,  ^29  *  *  *>  ^a  is  said  to  be  a  set  of 
independent  generators  of  itte  group  0  provided  these  opera- 
tors generate  G  but  no  X  —  1  of  them  generate  G.  According 
to  the  other  meaning  such  a  set  is  called  a  set  of  independent 
generators  of  G  if  and  only  if  the  group  generated  by  every 
X  —  1  of  them  has  only  identity  in  common  with  the  group 
generated  by  the  remaining  one.  The  value  of  X  b  the 
same  in  both  cases.  When  the  term  independent  generator  is 
used  with  the  former  meaning  it  is  said  to  be  used  in  the 
general  sense  and  when  it  is  used  with  the  latter  meaning  it 
is  said  to  be  used  in  the  restricted  sense.  In  the  general 
sense  the  operators  which  cannot  be  used  as  independent 
generators  constitute  a  subgroup  known  as  the  0-subgroup. 
In  the  restricted  sense  these  operators  do  not  always  consti- 
tute a  subgroup. 

Professor  Miller's  results  relate  to  the  use  of  independent' 
generators  in  the  restricted  sense.  If  the  order  of  an  abelian 
group  G  is  p"*,  p  being  a  prime  number^  and  if  we  form  the 
quotient  group  of  G  with  respect  to  its  subgroup  H  composed 
of  the  pth  power  of  each  of  its  operators^  'the  order  of  this 
quotient  group  being  j/",  then  X  is  the  number  of  the  inde- 
pendent generators  of  0.  The  number  of  operators  of  G 
which  can  be  used  as  independent  generators  of  lowest  order 
is  equal  to  the  number  of  operators  of  lowest  order  in  the  co- 
sets  of  G  with  respect  to  H.  The  totality  of  the  operators 
which  can  be  used  as  independent  generators  of  other  orders 
may  be  determined  similarly. 

20.  The  continuity  axioms  of  Cantor  and  Weierstrass  are 
essentially  assumptions  about  the  existence  of  limits.  Pro- 
fessor Frizell  submits  a  set  of  postulates  based  on  ideas  of 
order,  from  which  it  is  easy  to  deduce  both  Cantor's  assump- 
tion and  the  principle  of  Archimedes,  and  therefore  also  the 
postulates  of  Weierstrass  and  Dedekind.  This  paper  will  be 
offered  to  the  Bulletin  for  publication. 

21.  Professor  Williams's  paper  appears  in  the  present  num- 
ber of  the  Bulletin. 

22.  A  real  f  unction/(x)  uniquely  defined  in  the  interval  (a,  b) 
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is  said  to  be  "convex,"  if  for  every  two  values  xi  and  Xt  in  the 
interval  (a,  6)  the  inequality 


iH^) 


<' 


holds.*  From  a  paper  of  Bernstein  and  Doetsch,t  according 
to  which  a  convex  function  is  either  continuous  (except  possibly 
at  the  ends  of  the  interval)  or  totally  discontinuous,  it  appears 
that  discontinuous  convex  functions  are  of  relatively  minor 
importance.  Let  then  the  continuity  of  f(x)  be  assumed 
henceforth.  Jensen  has  shownj  that  the  derivative  of  f(x) 
may  be  non-existent  in  an  everywhere  dense  set  of  points, 
but  the  right-hand  derivative  (together  with  the  left-hand 
derivative)  always  exists.  Professor  Blumberg  proves  (among 
other  things) :  (a)  The  right-hand  derivative  of /(ar)  is  a  mono- 
tone increasing  function;  conversely,  if  the  right-hand  deriva- 
tive of  a  continuous  function  g{x)  exists  everywhere  and  is  a 
monotone  increasing  fimction,  then  g{x)  is  convex*  (6)  The 
right-hand  derivative  of  f(x)  b  continuous  on  the  right  at 
every  point  of  (a,  b).  (c)  The  points  of  (a,  6)  at  which  the 
derivative  of /(x)  is  non-existent  form  at  most  a  denumerable 
set  (conversely,  given  a  denumerable  set  8,  a  convex  function 
f(x)  may  be  constructed,  such  that  the  derivative  of  f(x)  is 
existent  at  every  point  not  in  8  and  non-existent  at  every 
point  in  8).  (d)  Every  continuous  convex  fimction  is  the 
indefinite  integral  of  a  monotone  increasing  function;  con- 
versely, the  indefinite  integral  of  a  monotone  increasing 
function  is  convex  (and  continuous). 

The  proofs  are  extremely  simple.  Moreover,  the  proofs  of 
most  of  the  theorems  (on  continuous  convex  functions)  con- 
tained in  the  two  papers  quoted  above  are  simplified  and 
rendered  nearly  intuitionally  evident;  the  Cauchy  artifice,! 
which  is  at  the  basis  of  the  proofs  of  Jensen,  Bernstein  and 
Doetsch,  may  be  altogether  dispensed  with. 

23.  The  theorem  in  question  is  as  follows:  ||  The  number 
/(x)  =  2Sjraraf/a«' 

*  See  Jensen,  Acta  Math.,  vol.  30,  p.  176. 

^  Math.  Ann.,  1916,  p.  5U. 

tL.0. 

i  See  Jensen,  1.  c,  p.  175. 

II  See  BuLLViiN,  Mar.,  1915,  p.  285. 
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is  transcendental  for  every  rational  (real)  a;  (+  0),  if  a  and  c 
are  integers  ^  2  and  if  (1)  |  ojr  |  <  J^^  M  arbitrary  but  fixed, 
and  (2)  only  a  finite  number  of  the  a's  vanish.  Professor 
Blumberg  shows  by  means  of  a  modification  of  Dr.  Kempner's 
method  that  the  condition  (2)  may  be  substantially  altogether 
dropped  and  replaced  by  the  restriction  (evidently  to  be 
demanded)  that  f{z)  shall  not  break  off  after  a  finite  number 
of  terms.  Condition  (1)  may  be  replaced  by  the  milder 
condition  |  ojr  |  <  M^,  k  being  like  M  arbitrary  but  fixed. 

25.  In  this  paper  Mr.  Dantzig  considers  a  continuous  plane 
n  to  1  transformation  T.  Let  C  be  an  arbitrary  curve  through 
a  point  P  and  having  t  for  tangent  at  P  and  let  CiPi  be  the 
images  of  C  and  P,  and  ti  the  tangent  to  Ci  at  Pi;  ^  and  it 
will  meet  in  a  point  r.  The  locus  of  the  point  r  for  the  totality 
of  the  curves  C  through  P  is  a  conic,  which  the  author  calls 
the  indicatrix  of  T  for  the  point  P.  There  exists  for  each 
point  in  the  plane  such  an  indicatrix  I,  and  the  totality  of  the 
indicatrices  /  form  a  two-parameter  system  of  conies.  It  is 
further  shown  that  the  behavior  of  T  at  a  point  P  b  charac- 
terized by  the  indicatrix  at  P.  In  particidar  if  the  totality 
of  the  indicatrices  form  a  system  of  circles  or  equilateral 
hyperbolas,  the  transformation  is  conformal. 

The  case  of  the  degeneracy  of  the  indicatrix  is  further  taken 
up  and  the  intimate  relation  of  the  indicatrix  to  the  invariant 
elements  of  T  b  brought  out.  It  is  shown  that  in  the  case 
of  the  identical  degeneracy  of  the  indicatrix  either  T  is  a 
pseudo  transformation,  or  there  exists  an  infinity  of  invariant 
straight  lines  enveloping  an  absolutely  invariant  curve. 

The  value  of  the  method  for  the  classification  of  plane 
transformations  is  discussed.  Applied  to  collineations  the 
method  fiu*nishes  a  piu*ely  geometrical  basis  for  projective 
geometry  independent  of  any  consideration  of  anharmonic 
ratios,  elliptic  involutions  or  polar  reciprocity. 

The  author  applies  this  method  to  a  great  number  of 
problems  in  geometry,  particularly  to  the  proof  of  Poincari's 
last  theorem,  to  the  problem  of  closure  and  the  theory  of 
unicursal  plane  curves. 

26.  By  means  of  a  remarkably  simple  generalization  of  the 
concept  limit  of  a  function  Professor  E.  H.  Moore  has  recently 
found  it  possible  to  define  the  integration  process  J  in  a  new 
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theory  of  linear  integral  equations  in  general  analysis,  a  general 
theory  having  as  its  guiding  instance  a  body  of  theorems,  due 
to  Hilbert  and  developed  more  directly  by  Hellinger,  con- 
cerning limited  linear,  quadratic  and  hermitian  forms  in 
infinitely  many  numerical  variables.  In  the  present  paper, 
which  will  be  offered  to  the  Transactions,  Professor  Moore 
gives  definitions  of  the  new  limit  and  of  various  allied  concepts, 
proves  a  number  of  fundamental  propositions  involving  these 
concepts,  and  points  out  the  sense  in  which  various  classical 
limits  are  instances  of  the  new  limit.  The  definition  is  as 
follows:  Consider  a  class  O  of  elements  q  and  a  binary  relation 
K  on  O  which  is  reflexive,  transitive  and  of  such  a  nature  that 
for  every  two  elements  qi,  qg  there  is  an  element  qu  of  such  a 
nature  that  912  K  91  and  912  k  92.  (Examples:  I.  O  is  the 
class  of  positive  integers  9;  K  is  the  binary  relation  ^  on  O. 
II.  O  is  the  class  of  all  finite  subclasses  9  of  a  class  $  of  ele- 
ments p;  K  is  the  binary  relation  D,  inclusion,  on  Q,  viz., 
for  two  classes  91,  92,  91  D  92  denotes  that  every  element  p  of 
92  is  an  element  of  91.)  Then,  with  respect  to  this  relation  k, 
a  numerically  valu^  function  <p  or  <p(q)  on  O  has  the  number 
a  as  limit  in  case  for  every  positive  number  e  there  exists  an 
element  9«  depending  on  e  of  such  a  nature  that  for  every 
element  9  k  9*  it  is  true  that  |  <p(q)  —  a  |  ^e.  (Accordingly, 
in  example  I,  the  number  a  is  the  limit  in  the  classical  sense  of 
the  numerical  sequence  ^(1),  ^(2),  •  •  •,  <p(q),  •  •  •.  The  limit 
of  example  II  is  the  limit  used  in  the  definition  of  the  integra- 
tion process  J;  it  is  to  be  noted  that  this  limit  is  of  general 
reference  in  the  sense  that  it  has  reference  to  no  metric  or  other 
features  of  the  dass  $  which  is  accordingly  a  (truly)  general 
?*class.) 

27.  The  differentiating  machine  designed  by  Mr.  Elmen- 
dorf  plots  the  differential  curve  of  any  given  curve,  and  is 
primarily  applicable  in  drawing  the  rate  curve  for  any  empir- 
ical curve.  A  silver  reflector  is  mounted  at  the  end  of  a  bar 
and  at  right  angles  to  it  so  that  when  the  mirror  is  set  upon 
the  curve  and  turned  until  the  image  and  the  actual  curve 
form  a  continuous  line,  the  bar  is  tangent  to  the  curve  at  the 
point  in  question.  The  lengths  cut  off  by  the  bar  on  a  vertical 
erected  at  one  end  of  a  horizontal  link  of  constant  length  which 
is  so  arranged  that  the  other  end  is  over  the  center  of  the  mirror, 
are  plotted  as  ordinates  of  the  desired  differential  curve.    An 
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account  of  the  machine  was  published  in  the  Scientific  Ameri^ 
ean  Supplement  for  Feb.  12,  1916. 

28.  A  cubic  which  has  eight  consecutive  points  in  common 
with  a  curve  C  at  a  point  P  is  called  an  eight-pointic  cubic  of 
P.  One  of  the  oo^  eight-pointic  cubics  has  a  double  point  at 
P  and  is  known  as  the  eight-pointic  nodal  cubic.  The  double 
point  tangents  are,  in  general,  distinct  and  form,  with  the 
inflectionid  line  of  the  cubic,  a  triangle,  which  is  called  the 
canonical  triangle. 

The  anharmonic  curve  which  has  eight  consecutive  points 
in  common  with  C  at  the  point  P  is  called  the  osculating 
anharmonic  curve.  Associated  with  an  anharmonic  curve  is, 
in  general,  a  triangle,  called  the  invariant  triangle,  which  has 
the  following  property.  Suppose  any  tangent  is  drawn  to  the 
curve.  The  anharmonic  ratio  of  the  point  of  tangency  and 
the  three  points  of  intersection  of  the  tangent  with  the  sides 
of  the  invariant  triangle  is  constant  for  all  points  on  the  curve. 

Associated  with  every  point  P  on  the  curve  C  there  are  six 
points  and  six  lines  which  form  the  vertices  and  sides  of  the 
canonical  triangle  and  the  invariant  triangle  of  the  osculating 
anharmonic.  As  P  moves  along  the  curve  C  the  six  points 
will  describe  certain  loci  and  the  six  lines  will  envelope  certain 
curves.  The  object  of  Mr.  Harding's  paper  is  to  study  the 
character  of  these  loci.  The  paper  will  be  offered  for  publica- 
tion to  the  Oiomale  di  Matematiche. 

29.  Professor  Wilczynski  has  shown  that  the  theory  of  non- 
ruled  analytic  surfaces  may  be  based  on  a  completely  integ- 
rable  system  of  partial  differential  equations  of  the  form 

In  the  present  paper,  Miss  Sperry  associates  with  each  point 
of  the  surface  a  line  through  the  point  but  not  in  the  tangent 
plane  of  the  point.  In  this  way  a  congruence  L  is  determined. 
There  are  two  one-parameter  families  of  curves  on  the  surface 
along  which  the  lines  of  L  generate  developables.  We  have 
caUed  them  the  congruential  torsal  curves.    On  every  siu*face 
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there  is  a  two-parameter  family  of  curves  having  the  property 
that  the  osculating  planes  of  all  the  curves  of  the  family 
passing  through  a  point  have  in  common  the  line  of  L  through 
that  point.    Their  differential  equation  is 

o  J      (du\^dv  ,        du(dty\      ^ 

where  pi  and  ps  depend  upon  the  choice  of  Z. 

Conversely  the  integral  curves  of  an  equation  of  this  type 
have  the  property  that  the  osculating  planes  of  all  the  curves 
of  the  family  which  pass  through  a  point  form  a  pencil. 
These  curves  we  have  called  the  congruential  union  curves. 
If  2/  is  the  congruence  of  surface  normals  the  torsal  ciurves 
are  lines  of  curvature  and  the  union  curves  are  geodesies. 
If  Z  is  the  congruence  of  directrices  of  the  second  kind  the 
torsal  curves  are  directrix  curves. 

A  necessary  and  sufficient  condition  that  the  union  cmrves 
be  plane  is  that  they  be  torsal  curves,  a  generalization  of 
a  well  known  theorem  concerning  geodesies  and  lines  of 
curvature. 

30.  With  every  point  P  of  a  non-ruled  surface  8  Professor 
Wilczynski  has  associated  a  pair  of  straight  lines;  one  of  these 
lines  lies  in  the  tangent  plane  and  b  called  the  directrix  of 
the  first  kind,  while  the  other  pierces  the  surface  at  P  and  is 
called  the  directrix  of  the  second  kind.  The  two  families  of 
developables  of  the  two  congruences  thus  associated  with  8 
are  determined  by  one  and  the  same  net  of  curves,  the  directrix 
curves  on  8. 

In  this  paper  Dr.  Yeaton  obtains  the  conditions  imder  which 
the  focal  sheets  of  the  directrix  congruence  of  the  second  kind 
degenerate  into  curves.  Limiting  the  discussion  to  surfaces 
whose  directrix  curves  form  a  conjugate  net,  he  shows  that 
if  this  net  is  not  degenerate,  the  congruence  in  question  may 
be  linear.  The  surfaces  thus  determined  are  projectively 
equivalent  to  the  surface 
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On  any  surface  the  two  families  of  asymptotic  curves  are  pro- 
jectively  equivalent,  each  lies  on  a  quadric  and  b  identically 
self-dufid;  the  directrix  curves  are  plane  curves  and  one  of  the 
two  families  consists  of  conies.  A  non-degenerate  quadric 
and  a  straight  line,  which  is  not  a  ruling  of  the  quadric,  con- 
stitute the  focal  surface  of  the  directrix  congruence  of  the 
first  kind.  The  finite  equations  of  the  various  associated  loci 
are  obtained. 

Abnold  Dresden, 
Secretary  of  the  Section. 


NOTE  ON  FUNCTIONS  OF  SEVERAL  COMPLEX 
VARI^LES. 

BT  PBOFBSSOB  WILLIAM  F.  OSOOOD. 

(Read  before  the  American  Mathematical  Society,  April  29,  1916.) 

The  object  of  the  present  note  is  at  once  to  extend  the 
scope  of  a  fundamental  theorem  of  the  theory  of  analytic 
functions  of  several  complex  variables  and  to  simplify  its 
proof.* 

Definition. — ^Let  S  be  the  cylindrical  region  (Si,  •  •  •,  Sn), 

Ski                                   |z*|<fib  (ft=l,  ...,n); 

let  2  be  the  region  (2i,  •  •  •,  2n), 

2y:                                 \z,'\<hj<rs  (i=l,2); 

2*:                                     |z*l<>*  (i  =  3,  •.•,n); 

and  let  T  be  the  region  whose  points  are  interior  to  S,  but 
exterior  to  2: 

r  =  S  -  2.t 

Theorem.  Let  /(zb*-*,Zii)  be  analytic  throughout  the 
region  T.  Then  /(zi,  -**,Sn)  admite  analytic  continuation 
throughout  S. 

*  The  theorem  was  Kiven  by  Kktler,  ''Ueber  Fimktionen  von  mehreren 
komplexen  Ver&nderlicheii,"  §  7,  Basel,  1905,  for  the  case  that  the  excepted 
points  he  on  a  finite  number  of  analytic  manifolds,  each  of  n  —  2  com- 
plex dimenaons,  and  was  proven  by  means  of  n-fold  integrals. 

fThis  symboHc  form  is  suggestive,  but  not  quite  accurate,  since  it 
would  assi^  to  T  certain  of  its  boundary  points,  and  T  consists  only  of 
interior  pomts. 
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The  proof  is  given  at  once  by  Cauchy's  int^^ral  fonnula 
for  functions  of  a  single  variable-^or  simplicity  we  set  n  »  3 — 

Here  C  shall  be  a  circle, 

ft  being  taken  as  near  to  ft  as  one  pleases.    Furthermore,  Si 
shall  be  a  point  of  the  ring 

Ai  <  I  «i  I  <  n, 


Fig.  1. 

while  Z|  is  any  point  of  the  circle 

I  2s  I  <  r,. 

If  finally  Z2  is  any  point  interior  to  the  circle  C,  the  hypotheses 
of  the  theorem  justify  the  above  formula. 

But  the  integrand,  for  any  fixed  point  1%  on  the  circle  C, 
is  analytic  throughout  the  whole  region  S'  =  (Si,  St,  Sz), 

S2':  |z2|<r2'; 

and  it  b  continuous  when  (z)  lies  in  S'  and  t%  on  C  Hence 
the  integral  represents  a  function  analytic  throughout  S\ 

Thus  /(zi,  Z2,  Zj)  admits  analytic  continuation  throughout 
8',  and  hence  finally  throughout  8. 

Remark.  The  foregoing  theorem  is  contained  in  a  theorem 
of  Hartogs's.*  Let  ai  be  a  point  of  the  region  Ai  <  |zi|  <  fi, 
and  let  as  =  0.    Then 

(i)  /(zi,  Z2,  Zz)  is  analytic  in  each  point  (ai,  Z2,  aj),  where  Z2 
is  any  point  of  82',  including  the  boundary; 

*  SUzungaber.  der  MtLnchener  Akad.,  36  (1906),  p.  223.  Cf.  ako  the 
Madison  Colloquium,  pp.  168, 169. 
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(ii)  /(2i,  Zi,  zt)  is  analytic  in  each  point  {zi,  U,  Zz),  where  U 
is  any  point  of  C,  and  zi,  zt  lie  respectively  in  Si  and  8%. 

Hence  f{zi,  z^,  Zz)  admits  analytic  continuation  throughout 
S\  and  thus  throughout  S. 

Hartogs's  proof  of  the  more  general  theorem  is  less  simple, 
involving  as  it  does  fi^-fold  integrals. 

H  ARYABD .  UnIYBBSTTT, 

AprU  17, 1016. 


QUASI-PERIODICITY  OF  ASYMPTOTIC 
PLANE  NETS. 

BT  DB.  ALVBED  L.  NBUBON. 

(Read  before  the  American  Mathematical  Socie^i  April  21, 1016.) 

1.  IfUroducHon. — ^The  projective  properties  of  plane  nets 
of  curves  have  been  discussed  by  Wilczynski.*  For  this 
purpose  he  makes  use  of  a  certain  completely  integrable 
system  of  three  linear  homogeneous  partial  differential  equa- 
tions of  the  second  order,  namely, 

y«v  =  ayu  +byv  +  cy> 

(1)  yuv  =  aVv  +  b%  +  c% 
y^^a''yu+V%  +  c"y. 

Three  linearly  independent  solutions  of  this  system,  y^*^ 
{k  =  1,  2,  3),  are  interpreted  as  the  homogeneous  coordinates 
of  a  point  Py  which  generates  the  plane  net.  The  pro- 
jective properties  of  the  net  are  expressed  in  terms  of  the 
invariants  of  (1)  under  the  transformations 

(2)  y  =  \{u,  v)y\       u  =  U{u),        v  =  V{v). 
Two  of  these  invariants, 

H^c'  +  a'V  -aj,    K=c'  +  a'V  -  6/, 

the  so-caUed  Laplace-Darboux  invariants,  are  expressed 
entirely  in  terms  of  the  middle  equation,  which  is  of  the  type 

*  Wilczynski,  "One-parameter  families  and  nets  of  plane  curves," 
TraMOiCtUms  Amer,  Math.  SodUy,  vol.  12  (1011),  no.  4,  pp.  473^10. 
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studied  by  Laplace.*  A  certain  special  case,  namely,  when 
the  invariants  H  and  K  are  equal,  acquires  especial  interest 
in  view  of  a  theorem  of  Koenigs.-f  The  perspectives  of  the 
asymptotic  carves  of  a  surface  from  a  fixed  poird  on  a  fixed 
plane  form  a  net  wiih  equal  invariants.  Conversely,  a  plane 
net  with  equal  invariants  mxiy  he  regarded  as  the  perspectives 
from  a  fixed  point  of  the  asymptotic  curves  of  a  surface.  We 
shall  speak  of  a  plane  net  for  which  H  ^  K  as  em  asymptotie 
plane  net.  The  present  paper  has  as  its  object  the  discussion 
of  the  Laplace  transformation,  to  which  a  large  part  of  Wile- 
zynski's  paper  is  devoted,  for  the  special  case  mentioned. 
The  characteristic  system  of  partial  differential  equations  for 
the  general  Laplace  transformed  net  will  be  computed,  to- 
gether with  its  fundamental  invariants,  and  certain  theorems 
concerning  quasi-periodic  plane  nets  will  be  deduced. 

The  first  Laplace  transform  is  the  net  generated  by  the 
covariant  point  P^,  whose  coordinates  are  j/^*^  =  y»^*^  —  a'y^*^ 
(£  =  1,  2,  3).  The  minus  first  Laplace  transform  is  described 
by  the  covariant  point  PyC-n,  where  y^"^^  =  yi»  —  Vy.  Each 
of  these  new  nets  has  a  first  and  a  minus  first  Laplace 
transform,  and  it  is  readily  shown  that  the  minus  first  trans- 
form of  the  first  transform,  as  well  as  the  first  transform  of  the 
minus  first  transform,  is  the  original  net.  Accordingly,  we 
have,  in  general,  an  infinite  chain  of  nets,  the  Laplace  suite, 
covariantly  connected  with  the  original  net.  Each  net  of 
the  suite  has,  of  course,  a  characteristic  system  of  equations, 
and  we  shall  call  the  system  of  the  ith  transform  {Y^^)  (t  a 
positive  or  negative  integer),  and  distinguish  the  coefficients 
and  invariants  of  this  transform  by  the  subscript  i. 

Under  the  assumption  of  the  equality  of  H  and  K,  the  sys- 
tem (1)  may  be  put  in  the  unique  form 

y^  =  -  2-j  •  y„  +  %,  -  ©^log  jj  •  y, 
(3)       (F)    y^  =  Hy,     (^  =  a"«-^^). 

*  ' '  Recherches  sur  le  caJcul  integral  aux  differences  partiellee."  Oeuvres 
de  Laplace,  t.  DC,  pp.  29,  et  seq. 

t  Koenig?,  "  Sur  les  r^seaux  plans  &  invariants  6gaux  et  lee  lignes  bsymp- 
totiquee."    Comptea  Rendua,  vol.  114  (1892),  p.  55. 
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which  is  characterized  by  the  relations  a'  ^  V  ^  0,  and 
where  S  is  a  non-vanishing  function  of  u  and  v.*  The  inte- 
grability  conditions  of  (F)  are  obtained  from  the  identical 
relations 

(yv«)»  =  (yw)v;    (y«r)*  =  (yw)u. 

They  are  given,  for  the  general  case,  as  equations  (5)  of 
Wilczynski's  paper.  Each  of  the  other  nets  of  the  Laplace 
suite  has  the  six  corresponding  integrability  conditions,  which 
are  satisfied  as  a  result  of  those  of  the  original  net.  We  shall, 
however,  use  the  integrability  conditions  of  the  other  nets  of 
the  suite  as  being,  by  their  form,  better  adapted  to  the  simpli- 
fication of  our  computations,  and  shall  refer  to  them  as  the 
first,  second,  etc.,  the  order  being  imderstood  to  be  the  same 
as  in  the  case  of  those  of  the  original  net,  as  given  by  Wile- 
zynski. 

2.  The  Oenerai  Laplace  Transform. — ^Let  us  assume  that 
the  (k  +  l)th  {k  a  positive  integer)  transform  is  non-degen- 
erate,! and  has  the  following  coefficients: 


^*^'"ai*''^      ^     '    ^^^'% 


//> 


* 


ai+i  =  T^  log  Hkl,  6*+i  =  0, 

dk+i  =  Uk+u  Ok+i  =  ^  log  -jp  , 

(4)  Hk     d  -        g*lil 

c,^i=-^,-3-^log^— jj5, 

*»The  tranflfarmation  which  accomplisheB  this,  with  the  help  of  the 
integrability  conditions,  is  of  the  form  of  the  first  of  (2),  and  does  not 
alter  the  net. 

t  It  18  easily  shown  that  for  the  (h  +  l)th  transform  to  degenerate  into 
a  single  curve  it  is  necessary  and  sufficient  that  fLk"Hk  "  0  (cf.  (5)), 
assuming  that  the  kth  transform  is  not  degenerate.  The  assumption  thiftt 
the  (k  +  l)th  transform  is  non-degenerate  carries  with  it,  of  course,  the 
assumption  of  the  non-degeneracy  of  all  the  transforms  up  to  the  (k  +  l)th. 
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where 


(5) 
and 


Bj  I  =  OffiiOt  '  * '  9jf    flo  —  ^> 

( j  a  positive  integer,  $  =  ?["  or  fl)* 

The  coeflScients  of  the  first  and  second  transforms,  if  these 
transforms  are  not  degenerate,  can  readily  be  shown  to  be  of 
the  form  (4). 

The  (k  +  2)th  transform  is  generated  by  the  point  Py(jb+i)i 
where 

(6)  y<*^>  =  y.<*^«  -  ^  log  Zr*  I .  y^^'K 

By  differentiation  of  (6)  and  application  of  the  equations 
given  by  (4),  we  find  the  relations 


+  (c;;,-^'iogF»i)y(^». 


Except  when  flk+iHi^i.!  —  0,  that  is,  except  when  the  (A;+2)th 
transform  is  degenerate,  we  may  solve  equations  (6)  and  (7) 
for  j^^^^,  y»^*^*',  y»^*^'\  obtaining  the  expressions 


1     d 


y'^^'^Hr-y 


(8) 


where  the  fourth  integrability  condition  of  (F^*^^)  has  been 
used  to  obtain  the  given  form  of  the  coefficient  of  yu^*^^  in 
the  third  equation  of  (8). 
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If  we  differentiate  eqiistions  (7)  again,  and  make  use  of  (4), 
we  find  the  following  equations: 


."I  \ 
<*+i) 


(9)  +a;;i^iog^^^'.y.<^« 

+  (^c^,^log-^-j^-^logF*l 

Substitution  of  (8)  in  (9)  yields  the  characteristic  system  of 
equations  of  the  {Je  +  2)th  transform,  for  which  the  following 
are  the  coefficients: 


3  ,     nk+i\Hk+il      ,  Hi 


aM-«  =  ^log-    ^^         ,     *M-.-^. 

a*+2   =   «l*+2,  Ok+2   =  di    ^^""{2"  * 

//I 


Ct+2  =  c»+i  +5^1og- 


-3;ioga»+.  .^iog^j^-„ 

where  the  expression  for  oi+»  (cf.  (5))  is  given  by  the  fifth 
integrability  condition  of  (F<*+'').    Comparison  of  (10)  with 
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(4)  shows  that  we  have  completed  the  inductioD  proof  that  (4) 
gives  the  characteristic  system  (Y^^^^)  for  the  (i+l)th 
transform  (k  positive). 

We  may  compute  the  general  minus  (k  +  l)th  transfonn 
in  the  same  manner,  or  may  more  easily  obtain  the  result  by 
applying  the  substitution 

to  the  equations  given  by  (4).  The  coefficients  of  the  minus 
(k  +  l)th  (k  positive)  turn  out  to  be 

a_<»+i)  =  ^  log  -^  ,       0_(i4.D  «  >0-(Jl4-l)> 

c^.+.,  =  a.*  +  ^,log^-^-^ 

-^log«.*-^log^^— ^, 

(")  '  A  J.'  ^    I         IT    f 

a_<*+i)  =  0,  c>-{*+i)  -  ^  log  //*  I, 

C>(*^l)--jg^^^lOgjy^^,j„ 

where 

(12)  ®-^  =  ^Br^V^^^""aiidi^^^ 

(j  any  positive  integer), 
and 

«-/!  =  «o»-i©-i  •••»-/. 

We  have  already  mentioned  the  fact  that  for  the  (k  +  2)th 
tran^orm  to  degenerate,  while  the  (Jc  +  l)th  transform  is 
non-degenerate,  it  is  necessary  and  sufficient  that  3![j^.i  =  0, 
or  Hhj-i  =  0.  Reference  to  the  third  equation  of  the  system 
determined  by  (4)  shows  that  the  first  of  these  conditions  is 
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necessary  and  sufficient  for  the  curves  u  »  const.  cfthe(k+  l)th 
transform  to  be  straight  lines.  The  first  equation  of  (4)  shows 
that  the  curves  v  »  const,  of  the  {k  +  l)th  transform  cannot  be 
straight  Knes,  since  the  condition  for  this^  6j^.i  =  0,  would 
make  the  (Je  +  l)th  transform  degenerate.  Similarly^  degen- 
eracy  of  the  minus  (k  +  2)th  transform  is  equivalent  to  Sd^ik^j) 
^  0,  or  jETjbfi  =  0.  The  first  of  these  conditions  is  necessary 
and  sufficient  for  the  curves  v  =  const,  of  the  minus  (k  +  l)th 
transform  to  be  straight  lines.  The  curves  u  =  const,  of  this 
ttan^orm  cannot  be  straight  lines. 

3.  Summary  of  Fundamental  Invariants. — In  the  paper 
referred  to,  Wilczynsld  has  proved  the  theorem:  If  the 
invariants  «  =  6,    (£  =  c  + a'6  + oft' -  6'*  -  6^',   «' =  fa' 

-  W'+  i(a.>"),  «'  -  iV  -  ia  +  iibjb),  (£'  -  c'  +  a'V 

-  i(a.  +  6/),  a"  =  a",  (£''  =  c''  +  a%'  +  a%;'  -  a'*  -  a.', 
of  a  net  are  given  as  functions  of  u.  and  v,  subject  to  the  irde- 
grabUity  conditions,  the  net  is  determined,  except  for  a  projective 
transformation.'^  Omitting  the  details  of  computation,  these 
fundamental  invariants,  together  with  the  invariants  H  and 
K,  for  the  (k  +  l)th  transform  have  the  foUowing  expressions: 


^+1  =a5;*08 


a/'    dv'^^(Hj^il)muP' 


//fN2  * 


6dv'^^    (a*" I) 

(13)  %+i  -  g  a^log^^„,)^^,,(^^,j„ 

(S»+i-g*-3^^1og— js— , 

t^f        or"   ^  1   a»+iijErifi 

(Ek+i  =  -  ^*+i  a^^^8 ji ' 

*  P.  485  of  Wflcxyneki's  paper. 
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The  correspondiiig  invariants  of  the  minus  (k  +  l)th  trans- 
form are 

«,        1  a ,  H^ 


(14) 


*-<*+•>  -  6  d^^**«     (a-ti)»     ' 

*-<»+•>  -  ^»  -  3  5^  log       ^       , 

or"  ^* 

4.  Quasir^periodic  Nets. — ^In  case  the  tth  transform  is  pro- 
jectively  equivalent  to  the  {i  +  j)th  transform  {j  a  positive 
integer^  t  a  positive  or  negative  integer),  the  net  is  said  to 
be  quasi-periodic,  of  period  j.  Let  us  assume  that  H*", 
©-t  and  Hk  are  different  from  zero,  so  that  the  (i  +  l)th 
and  minus  {k  +  l)th  transforms  are  non-degenerate.  A  neces- 
sary and  sufficient  condition  for  a  quasi-periodic  net,  of 
period  2(i  +  1),  is  that  the  fundamental  invariants  of  {Y^^^) 
be  equal  to  the  corresponding  invariants  of  (7""^*+^^).  If  such 
a  period  exists,  however,  the  invariants  H  of  the  two  trans- 
forms must  also  be  equal.  By  reference  to  (5),  we  see  that 
this  condition  is 

SO  that  by  a  transformation  of  the  form  u  =  U{u)y  v  =  V{v) 
we  may  make  ff*!  =  1.  But  (15)  also  makes  the  (i  +  l)th 
and  minus  {k  +  l)th  transforms  asymptotic,  so  that  we  may 
take  advantage  of  the  following  theorem:  If  the  coefficients 
a,  b,  a",  b",  of  the  form  (3)  of  the  differential  equations  of  an 
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asymptotic  plane  net  are  given  as  functione  of  u  and  v,  subject 
to  the  integrabiUty  conditions,  they  determine  the  net  except  for  a 
projective  transformation.*  For  the  case  of  quasi-period 
2{k  +  1),  the  transformation  which  makes  Hk\  =  1  also  puts 
the  differential  equations  of  the  (k  +  l)th  and  the  minus 
(k  +  l)th  transforms,  namely,  those  given  by  (10)  and  (11), 
in  the  form  (3).  Hence  we  obtain  the  further  conditions 
de3iTed  by  equating  the  coefficients  at^i,  bh^i,  ah+i,  bu+i, 
to  the  corresponding  coefficients  of  the  minus  (k  +  l)tih 
transform.  Remembering  that  Hkl=  1,  these  conditions 
are  the  following:  ^ 


(16) 


d 
du 

,    a*"  I 

log    J, 

a*" 

—  S5_(JH-l)i 

?U+i 

d 

log    J, 

The  first  and  fourth  of  these  equations  imply  21*"  1/8^*  I  =  con- 
stant, and  we  may  make  this  constant  equal  to  unity  by  a 
suitable  transformation  of  the  independent  variables,  without 
violating  the  condition  fl"*!  =  1.  The  second  and  third 
equations  of  (16)  are  now  equivalent,  in  view  of  (5)  and  (12), 
so  that  we  have  the  theorem:  //  an  asymptotic  plane  net,  for 
which  the  (Jfc  +  l)th  and  minus  (k  +  l)th  transforms  are  not 
degenerate,  is  quasi-periodic,  of  period  2{k  +  1),  its  differential 
equations  may  he  so  written  that 

(17)        Hu\=h    a*" I  =  «-*!,    aiH-i"  =  ir*/SB-fc. 

Conversely,  any  asymptotic  plane  net,  whose  {k  +  l)th  and  minus 
(k  +  l)th  transforms  are  nonrdegenerate,  and  for  which  equor 
tions  (17)  hold,  is  quasir^periodic,  of  period  2{k  +  1). 

In  order  to  discuss  the  case  of  odd  quasi-periods,  we  equate 
the  corresponding  fundamental  invariants  of  {Y^"^^)  and 
(y(*+i))^  to  obtain  the  conditions  for  a  quasi-period  2k  +  1. 
The  conditions  are  the  following: 

*  The  truth  of  this  theoiem  is  easily  seen  by  reference  to  (3). 
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en.  *^^ 


6  dt> '"« («u(i^«  i)««_(,^.i)  (5,^.1 1)« 


(18)  6att^°«  («u(,^i)0»  ~6a«'°«(5U"i)»a»"(fr»D*' 

TT  1       ^       1  S-(t-l)lJ?t-ll 


„      1   d«   ,     g/Mgfcl 


Since  also  flL.*  =  Hi^if  we  have,  in  view  of  (5), 

(19)  ^logg*-xlg»l  =  0, 

SO  that  by  a  suitable  transformation  of  the  independent 
variables  we  may  make 

(20)  Hi^i\Hu\^l. 

By  use  of  (5)  and  (12),  we  find  that  substitution  of  (20)  and 
the  first  of  (18)  in  the  remaining  equations  causes  (18)  to  yield 
only  one  new  condition,  namely,  21*"  1  Hk^\  !/?5_(fr-D  I  =  con- 
stant. We  may  make  thb  constant  equal  to  unity  by  a 
transformation  of  the  independent  variables,  without  violating 
the  condition  (20).  Hence  the  following  theorem  results. 
//  an  aaymptotic  plane  net  whose  {k  +  l)th  and  minus  (k  +  l)th 
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transforms  are  not  degenerate,  is  quasir^periodic,  of  period  2k  +  1, 
its  differential  equations  may  he  so  written  thai 

Conversely,  any  asymptotic  plane  net,  whose  (k  +  l)th  and 
minus  (k  +  l)th  transforms  are  nonrdegenerate,  and  for  which 
eqwjJAons  (21)  hM,  is  quasir^periodic,  of  period  2Jk  +  1- 
Ann  Abbor,  Mich., 
April,  1916. 


CONCERNING  HILUS  DERIVATION  OF  THE 
LAGRANGE  EQUATIONS  OF  MOTION. 

BY  PBOFB880B  K.  P.  WILLIAMS. 

(Read  before  the  American  Mathematical  Society,  April  22,  1916.) 

There  are  two  methods  of  deriving  the  Lagrange  equations 
of  motion  that  are  commonly  given  in  treatises  on  dynamics. 
One  of  the  methods  makes  use  of  what  is  known  as  Hamilton's 
principle,  while  the  other  proceeds  directly  from  D'Alembert's 
equation  by  means  of  a  transformation  of  variables.  While 
the  first  method  leaves  little  to  be  desired  as  regards  elegance, 
it  makes  use  of  a  principle  not  essential  to  an  understanding 
of  the  equations  of  motion  or  of  their  application.  The  second 
method,  as  usually  given,  involves  a  considerable  amoimt  of 
calculation. 

In  a  paper  entitled  ''On  the  differential  equations  of 
dynamics,"  in  the  first  volume  of  the  Analyst,*  Hill  sought 
to  derive  the  Lagrange  equations  from  D'Alembert's  equation 
without  making  use  of  the  details  of  the  calculation  above 
mentioned.  For  some  reason  his  ideas  do  not  seem  to  have 
found  their  way  into  the  literature  of  the  subject.  In  the 
form  in  which  he  presented  it.  Hill's  derivation  seems  to  me 
to  be  open  to  criticism  on  account  of  some  of  the  assumptions 
that  he  makes.  It  is  possible,  however,  to  avoid  making  these 
assumptions,  and  when  this  is  done  a  very  simple  and  direct 
derivation  of  the  Lagrange  equations  is  obtained. 

We  start  with  D'Alembert's  equation 

*  (Collected  Papers,  vol.  1,  pp.  192-194. 
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where  Sxi,  Syi,  6zi  is  any  virtual  displacement.    Since 

■^Su  =5^  (tt  =  Xi,  tfi,  Zi), 

we  obtain  from  this  in  the  ordinary  way 

(1)   |t-.{|^.^+|%,+  |v}-w-P)  =  o, 

where  T  is  the  kinetic  energy  and  —  U  the  force  function.  Let 
now  qi,  qt,  '",  qjthe  the  generalized  coordinates  of  the  system. 
Replacing  Xi,  yt,  Zi  by  their  values  in  terms  of  them's,  the  last 
equation  takes  the  form 

^ZpiSqi-S{f^U)^0, 

where_pi,  pj,  •  •  •,  p*  are  quantities  to  be  determined,  and  T 
and  U  denote  what  T  and  U,  respectively,  become  after  the 
substitution.  At  this  point  Hill  says:  ''We  can  find  the 
value  of  Pi  without  actually  making  the  substitution  from 
this  consideration;  since  the  original  equation  contains  only 
the  variations  dx,  dy,  Sz,  etc.,  without  the  variations  S(dx/dt), 
S(dy/dt),  S(dz/dt),  it  follows  that,  in  the  transformed  state,  it 
should  contain  only  the  variations  Sqi  without  the  varia- 
tions d(dqi/dt)"  It  scarcely  seems  legitimate  to  draw  such  a 
conclusion  without  further  examination,  especially  since  Hill 
expressly  gives  to  the  symbol  S{dx/dt),  etc.,  no  quantitative 
significance.*  The  hypothesis  that  must  be  made  in  order  to 
evaluate  p»-  is  obtained  in  the  following  way. 

*  The  way  in  which  Hill  uses  the  symbol  seems  to  me  a  little  vague. 
Relative  to  the  relation 

he  states:  "The  reader  will  see  in  this  only  a  notational  assumption, 
without  quantitative  significance,  serving  mei^ely  as  machinery  of  demon- 
stration." He  expressly  avoids  using  iz^  dy^  Sz  with  the  significance 
attached  to  them  m  the  calculus  of  variations.  This  is  Intimate  in  the 
case  of  D'Alembert's  equation,  where  they  may  represent  any  virtual 
displacement,  but  they  must  be  regarded  as  certam  functions  of  lin  equa- 
tion (1). 
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The  last  eqiiation  when  developed  becomes 


or 


«)  s[t-^-^]''.+l;[-f;]l'"-<'- 


since 

dt 


^9i  ^T*^9i' 


Suppose  now  that  the  system  is  holonomic.  We  can  then 
give  to  the  variations  iqi  any  values.  Let  us  make  each  one 
of  them  constant  throughout  the  motion,  but  not  zero.  The 
last  summation  in  the  equation  above  then  vanishes,  so  that 
we  have  _       _ 

Since  Sqi,  -  --,  iqk  sre  aill  independent  we  then  have  at  once 

an  equation  entirely  independent  of  the  variations  Sq^.  Equa- 
tion (2)  then  becomes 


li[p'-^']^*^-=°- 


Making  all  the  quantities  dqi  constant  except  in  turn  Sqi, 
^ts  "',  i^k,  we  have  finally 

df 

Upon  substituting  in  (3)  we  have  the  Lagrange  equations 

*<^-^.0    (i..,2,...,«. 


di\dq/) 


dqi 
Indiana  Uniyebsitt. 
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A  SIMPLIFICATION  OF  THE  WHITEHEAD-HUNT- 

INGTON  SET  OF  POSTULATES  FOR 

BOOLEAN  ALGEBRAS. 

BT  DB.  B.  A.  BBBN8ISm. 

(Read  More  the  San  Francuco  Section  of  the  American  Mathematical 
Society,  November  20, 1915.) 

Of  the  various  sets  of  postulates  that  have  been  given  for 
Boolean  logic  the  most  elegant  and  natural  is  the  set  of 
Huntington's  based  on  Whitehead's  ^'formal  laws."*  This 
set  may  be  simplified  by  reducing  the  number  of  its  postu- 
lates without  injuring,  the  writer  feels,  the  elegance  or  the 
naturalness  of  the  original.  This  reduction  is  effected  by 
substituting  for  Himtington's  Postulates  Ha,  lift,  and  V  the 
following  single  postulate: 

Postulate  X.  For  any  elemerU  b  in  the  class  there  exists  an 
element  5  such  thai,  whatever  a  is,  a  ®  (&  0  S)  =  a  and 
a  0  (6  ©  5)  =  a. 

Evidently,  Huntington's  Postulates  Ila,  H^,  and  V  follow 
from  Postulate  X,  with  the  help  of  !«  and  I^. 

Evidently,  also,  Postulate  X  can  be  derived  from  Ha,  II^, 
and  V,  with  the  help  of  la,  lb,  IIIa>  and  III^. 

It  is  of  course  seen  that  by  adopting  Postulate  X  in  place  of 
Ila,  lid,  and  V,  not  only  is  the  number  of  Himtington's  postu- 
lates reduced  from  ten  to  eight,  but  abo  the  number  of  postu- 
lated special  elements  is  reduced  from  three  (''zero,"  the 
"whole,"  and  the  "negative")  to  one  (the  "negative"). 

In  establishing  the  independence  of  the  modified  set  of 
postulates  Huntington's  systems  for  la.  Id,  IVa,  IV^,  VI  can 
serve  for  the  same  numbered  postulates  in  the  new  set.  For 
Postulate  X  we  can  take  Huntington's  system  for  V.  For 
Ilia  and  Illb,  however,  a  class  of  more  than  two  elements  is, 
in  each  case,  necessary.  Proof-systems  for  these  two  postu- 
lates are,  respectively,  the  following: 
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*  See  £.  v.  Huntington,  ''Sets  of  independent  postulates  for  the  algebra 
iA  logic/'  TransactianB  Amer.  Math.  Society^  vol.  5  (1004)^p.  28S-d09. 
The  set  referred  to  is  the  first  of  the  three  sets  treated  by  JETuntington  in 
his  paper. 
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Here  e^  ®  ez^  ez  e  e%. 


in^. 


Here  e2  o  ez  ^  ez  o  e^. 

Univbbsitt  of  California, 
March,  1916. 
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NOTE  ON  REGULAR  TRANSFORMATIONS. 

BY  DB.  L.  L.  BILYIGBMAN. 

Let  u{x)  be  bounded  and  integrable,  0  ^  :r,  and  k(x,  y) 
integrable  in  y  for  each  x,Q  <  y  ^x\  then  the  transformation* 

(1)  v{x)  =  au{x)  +  j    k{x,  8)u(s)d8 

is  regular  if 


implies  the  existence  of 


lim  u{x) 


lim  v(x) 


and  the  equality  of  the  limits.  The  transformation  (1), 
which  depends  on  the  number  a  and  on  the  function  k(x,  y), 
will  be  denoted  by  the  symbol  [a;  k(x,  y)].  Examples  of 
regular  transformations  are  given  by  [1;  0],  which  is  the  iden- 
tical transformation,  and  [0;  1/x],  which  corresponds  to  the 
first  Holder  mean.  In  a  forthcoming  paperf  the  author  di^ 
cusses  conditions  on  a  and  k{x,  y)  for  the  regularity  of  the 
transformationj  (1),  and  proves  the  following  theorem  :|| 

Theorem  1.  A  sufficient  condition  that  k(x,  y)  defined, 
0  <  y  ^  «,  and  integrable  in  y  for  each  x,  correspond  to  a 

*  It  is  aasumed  that  the  improper  integral  converges;  the  lower  limit  of 
integration  is  taken  xero  for  convenience. 

t  TransacHana,  vol.  17  (1916). 

t  The  function  k(x,  y)  in  (1)  is  (1  —  a)  times  the  function  k(Xf  y)  in  the 
article  referred  to. 

II  See  Theorem  UI  in  the  article  referred  to;  the  numbers  a  and  h  (rf 
that  theorem  are  here  replaced  by  0  and  a  respisctively.  The  right-hand 
member  of  the  last  condition  is  1  —  a  instead  of  unity;  see  preceding 
footnote. 
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regular  trafuformaiion  is 

r\k{^,  y)\dy  converges,    lim  I    \k(x,  y)\dy  =  0, 

r\Hx,  y)\dy  <  A,    x>  0,    lim  |    k(x,  y)dy  =  1  —  a, 

where  a  and  A  are  positive  constants. 

We  wish  in  this  note  to  consider  some  special  cases  of  The- 
orem 1. 

Theorem  2.  Let  k(x,  y)  be  d^ned,  0  <  y  ^  x,  and  inte^ 
grable  in  y  for  each  x;  then  a  sufficient  condition*  that  the 
transformation  [a;  k(x,  y)]  be  regular  is  thai 

l*(a;,  y)|  ^-^/^-,    0<y^a:,    lim  J    *(«,  »)dy  =  1  -  a, 

where  f{x)  is  a  function  contintums,  x  '^0,  and  having  a  con- 
iiniums  derivative,  x>  0,  and  satisfying  the  conditions 

fix)  ^0,    x^O;    fix)  ^0,    a:  >  0;    lim/(aj)  =  oo ; 

SSBOO 

and  where 

The  fourth  condition  of  Theorem  1  is  satisfied  by  hypothe- 
sis. The  first  condition  is  satisfied  since  from  the  hypothesis 
it  follows  that  the  integral  of  kix,  y)  converges  absolutely. 
Furthermore, 

j^\k{x,y)\dy^^^,    x>0. 

The  second  and  third  conditions  of  Theorem  1  follow  at  once 
from  this  inequality.  Thus  all  the  conditions  of  Theorem  1 
are  satisfied. 

Corollary  1.  A  suffixdent  condition  thai  kix,  y)  defined^ 
0  <  y  ^x,  and  integrable  in  y  for  each  x,  correspond  to  a 
regular  transformation  is 

M 

lim   I    kix,  y)dy  =  1  —  a, 

where  Jf  ^  0. 

*  The  convergence  of  the  integral  in  the  second  condition — ^in  fact,  its 
absolute  convergence — ^follows  from  the  first  condition. 


Digitized  by 


Google 


1916.]  SHOBTEB  NOTICES.  461 

Taking  f{x)  =  log  (1  +  «),  it  is  seen  that  the  conditions  of 
Theorem  2  are  satisfied. 

Corollary  2.  A  sufficient  condition  that  k{x,  y)  defined, 
Q  <  y  ^x,  and  integrcAle  in  y  for  each  x,  correspond  to  a 
regular  transformation  is 

\^(^^  y)\  ^  :;A:^^y    0<y  ^x,    Km  I    k{x,  y)dy  =  1  -  a, 

where  p  and  M  are  constants,  0  ^  p  <  1,  if  ^  0. 

Taking/(x)  =  x*~p,  it  is  seen  that  the  conditions  of  Theorem 
2  are  satisfied. 

Similar  theorems  hold  for  transformations  of  sequences. 

COBNELL  UnIYBBSITT. 

SHORTER  NOTICES. 

Contributions  to  the  Founding  of  the   Theory  of  Transfinite 

Numbers.    By  Georo  Cantor.    Translated,  and  provided 

with  an  introduction  and  notes,  by  Philip  E.  B.  Jourdain. 

Chicago  and  London,  Open  Court  Publishing  Company, 

1915.    ix+211pp. 

This  volimie  contains  a  translation  of  G.  Cantor's  two  fun- 
damental memoirs  on  transfinite  numbers  which  appeared  in 
the  Mathematische  Anruden  for  1895  and  1897  under  the  title 
"  Beitrage  zur  Begriindung  der  transfiniten  Mengenlehre." 
The  translator  has  changed  the  title  to  that  given  above  be- 
cause "these  memoirs  are  chiefly  occupied  with  the  investi- 
gation of  the  various  transfinite  cardinal  and  ordinal  numbers." 
The  book  is  put  forth  by  the  publishers  as  number  1  of  "The 
Open  Court  Series  of  Classics  of  Science  and  Philosophy." 

It  is  not  too  much  to  say  that  the  work  of  Cantor  on  the 
theory  of  classes  of  points  has  brought  about  both  a  mathe- 
matical and  a  philosophical  revolution,  that  in  philosophy 
perhaps  being  even  greater  than  that  in  mathematics,  not- 
withstanding the  fact  that  "these  theories  of  Cantor  are  per- 
meating modern  mathematics."* 

In  the  opinion  of  the  translator  K.  Weierstrass,  R.  Dedekindj 
and  G.  Cantor  are  the  three  men  who  have  exerted  the  most 
marked  influence  on  modern  pure  mathematics  and  indirectly 
on  the  modern  logic  and  philosophy  which  abut  on  it.     In 

*  E.  H.  Moore,  Introduction  to  a  Form  of  General  Analysis,  p.  2. 
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order  that  the  work  of  Cantor — and,  in  particular,  the  two 
memoirs  here  translated — ^may  be  best  understood  it  is  de- 
sirable on  the  one  hand  to  compare  it  with  the  work  of  Dede- 
kind  which  has  developed  along  a  parallel  direction  and  on 
the  other  hand  to  trace  its  origin  backwards  through  the 
earlier  theory  of  fimctions  and  especially  through  the  work 
of  Weierstrass.  To  facilitate  the  latter  historical  study  this 
book  is  provided  with  an  excellent  introduction  (pages  1-82), 
based  in  large  part  on  the  translator's  "  Development  of  the 
theory  of  transfinite  numbers/'  published  in  the  Archiv  der 
Mathematik  und  Physik  in  1906,  1909,  1910,  and  1913. 

This  introduction  begins  with  a  brief  account  of  the  con- 
tribution of  Fourier  toward  the  general  definition  of  function, 
followed  by  remarks  concerning  the  labors  of  Dirichlet,  Cauchy, 
Riemann,  and  Hankel  in  the  tiieory  of  functions  as  well  as  by 
some  further  discussion  of  the  theory  of  Fourier  series.  A 
fuller  account  is  then  given  (pages  10-23)  of  the  contributions 
of  Weierstrass  to  the  theory  of  functions.  The  remainder  of 
the  introduction  (pages  23-82)  is  devoted  to  an  illuminating 
account  of  the  development  of  Cantor's  ideas  as  seen  from 
his  publications  prior  to  1895. 

The  translation  of  Cantor's  articles  covers  pages  85-201. 
On  the  whole  the  work  of  the  translator  is  done  in  a  satisfactory 
manner.  One  regrets,  however,  that  the  term  "power"  is 
used  to  translate  both  "  Potenz  "  and  "  Machtigkeit,"  thus 
introducing  an  ambiguity  in  the  English  which  is  unnecessary 
and  is  absent  from  the  German.  Sometimes  (as  on  pages  97, 
178)  the  translator  finds  it  necessary  to  introduce  a  footnote 
to  remove  the  ambiguity. 

Brief  notes  at  the  end  (pages  202-208)  contain  a  short  but 
valuable  account  of  the  development  of  the  theory  of  trans- 
finite  numbers  since  1897. 

A  few  misprints  and  slips  need  correction,  as  follows:  on 
page  16,  line  5  below  for  Sn+  read  Sn^y;  on  page  31,  lines  8 
and  9,  for  P\  P",  P  read  P",  F'\  F;  on  page  33,  line  8  below, 
for  consists  of  read  contains;  on  page  47,  end  of  line  13,  insert 
at;  on  page  69,  line  1,  for  in  read  is;  at  the  nuddle  of  page  71^ 
for  last  exponent  3  read  2;  on  page  96,  line  4,  after  x  ^  insert  0; 
on  page  96,  line  9,  for  2K  read  2Ko;  on  page  109,  line  12  below, 
for  (<  read  i^o;  on  page  184,  line  3  below,  for  the  first  (a  read 
ccf^;  on  page  194,  line  3,  for  of^  read  o^;  on  page  196,  line  11 
below,  for  «^  read  «^»'. 
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In  making  this  fundamental  work  of  Cantor  readily  ac- 
cessible to  a  wider  range  of  English  readers  both  the  translator 
and  the  publishers  have  rendered  a  useful  service  in  the 
development  of  science. 

R.  D.  Cakmichael. 

Euclid's  Book  on  Divisiom  of  Figures  {'n-epl  iuiip4<r&ov  fiiffkCov), 
with  a  restoration  based  on  Woepcke's  text  and  on  the 
Practica  Geometriie  of  Leonardo  Pisano.  By  Raymond 
Clabe  Abchibald.  Cambridge,  Eng.,  University  Press, 
1915.    ix+88pp. 

Of  the  nine  works  attributed  to  Euclid  the  "  Elements '* 
is,  of  course,  by  far  the  most  important  and  the  most  widely 
known.  The  "Data'*  is  known  to  us  through  the  T07ro9 
avdkv6ii€vof;  of  Pappus,  as  stated  in  the  Commandino  edition 
of  1660,  page  241;  the  "Porisms"  was  restored  by  Chasles, 
and  earlier  by  Robert  Simson;  the  "Optics"  was  knoTm  to 
earlier  scholars  through  Theon,  and  has  recently  appeared  in  a 
modern  edition  through  the  labors  of  Heiberg;  the  "Phee- 
nomena''  is  nearly  complete  and  was  edited  by  Menge;  the 
"Conies"  is  lost,  except  as  part  of  it  may  have  been  em- 
bodied in  the  works  of  ApoUonius;  and  the  "Pseudaria" 
and  "Surface  Loci"  are  known  only  through  fragments.  The 
ninth  work,  entitled  "On  Divisions"  (of  figures),  was  for  a 
long  time  known  only  through  references  by  Proclus,  but  in 
1570  it  appeared  in  print  under  the  editorship  of  John  Dee  and 
Federico  (sometimes  printed  Federigo)  Commandino  in  Latin 
translation  from  the  Arabic.  In  1851  Woepcke  found  an 
Arabic  manuscript  of  the  work  at  Paris,  and  this  was  published 
in  translation  in  the  Journal  Asiatique. 

It  seems  that  John  Dee,  when  he  visited  Conmiandino  at 
Urbino  in  1563,  gave  to  the  latter  a  Latin  manuscript  of  the 
work  as  translated  into  Arabic  by  one  Muhammed  Bagde- 
dinus,  and  this  together  with  an  Italian  version  was  published 
seven  years  later.  An  English  translation  appeared  in  London 
in  1660  and  again  in  1661.  David  Gregory  included  the 
Latin  text  in  his  edition  of  Euclid  in  1703  with  the  statement: 
"Joannes  Dee  Londinensis,  cum  Libnun  de  Divisionibus  super^ 
ficierum,  Machometo  Bagdedino  (qui  floruisse  creditur  seculo 
Christi  decimo)  vulgo  adscriptum,  ex  Arabico  (uti  credo,  licet 
hoc  expresse  non  dicat)  in  Latinum  verteret."  As  to  the  con- 
jectured date  of  "Machometo  Bagdedino"  it  may  be  said  in 
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passing,  that  Professor  Archibald  believes,  with  Suter,  that 
he  was  the  Muhammed  of  Bagdad  who  died  in  1141,  and 
hence  that  he  was  a  scholar  of  the  eleventh  and  twelfth  cen- 
turies. 

Professor  Archibald  has,  with  great  perseverance  and  scholar- 
ship, cleared  up  a  number  of  points  in  connection  with  this 
translation.  In  the  first  place  he  has  shown  that  Suter  and 
Steinschneider  have  not  considered  their  statements  concerning 
it  with  their  usual  care.  For  example,  it  has  been  commonly 
asserted  that  Dee  probably  copied  a  Latin  translation  in  the 
Cottonian  collection,  whereas  it  is  here  shown  that  he  did  not 
do  so,  and  that  no  such  translation  in  complete  form  was  ever 
in  the  British  Museum.  It  is  very  doubtful  whether  a  trans- 
lation made  by  Gherardo  of  Cremona  was  the  one  referred 
to  in  the  Cottonian  catalogue  made  by  Smith  in  1696.  At  any 
rate  this  particular  manuscript  was  not  in  Gherardo's  hand- 
writing since  it  was  of  about  the  fourteenth  century.  The 
fact  is  that  Dee  owned  a  manuscript  of  the  work  itself,  pos- 
sibly a  copy  of  Gherardo's  translations,  and  very  likely  he 
owned  another  besides  the  one  which  (maybe  as  a  duplicate) 
he  gave  to  Commandino. 

Professor  Archibald's  plan  in  editing  the  work  was  to 
translate  literally  everything  in  Woepcke's  French  translation 
from  the  Arabic  manuscript  in  the  Biblioth^ue  nationale, 
to  reproduce  Fibonacci's  proofs  and  constructions  as  set  forth 
in  his  "Practica  Geometriee"  of  1220,  and  to  show  the  cor- 
respondence of  the  Muhammed-Commandino  treatise  with 
the  Euclid  text  and  with  Fibonacci.  He  has  also  shown  the 
relation  of  the  "Greometria  vel  De  Triangulis"  of  Jordanus 
Nemorarius  to  the  work  in  question,  revealing  some  interesting 
and  significant  facis.  It  would  be  well  worth  the  attention  of 
some  scholar  to  consider  the  "De  Numeris  Datis"  in  the  same 
spirit. 

Of  the  work  itself  this  is  not  the  place  to  speak,  further  than 
to  say  that  it  has  to  do  with  such  divisions  of  plane  figures  as 
the  separation  of  a  given  triangle  into  two  equal  parts  by  a  line 
which  passes  through  a  point  situated  in  the  interior  of  the  tri- 
angle, and  to  call  attention  to  the  fact  that  this  is  the  source  of  a 
number  of  such  problems,  some  of  which  played  a  considerable 
r61e  in  the  older  treatises  on  surveying.  But  of  the  work  of 
editing  the  text  it  may  be  said  that  it  is  a  perfectly  appropriate 
compliment  to  pay  both  to  Professor  Archibald  and  to  Sir 
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Thomas  Heath  to  say  that  the  care  shown  by  each,  in  the 
editing  of  the  classics  to  which  their  names  attach,  is  on  a  par 
with  that  shown  by  the  other.  Certainly  we  have  not  had 
any  such  work  done  before  in  this  country  in  the  editing  of 
any  Greek  mathematical  text,  and  the  thanks  and  appreciation 
of  Professor  Archibald's  colleagues  will  go  out  to  him  in 
abundant  measure  for  his  excellent  contribution  to  the 
literature  of  the  subject. 

Not  the  least  of  the  commendable  features  of  the  edition 
under  review  is  the  bibliography  of  works  relating  to  the 
division  of  figures.  How  complete  this  is  it  is  difficult  to 
say,  since  one  would  have  to  go  through  a  large  amount  of 
material,  as  has  evidently  been  done  in  this  case,  to  determine 
just  where  to  find  points  of  contact  with  the  "  De  Divisionibus." 
At  any  rate  the  list  is  a  very  helpful  one  and  adds  materially 
to  the  value  of  the  work. 

The  publishers  have  allowed  the  printing  of  a  copious  index 
of  names,  and  have  issued  the  work  in  the  dignified  form  which 
always  characterizes  the  output  of  the  Cambridge  University 
Press. 

David  Eugene  Smith. 

Analytic  Geometry.    By  H.  B.  Phillips.    New  York,  John 

Wiley  and  Sons,  1915.    vii+197  pp. 

In  the  preface  of  this  book  the  author  expresses  the  belief 
that  for  engineering  students  "  a  short  course  in  analytic  ge- 
ometry is  essential";  and  "he  has,  therefore,  written  this  text 
to  supply  a  course  that  will  equip  the  student  for  work  in 
calculus  and  engineering  without  burdening  him  with  a  mass 
of  detail  useful  only  to  the  student  of  mathematics  for  its  own 
sake."  At  first  glance  the  comparatively  small  number  of 
pages  would  seem  to  promise  such  a  short  course.  But  a 
closer  examination  led  the  present  writer  to  the  opinion  that 
the  apparent  brevity  was  achieved  by  condensation,  and  that 
it  would  require  as  much  time  to  cover  these  197  pages  as  to 
cover  say  300  pages  of  many  other  texts.  Except  for  the 
omission  of  some  of  the  special  properties  of  the  conies,  it 
did  not  seem  quite  obvious  that  the  student's  burden  of  a 
mass  of  detail  was  conspicuously  lightened. 

On  the  other  hand,  the  author  at  times  assumes  a  clearness 
of  mathematical  vision  and  a  facility  in  technique  on  the 
part  of  the  student  which  would  be  eminently  desirable,  but 
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which  we  fail  to  find  in  a  majority  of  our  college  students. 
For  instance,  after  learning  (page  94)  that  "a  curve  is  sym- 
metrical with  respect  to  the  origin  if  all  the  terms  in  its  equa- 
tion are  of  even  degree  or  if  all  are  of  odd  degree/'  we  find  the 
following  example  (I  quote  the  text  exactly) : 

"y  =  «*  —  si*  +  3aj  +  1.    This  equation  can  be  written 

y  -  2  =  (a:  -  1)». 

The  expressions  y  —  2  and  a:  —  1  are  the  coordinates  of  a 
point  P(x,  y)  relative  to  the  lines  y  =  2,  ar  =  1  used  as  axes. 
Since  the  equation  contains  only  odd  powers  of  y  —  2  and 
a:  —  1,  the  curve  is  symmetrical  with  respect  to  the  point 
(1,  2)."  This  occurs  50  pages  earlier  than  the  treatment  of 
transformations  to  parallel  axes.  At  such  points  the  ordinary 
student  will  certainly  need  the  help  of  the  teacher.  However, 
many  teachers  will  find  this  no  objection  to  the  book,  but  will 
prefer  to  use  a  text  which  leaves  to  the  teacher  some  further 
function  than  the  assigning  of  lessons  and  the  conducting  of 
recitations.  Teachers  with  ideas  of  their  own  are  sometimes 
hampered  by  a  text  too  Uberal  in  its  explanations. 

The  first  chapter,  on  algebraic  principles,  furnishes  a  good 
review  of  those  parts  of  algebra  which  are  most  necessary 
for  what  follows.  One  is  pleased  to  find  a  discussion  of  in- 
equalities and  of  homogeneous  linear  equations.  In  the 
second  chapter,  introducing  rectangular  coordinates,  there  are 
six  excellent  pages  on  vectors.  The  straight  line  and  circle 
are  treated  in  chapter  three,  which  is  short  but  would  seem  to 
furnish  the  student  with  the  necessary  working  equipment. 
A  very  good  feature  is  the  clear  exposition  of  the  geometrical 
significance  of  the  sign  of  the  expression  Ax+  By  +  C;  but  it 
is  to  be  regretted  that  the  idea  was  not  used  to  the  best  ad- 
vantage later;  as,  for  instance,  in  connection  with  the  distance 
formula  {Axi  +  Byi  +C)/±  <A^  +  B^,  and  the  definition  of 
the  hyperbola. 

After  a  somewhat  unusual  treatment  of  the  conies  in  chapter 
four,  one  finds  a  very  interesting  chapter  on  graphs  and  em- 
pirical equations.  In  addition  to  the  usual  curve  drawing, 
the  problem  of  fitting  a  cmrve  to  a  number  of  given  pairs  of 
values  of  the  variables  is  discussed,  with  a  number  of  exercises 
drawn  from  mechanics,  electricity,  chemistry,  etc.  Chapters 
six,  seven,  and  eight  are  devoted  respectively  to  polar  coordi- 
nates, parametric  representation,  and  transformations.    The 
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chapter  on  parametric  representation,  with  the  development 
of  ike  equations  of  the  cycloidal  and  other  curves,  is  one  of 
the  excellent  features  of  the  book.  The  last  three  chapters 
present  very  briefly  the  first  elements  of  the  analytic  geometry 
of  space,  treating  the  plane,  straight  line,  sphere,  cylindrical 
surfaces,  surfaces  of  revolution,  and  the  different  quadric 
surfaces  in  their  simplest  positions.  The  helix  is  discussed  in 
a  very  short  paragraph  on  parametric  equations  of  space 
curves. 

The  author's  treatment  of  conies  should  have  special  men- 
tion. The  ellipse,  parabola,  and  hyperbola  are  defined  as 
follows: 

"If  a  circle  is  deformed  in  such  a  way  that  the  distances  of 
its  points  from  a  fixed  diameter  are  all  changed  in  the  same 
ratio,  the  resulting  curve  is  called  an  ellipse. 

"Let  LK,  R8  be  peri>endicular  lines  and  MP,  NP  perpen- 
diculars from  any  point  P  to  them.  If  a  is  constant  and 
NP  considered  positive  when  P  is  on  one  side  of  RS,  negative 
when  on  the  other,  the  locus  of  points  P  such  that 

MP^^a-NP 
is  called  a  parabola. 

"Let  KL  and  RS  be  two  straight  lines  intersecting  in  C, 
PM  and  PN  the  peri>endiculars  from  any  point  P  to  these 
lines.  Let  MP  be  considered  positive  when  P  is  on  one  side 
of  KL,  negative  when  on  the  other  side.  Similarly,  let  NP 
be  positive  when  P  is  on  one  side  of  RS,  negative  when  on  the 
other  side.  A  hyperbola  is  the  locus  of  points  P  such  that  the 
product 

MP    NP-=  constant.'' 

The  general  definition  of  a  conic,  and  the  classification  with 
respect  to  the  eccentricity  are  given  later  in  the  chapter  on 
polar  coordinates.  There  is  no  question  here  of  correctness  or 
incorrectness,  but  merely  one  of  taste  and  expediency.  Many 
teachers  would  prefer  that  the  conies  should  be  first  intro- 
duced by  a  general  definition;  and  many  others,  willing  to  use 
independent  definitions  of  the  three  types,  would  prefer  other 
definitions  than  those  which  the  author  has  seen  fit  to  use. 
Immediately  following  the  definition  of  the  parabola  we  read: 
"A  parabola  is  thus  a  locus  of  points  the  squares  of  whose 
distances  from  one  of  two  perpendicular  lines  are  proportional 
to  their  distances  from  the  other.    The  complete  locus  of 
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such  points  is  two  parabolas,  one  on  each  side  of  R8."  A 
similar  statement  follows  the  definition  of  the  hyperbola.  Is 
it  not  unfortunate  to  speak  of  a  locus  which  is  not  a  complete 
locus? 

The  definition  of  equivalence  of  sets  of  equations  (page  3) 
is  somewhat  vague;  and  it  hardly  seems  wise  to  say  that  the 
equation  (x  +  y){x  —  2y)  =  0  is  equivalent  to  the  two 
equations  x  +  y  =  0  and  x  —  2y  ==  0,  even  though  the  sense 
in  which  this  is  meant  is  immediately  explained. 

The  statement  (page  15)  that  "a  set  of  homogeneous  equa- 
tions can  often  be  solved  for  the  ratios  of  the  variables  when 
there  are  not  enough  equations  to  determine  the  exact  values" 
might  seem  to  imply  that  the  "exact"  values  could  be  deter- 
mined if  there  were  enough  equations. 

In  chapter  five  there  is  a  paragraph  on  "infinite  values" 
which  reminds  one  of  the  school  algebras  of  the  last  generation. 
It  seemed  to  the  present  writer  to  be  a  really  serious  defect  in 
what  is  in  many  respects  an  excellent  book. 

The  mechanical  features  of  the  book  are  attractive,  the 
figures  (with  a  few  exceptions)  are  accurate,  and  the  typo- 
graphical work  is  free  from  errors. 

Walter  B.  Cabver. 

A  Bvdget  of  Paradoxes.    By  Augustus  De  Morgan.    Re- 
printed, with  the  author's  additions,  from  the  Athenasum. 
Second  edition,  edited  by  David  Eugene  Smith.    Two 
volumes,  I,  viii+402  pp.;  II,  387  pp.     Chicago,  The  Open 
Court  Publishing  Co.,  1915.    Price,  $3.50  per  volume. 
The  first  edition  of  this  interesting  work  by  Augustus  De 
Morgan  (1806-1871)  appeared  in  1872,  after  the  author's 
death,  under  the  editorship  of  his  widow,  Sophia  De  Morgan. 
Some  ten  years  later  Mrs.  De  Morgan  wrote  a  "Memoir  of 
Augustus  De  Morgan,"  which  is  worthy  of  mention  in  con- 
nection with   the   "Budget  of  Paradoxes."     De  Morgan's 
articles  which  constitute  the  present  work  appeared  from  time 
to  time,  in  the  years  from  1863  (Oct.  10)  to  1866  (Dec.  1),  in 
the  London  Athencmm.    From  other  facts  which  we  have 
concerning  the  life  of  De  Morgan  it  appears  that  some  of  the 
popular  writing  which  he  did,  for  encyclopedias  and  for  jour- 
nals, was  stimulated  by  financial  pressure;  at  this  distance  we 
can  properly  rejoice  at  the  conditions  which  fostered  the  growth 
of  the  present  work. 
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The  wide  range  of  interests  of  De  Morgan  is  nowhere  so 
well  shown  as  in  the  somewhat  random  discussions  of  the 
"Budget  of  Paradoxes."  In  particular  his  interest  in  the 
history  of  mathematics,  and  in  the  history  of  science,  is  revealed 
again  and  again  in  these  pages.  De  Morgan  holds  that  a 
reasonable  familiarity  with  the  development  of  any  field  of 
scientific  research  is  an  indispensable,  necessary  condition 
for  a  contribution  to  the  field.  "All  the  men  who  are  now 
called  discoverers,  in  every  matter  ruled  by  thought,  have 
been  men  versed  in  the  minds  of  their  predecessors,  and  learned 
in  what  had  been  before  them.  There  is  not  one  exception. 
I  do  not  say  that  every  man  has  made  direct  acquaintance  with 
the  whole  of  his  mental  ancestry;  many  have,  as  I  may  say, 
only  known  their  grandfathers  by  the  report  of  their  fathers. 
But  even  on  this  point  it  is  remarkable  how  many  of  the 
greatest  names  in  all  departments  of  knowledge  have  been 
real  antiquaries  in  their  several  subjects. 

"I  may  cite,  among  those  who  have  wrought  strongly  upon 
opinion  or  practise  in  science,  Aristotle,  Plato,  Ptolemy, 
Euclid,  Archimedes,  Roger  Bacon,  Copernicus,  Francis  Bacon, 
Ramus,  Tycho  Brah6,  Galileo,  Napier,  Descartes,  Leibnitz, 
Newton,  Locke.  I  take  none  but  names  known  out  of  their 
fields  of  work;  and  all  were  learned  as  well  as  sagacious.  I 
have  chosen  my  instances:  if  any  one  will  undertake  to  show  a 
person  of  little  or  no  knowledge  who  has  established  himself 
in  a  great  matter  of  pure  thought,  let  him  bring  forward  his 
man,  and  we  shall  see.'' 

Taking  into  account  the  special  interests  of  De  Morgan  and 
his  great  activity  in  the  popularizing  of  mathematics  the 
selection  of  David  Eugene  Smith  as  editor  of  this  edition  was 
almost  inevitable.  Between  the  time  of  the  English  mathe- 
matician and  the  present  time  no  one  could  have  been  found 
more  admirably  fitted  by  nature  and  by  training  to  edit 
the  "Budget"  than  Professor  Smith.  The  similarity  of  his 
literary  and  public  activity  to  De  Morgan's  is  striking;  both 
men  have  been  widely  known  as  the  authors  of  elementary 
textbooks  of  unusual  excellence,  both  have  acted  as  editors  of 
the  mathematical  department  of  encyclopedias  and  diction- 
aries, both  have  been  energetic  collectors  of  old  mathematical 
books  and  other  mathematical  material,  both  have  made 
notable  contributions  to  the  history  and  bibliography  of  mathe- 
matics, and  both  have  been  distinguished  by  a  wide  and  human 
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interest  in  mathematics.  Smith's  ''Rara  Arithmetica/'  the 
illuminating,  descriptive  catalogue  of  Mr.  6.  A.  Plimpton's 
unparalleled  collection  of  arithmetical  books  and  manuscripts, 
is  a  continuation  and  extension  of  De  Morgan's  bibliographical 
work,  ''Arithmetical  Works  from  the  Invention  of  Printing 
to  the  Present  Time"  (London,  1847). 

The  intention  of  De  Morgan  in  publishing  the  "Budget" 
was  definitely  stated  to  be  "to  enable  those  who  have  been 
puzzled  by  one  or  two  discoverers  to  see  how  they  look  in  a 
lump."  By  "discoverers,"  here,  is  meant  paradoxical  dis- 
coverers. For  De  Morgan  the  paradox  "  is  something  which  is 
apart  from  general  opinion,  either  in  subject-matter,  method, 
or  conclusion."  That  no  disparagement  is  implied  necessarily 
in  the  designation  "paradoxer"  is  indicated  by  the  fact  that 
De  Morgan  refers  to  Copernicus  and  Galileo  as  paradoxers, 
and  includes  the  discovery  of  the  planet  Neptune  by  Le 
Verrier  as  a  paradox.  A  distinction  is  drawn  between  two 
types  of  paradoxer,  as  foUows:  "The  manner  in  which  a  para- 
doxer will  show  himself,  as  to  sense  or  nonsense,  will  not 
depend  upon  what  he  maintains,  but  upon  whether  he  has  or 
has  not  made  a  sufficient  knowledge  of  what  has  been  done  by 
others,  especially  as  to  the  mode  qf  doing  it,  a  preliminary  to 
inventing  knowledge  for  himself."  However  it  must  be  stated 
that  the  particular  interest  of  De  Morgan  in  this  work  is  in 
the  nonsense  type  of  paradox  and  paradoxer. 

In  mathematics  the  old  problems  of  the  squaring  of  the 
circle,  the  duplication  of  the  cube,  the  trisection  of  the  angle, 
and  numerical  juggling  with  666,  the  number  of  the  beast, 
contribute  most  largely  to  the  occupation  of  neophytes  who 
"in  a  moment  by  a  lucky  thought"  wish  to  enter  their  names 
upon  the  limited  roll  of  great  mathematicians.  Others,  and 
their  kind  is  not  yet  extinct,  have  the  notion  that  either  at 
home  or  abroad  there  is  a  great  reward  oflFered  for  the  squaring 
of  the  circle;  some  even  have  deluded  themselves  into  thinking 
that  this  financial  reward  is  involved  in  a  university  professor- 
ship. What  could  be  more  illuminating  as  to  the  ignorance  of 
these  paradoxers  I  Astronomy  contributes  its  fair  quota  to  the 
"Budget";  religion,  philosophy,  and  medicine,  too,  have  their 
pseudo-scientists  who  without  knowing  "what  has  been  done 
by  others  "  wish  to  revolutionize  the  established  order.  Would 
that  all  this  were,  indeed,  a  closed  book.  In  mathematics 
trisectors  are  fairly  common,  and  have  persuaded  journals, 
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even  with  scientific  titles,  to  publish  nonsense;  on  Fermat's 
theorem  several  hundred  articles  have  been  printed  and  others 
are  now  being  written  by  paradoxers  whose  tense  interest  in 
the  subject  is  occasioned  rather  by  a  certain  familiarity  with 
the  power  of  the  $25,000,  an  actual  prize,  than  by  any  famili- 
arity with  the  powers  of  integers;  what  nonsense  emanates 
even  from  a  distinguished  seat  of  learning — ^absolutely,  let  us 
note,  without  official  sanction — concerning  a  prodigy  lecturing 
upon  the  foiurth  dimension;  what  a  priori  philosophical  non- 
sense, based  upon  ignorance  of  "  what  has  been  done  by  others,'* 
has  been  published  concerning  the  nature  of  the  number  idea. 
A  modern  De  Morgan  would,  in  two  volumes  like  these,  have 
room  only  for  titles  of  published  nonsense. 

The  present  edition  of  the  "Budget"  will  prove  of  consider- 
able value  to  public  libraries  as  a  work  of  reference;  the  value 
would  be  greatly  increased  by  an  analytical  table  of  contents, 
presenting  the  titles  of  the  articles  comprising  the  work,  and 
giving,  possibly,  a  summary  of  the  articles  arranged  with 
reference  to  subject-ifiatter.  Mathfpiaticians  and  astron- 
omers have  a  particular  interest  in  the  work  since  so  much  of 
the  matenal  is  germane  to  their  fields.  To  that  wide  circle  of 
readers  who  have  enjoyed  the  artistic  ramblings  of  William 
De  Morgan  this  work  by  the  famous  novelist's  father  will 
prove  entertaining,  for  the  peculiar  literary  charm  of  the  son 
seems  to  be  a  direct  transmission  from  the  father. 

Typographically  and  otherwise  the  book  is  up  to  the  high 
standard  which  has  been  set  by  the  publications  of  the  Open 
Court  Company.  The  reader  who  takes  the  volumes  in  hand 
has  real  pleasure  in  store:  we  commend  the  work  to  all  of  those 
who  take  a  kindly  interest  in  the  frailty,  as  well  as  in  the  great- 
ness, of  their  fellows. 

The  errors  of  one  sort  and  another  are  so  difficult  to  find  that 
it  seems  desirable  to  mention  those  which  have  caught  the  eye 
of  the  reviewer.  In  the  Preface,  I,  page  iv,  the  reference  in  the 
last  line  should  be  to  page  280,  not  281,  of  the  second  volume. 
The  one  good  "i"  is  dropped  out  of  an  "acquaintance"  on 
page  5,  volume  I.  From  Smith's  "Rara  Arithmetica"  three 
or  four  errors  should  be  corrected  in  the  title  of  Robert 
Recorde's  "The  Whetstone  of  Witte"  (II,  page  328):  The 
whetstone  of  witte  .  .  .  containyng  .  .  .  Cossike  .  .  .  Nom- 
bers.  The  date  of  death  of  Sacrobosco,  given  as  1256,  (I., 
page  360)  is  not  known.  Louis  C.  Kabpinski. 
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NOTES. 

The  March  number  (series  2,  volume  17,  number  3)  of  the 
Annals  of  MathemcUics  contains  the  following  papers:  '^An 
isomorphism  between  theta  characteristics  and  the  (2p  +  2)- 
point,"  by  A.  B.  Coble;  "On  certain  real  solutions  of  Bab- 
bage's  functional  equation,"  by  J.  F.  Rnx;  "Note  on  the 
preceding  paper,"  by  A.  A.  Bennett;  "An  elementary  exposi- 
tion of  the  theory  of  the  gamma  function"  (authorized  trans- 
lation from  the  Danish  by  T.  H.  Gronwall),  by  J.  L.  W.  V. 
Jensen. 

The  first  four  numbers  of  volume  two  of  the  Proceedings 
of  the  National  Academy  of  Sciences  contain:  "Upper  limit  of 
the  degree  of  transitivity  of  a  substitution  group,"  by  G.  A. 
Miller;  "An  extension  of  Feuerbach's  theorem,"  by  Frank 
Morley;  "  Deformations  of  transformations  of  Ribaucour," 
by  L.  P.  Eisenhart;  "On  the  linear  dependence  of  functions 
of  several  variables,  and  certain  completely  integrable  systems 
of  partial  differential  equations,"  by  G.  M.  Green;  "Point 
sets  and  allied  Cremona  groups  (part  II),"  by  A.  B.  Coble; 
"On  a  theorem  of  Lucas,"  by  M.  B.  Porter;  "Interpreta- 
tion of  the  simplest  integral  invariant  of  projective  geometry," 
by  E.  J.  WiLCZYNSKi. 

UNTVERsriY  OF  CHICAGO. — ^Thc  following  courses  are  an- 
nounced for  the  summer  quarter,  June  19-September  1: 
By  Professor  G.  A.  Bliss:  Theory  of  functions  of  a  real 
variable. — By  Professor  L.  E.  Dickson:  Substitution  groups 
and  algebraic  equations,  solution  of  numerical  equations  (fi^t 
half);  Determinants  and  symmetric  functions  (second  half). — 
By  Dr.  C.  R.  Dines  (of  Dartmouth  College):  Differential 
equations. — ^By  Professor  W.  D.  MacMillan:  Introduction 
to  celestial  mechanics. — By  Professor  E.  H.  Moore:  Integral 
equations  in  general  analysis  (first  half);  Limits  (second  half). 
— By  Professor  F.  R.  Moulton:  Theory  of  functions  of 
infinitely  many  variables  (second  half);  Series  (second  half). 
— By  Professor  A.  Ranum  (of  Cornell  University):  Metric 
differential  geometry. — By  Professor  H.  E.  Slaught:  Elliptic 
integrals. — By  Professor  J.  W.  A.  Young:  Selected  topics  in 
mathematics. 
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The  following  advanced  mathematical  courses  are  an- 
nounced for  the  academic  year  1916-1917: 

University  op  Chicago. — By  Professor  G.  A.  Buss: 
Theory  of  fimctions  of  a  real  variable  (a) ;  Calculus  of  varia- 
tions (w);  Functions  of  lines  (s). — By  Professor  L.  E.  Dick- 
son: Theory  of  numbers  (a);  Algebraic  numbers  (w);  Linear 
algebra  (s);  Theory  of  equations  (w);  Solid  analytics  (s). — 
By  Professor  K.  Laves:  Analytic  mechanics  (a,  w). — By 
Professor  A.  C.  Lunn:  Vector  analysis  (a);  Applications  to 
electromagnetics  (w) ;  Advanced  calculus  (a) ;  Greometric  intro- 
duction to  the  theory  of  the  complex  variable  (w). — By 
Professor  W.  D.  MacMillan:  Introduction  to  celestial  me- 
chanics (w,  s). — By  Professor  E.  H.  Moore:  Integral  equa- 
tions in  general  analysis  (a,  w,  s) ;  Seminar  on  the  foundations 
of  analysis  (a,  w). — By  Professor  F.  R.  Moulton:  Modern 
theories  of  analytic  differential  equations  with  applications 
to  celestial  mechanics  and  periodic  orbits  (a,  w) ;  Lunar  theory 
(w);  Application  of  the  method  of  periodic  orbits  to  the  lunar 
theory  (a). — By  Professor  H.  E.  Slaught:  Differential  equa- 
tions (a) . — By  Professor  E.  J.  Wilczynski  :  Projective  geometry 
(a,  w). — By  Professor  J.  W.  A.  Young:  Limits  and  series  (s). 

Columbia  University. — ^By  Professor  T.  S.  Fiske:  Theory 
of  functions,  four  hours. — By  Professor  M.  W.  Haskell: 
Higher  plane  curves,  three  hours,  first  semester;  Continuous 
groups,  three  hours,  first  semester. — ^By  Professor  F.  N.  Cole: 
Algebra,  four  hours. — By  Professor  James  Maclay:  Theory  of 
numbers,  three  hours. — By  Professor  D.  E.  Smith:  History  of 
mathematics,  three  hours;  Seminar  in  the  teaching  of  mathe- 
matics.— By  Professor  Edward  Kasner:  Contact  transforma- 
tions, two  hours,  second  semester;  Seminar  in  differential  geom- 
etry.— By  Professor  W.  B.  Fite:  Divergent  series,  three  hours, 
second  semester. — By  Professor  H.  E.  Hawkes:  Differential 
geometry  of  curves,  three  hours,  second  semester. 

Johns  Hopkins  University. — By  Professor  F.  Morley: 
Higher  geometry  (first  term),  three  hours;  Theory  of  func- 
tions (second  term),  three  hours. — By  Professor  A.  B.  Coble: 
Finite  groups,  two  hours;  Probabilities  (second  term),  two 
hours. — By  Professor  A.  Cohen:  Theory  of  numbers,  two 
hours;  Theory  of  functions,  two  hours. — ^By  Dr.  H.  Bateman: 
DiflFerential  equations  of  physics,  two  hours. 
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Univebsity  of  Illinois. — ^By  Professor  E.  J.  Townsend: 
Functions  of  real  variables,  three  hours;  Differential  equa- 
tions, three  hours. — ^By  Professor  G.  A.  Miller:  Elementary 
theory  of  groups,  three  hours;  Theory  of  equations,  three 
hours,  first  semester. — By  Professor  H.  L.  Rietz:  Actuarial 
theory,  three  hours. — By  Professor  J.  B.  Shaw:  Vector 
methods,  three  hours. — By  Professor  C.  H.  Sisam:  Invariants 
and  higher  plane  curves,  three  hours;  Solid  analytic  geometry, 
three  hours,  second  semester. — By  Professor  A.  Emch:  Auto- 
morphic  functions,  three  hours. — By  Professor  R.  D.  Car- 
michael:  Theory  of  linear  differential  equations,  three  hours. 
— By  Professor  A.  R.  Crathorne:  Projective  geometry,  three 
hours. — By  Dr.  E.  B.  Lytle:  History  of  mathematics,  two 
hours,  first  semester. — By  Dr.  A.  J.  Kempner:  Modern 
algebra,  three  hours. 

Dr.  George  Sarton,  of  Ghent,  editor  of  Isis,  has  been 
appointed  lecturer  on  the  history  of  science  at  Harvard 
University.  In  the  academic  year  1916-1917  he  will  give  two 
courses,  one  on  "The  origin  and  development  of  Greek 
science'*  and  the  other  on  the  "Principles  of  mathematics 
historically  considered.''  In  the  year  1917-1918  he  will  lec- 
ture on  Hellenic  science  and  on  the  principles  of  mechanics 
historically  considered.  He  will  also  lecture  on  the  history 
of  science  at  the  Lowell  Institute  in  Boston. 

The  Smith  prizemen  for  the  year  1916,  announced  by  the 
University  of  Cambridge,  are  as  follows:  H.  M.  Garner,  of 
St.  John's  College,  for  his  essay,  "On  orbital  oscillation  about 
the  equatorial  triangular  configuration  in  the  problem  of  three 
bodies";  G.  P.  Thompson,  of  Corpus  Christi  College,  for  his 
essay,  "On  aeroplane  problems." 

The  Rayleigh  prize  for  1916  has  been  awarded  to  W.  M. 
Smart,  of  Trinity  College,  for  his  essay,  "Libration  on  the 
Trojan  planets." 

Professor  C.  J.  de  la  Vall^e-Poussin,  of  the  University 
of  Louvain,  has  been  elected  to  membership  in  the  Paris 
academy  of  sciences. 

Professor  G.  A.  Bliss,  of  the  University  of  Chicago,  has 
been  elected  a  member  of  the  National  academy  of  sciences. 
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Professors  M.  Bocher,  of  Harvard  University,  and  F.  R. 
MouLTON,  of  the  University  of  Chicago,  have  been  elected  to 
membership  in  the  American  philosophical  society.  Professor 
J.  D.  V.  D.  Waals,  of  Amsterdam,  has  been  elected  a  foreign 
member  of  the  society. 

Professor  C.  J.  Keyser,  of  Columbia  University,  and 
Professor  M.  W.  Haskell,  of  the  University  of  California, 
will  exchange  professorships  during  the  first  term  of  1916-1917. 

Mr.  R.  W.  Dickey  has  been  appointed  associate  professor 
of  mathematics  at  Washington  and  Lee  University. 

Dr.  J.  I.  Tracy,  of  Yale  University,  has  been  promoted  to 
an  assistant  professorship  of  mathematics. 

Dr.  F.  J.  McMackin,  of  Columbia  University,  has  been 
appointed  instructor  in  mathematics  at  Dartmouth  College. 

At  the  University  of  Oklahoma  Mr.  C.  T.  Levy,  of  the 
University  of  California,  has  been  appointed  instructor  in 
mathematics.  Mr.  E.  D.  Meacham,  instructor  in  mathe- 
matics, will  spend  a  year's  leave  of  absence  in  study  at  Har- 
vard University. 

Professor  Webster  Wells,  for  many  years  instructor  and 
professor  of  mathematics  in  the  Massachusetts  Institute  of 
Technology  and  author  of  several  mathematical  textbooks, 
died  at  Boston  on  May  23  at  the  age  of  sixty-five  years. 
Professor  Wells  retired  from  active  service  in  1911.  He  was 
a  member  of  the  American  Mathematical  Society  from  1891. 

Catalogues  of  books: — Carnegie  Institution  of  Washing- 
ton, List  of  pubKcations  to  March  1,  1916. — W.  Heffer  and 
Sons,  Cambridge,  England,  catalogue  148,  including  selections 
from  the  library  of  the  late  E.  J.  Routh. 


Digitized  by 


Google 


476  NEW  PUBLICATIONS.  [June, 

NEW  PUBLICATIONS. 

I.    HIGBDER  MATHEMATICS. 

Beckbr  (0.).  Ueber  die  Zerlegung  eines  Polygons  in  exkluaive  Dreiecke 
auf  Gnind  der  ebenen  Axiome  der  Verlmtlpfung  und  Anordnung. 
Leipzig,  1914.    8vo.    71  pp.  M.  2.00 

BiBBBBBACH  (L.).  EinftUuTung  in  die  konforme  Abbildung.  Leipsig, 
Gdschen,  1915.  M.  0.90 

.    Ueber  die  Gnindlagen  der  modemen  Mathematik.    Leipsig,  1914. 

4to.    6  pp. 

Dabboux  (G.).  LeQons  but  la  th^rie  g6n^ale  des  surfaces  et  les  ap- 
plications g^m^triques  du  calcul  infinitesimal.  Deuxieme  ^tion, 
2e  partie.    Paris,  Gauthier^ViUars,  1915.    Royal  8vo.    8+580  pp. 

Pr.  20.00 

Dun  (U.).  Calcolo  integrale.  la  e  2a  parte.  Pisa,  Nistri,  1909-1915. 
13+1060  pp. 

DuNKBL  (O.).    See  Goubsat  (E.). 

Fbickb  (R.).  Die  elliptischen  Funktionen  und  ihre^Anwendungen.  In  3 
Teilen.  Iter  Teil:  Die  funktionentheoretischen  und  analytischen 
Grundlagen.  Leipsig,  Teubner,  1916.  8vo.  10+500  pp.  Lein- 
wand.  M.  24.00 

Goubsat  (E.).  A  course  in  mathematical  analysis.  Functions  of  a  com- 
plex variable,  being  Part  1  of  Volume  2.  Translated  from  the  second 
French  edition  by  E.  R.  Hedrick  and  0.  Dunkel.  Boston,  Ginn, 
1916.    8vo.    10+259  pp.  12.75 

Hamburqeb  (H.).  Ueber  die  Integration  linearer  homogener  Differential- 
gleichungen.    Mtinchen,  1914.    4to.    69  pp. 

Habst  (J.  H.  VAN  deb).  Eenige  ontaardingen  van  den  harmonischen 
complex.    Leiden,  1915.    8vo.    137  pp. 

Hbbbick  (E.  R.).    See  Goubsat  (E.). 

HooBN  (J.  van).    Over  de  transfinite  getallen  en  de  leer  van  het  kon- 

tinuiun.    Leiden,  1915.    4to.    Ill  pp. 
HuBwrrs  (L.).    Ueber  den  Zusammenhang  der  Drehungen  des  Raumes 

mit  dem  Kugelkreise.    Konigsberg,  1914.    8vo.    77  pp. 

KiLLEBMAN  (A.).    Bewcis  des  Fermatschen  Satzes.    Ntlmberg,  1916. 

M.3.00 

Klein  (F.).  Bericht  Uber  den  heutigen  Zustand  des  mathematischen 
Unterrichts  an  der  Universit&t  Gdttingen.    Leipzig,  Teubner,  1915. 

M.0.40 

Knott  (C.  G.).    See  Napebb. 

L£bt  (G.).  Sur  la  fonction  de  Green  pour  un  contour  alg6brique.  Paris, 
Gauthier-Villars,  1915.    4to.    88  pp.  Fr.  5.00 

Napieb  tercentenary  memorial  volume:  being  papers  contributed  to  the 
tercentary  congress  held  at  Edinburgh  in  July  1914.  Edited  by 
C.  G.  Knott.    New  York,  Longmans,  1915.    4to.     12+441  pp. 

$7.00 
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PFLttGER  (J.).  Die  Fonnschdnheit  einfacher  geometrischer  Gebilde. 
Stuttgart,  Metzler,  1915. 

PiCARD  (E.).  L'hifltoire  des  sciences  et  les  pretensions  de  la  science 
allemande.    (Pour  la  V^rit^.)    Paris,  Perrin,  1916.    16mo.    49  pp. 

PiNCHERLE  (S.).    Algebra  complementare.    Parte  II:  Teoria  deUe  equa- 
lioni.    3a  edizione,   riveduta  e  corretta.     (Manuali  Hoepli,  serie 
'    scientifica,  No.  145.)    Milano,  Hoepli,  1916.    24mo.    167  pp. 

L.  1.50 

.    Lezioni  di  calcolo  infiniteomale.    Bologna,  Zanicelli,  1915.    15+ 

774  pp. 

Rapp  (P.).  Ueber  Gruppen  vom  Rang  Null.  Tubingen,  1914.  8vo. 
35  pp. 

RoTTSiEPSR    (W.).    Graphische    Lteung    einer    Randwertaufgabe    der 

Gleichung  ^^  =  jli  +  Xl  ""  ^-    Gdttingen,  1914.    8vo.    45  pp. 

M.  2.00 

Schmidt  (C.  P.) .  Kulturhistorische  Beitrfige  zur  Kenntnis  des  griechischen 
und  rOmischen  Altertums.  Ites  Heft:  Zur  Entstehung  und  Termin- 
logie  der  elementaren  Mathematik.  2te  verbesserte  und  stark 
vermehrte  Auflage.  Leipzig,  Diirrsche  Buchhandlung,  1914.  8vo. 
16+269  pp. 

ToRHORST  (A.).  Die  rationale  Normalfl&che  vierter  Ordnung  des  Ri  und 
ihre  Pl;t>jdctionen  in  den  vier-  und  dreidimensionalen  Raum.  (Diss.) 
Bonn,  1915. 

VooREN  (W.  L.  VAN  de).  Ecue  bijdrage  tot  de  kennis  der  kettingbreuken 
van  Stieltjes.    Leiden,  1915.    Gr.  Svo.    12+102  pp. 

WiEN  (W.).  Die  neuere  Entwicklung  unserer  Univendt&ten  und  ihre 
Stcllune  im  deutschen  Geistesleben.  Rede  ftbr  den  Festakt  in  der 
neuen  Universit&t  am  29  Juli  1914  zur  Feier  der  hundertj&hrigen 
Zugehdrigkeit  Wtlrzburgs  zu  Bayem.    Leipzig,  1915.  M.  1.00 

WiLLiQENS  (C.  L.).  Transformation  de  la  fonction  modulaire  tiM  ainsi 
que  d'une  generalization  de  cette  fonction.  Grendve,  1914.  Svo. 
80  pp. 

II.    ELEMENTARY  MATBDEMATICS. 

Auric  (A.).  Quelques  theor^mes  sur  la  g^ometrie  du  triangle.  Paris, 
Gauthier-Villars,  1915.    8vo.  Fr.  1.00 

Bailleuii  ( — .).    See  Lalande  (J.  de). 

BoHNERT  (F.).  Ebene  und  sph&rische  Trigonometric.  2te  verbesserte 
Auflage.    2ter  Neudruck.    Berlin,  1915.  M.  2.00 

CzEPA  (A.).  Mathematische  Spielereien.  (Ulustrierte  TaschenbUcher  fOr 
die  Jugend.)  Stuttgart,  Union  Deutsche  Verlagsgesellschaft,  1915. 
Geb.  M.  1.00 

DoLiNBKi  (M.).  Algebra  und  politische  Arithmetik.  3te  Auflage.  Wien, 
1915.  M.  5.50 

Hedrick  (E.  R.).  Constructive  geometrv.  Exercises  in  elementary 
geometric  drawing.  New  York,  Macmiflan,  1916.  Sm.  4to.  8+78 
pp.    Paper.  ^.40 
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Lalande  (J.  de).  Tables  de  logarithmes  6tendues  k  sept  d^cimales  par 
F.  C.  M.  Marie^  pr6c^6e8  d'une  instruction  dans  laquelle  on  fait 
connattre  les  lioutes  des  erreurs  qui  peuvent  r6sulter  de  Femploi  des 
logarithmes  des  nombres  et  des  lignes  trigononi6triques;  par  A.  A.  L. 
Reynaud.  Nouvelle  Edition,  augments  de  formules  pour  la  r^olution 
des  triangles  par  BaiUeul.  Pans,  Gauthier-Villars,  1914.  12mo. 
Cartonn6.  Fr.  4.00 

Leman  (A.).  Vom  Dezimalbruch  zur  Zahlentheorie.  (Mathematische 
Bibliothek,  No.  19.)  Leipzig,  Teubner,  1916.  Sm.  8vo.  6+69 
pp.    Kartonniert.  M.  0.80 

Marie  (F.  CM.).    See  Lalande  (J.  de). 

Milne  (R.  M.).  Mathematical  papers  for  admission  into  the  Royal 
Military  Academy  and  the  Royal  Military  College,  September- 
November,  1915.  Edited  by  R.  M.  Milne.  London,  Macmillan, 
1916.    30  pp.  Is. 

NoRRENBERG  (J.).  Die  deutsche  hohere  Schule  nach  dem  WeltkriMe. 
Beitr&ge  zur  Frage  der  Weiterentwicklung  der  hoheren  Schulen 
gesammelt  von  J.  Norrenberg.  Leipzig,  Teubner,  1916.  Lex.  8vo. 
8+275  pp.    Geb.  M.  6.40 

Retnaud  (A.  A.  L.).    See  Lalande  (J.  de). 

RusTON  (A.  G.).  Rural  arithmetic.  London,  Clive,  1916.  8vo.  11  + 
431  pp.  3s.  6d. 

Sang  (E.).  A  new  table  of  seven-place  logarithms  of  all  numbers  from 
20,000  to  200,000.    London,  C.  and  E.  Layton,  1916.     18+365  pp. 

21s. 

Wallace  (E.  E.).  The  circle  squared;  a  solution  .  .  .  showing  the  exact 
ratio  between  radius  and  quadrant.  2d  edition.  Monmouth,  111., 
1915.    20  pp. 

III.    APPLIED  MATHEMATICS. 

Austin  (F.  E.).  Examples  in  magnetism  for  students  of  physics  and 
engineering.    2d  edition.    Hanover,  N.  H.,  1916.  $1.10 

Bahrt  (W.  ) .  Physikalische  Messungsmethod  en .  2te  verbesserte  Auflage. 
Berlin,  1915.  M.  0.90 

Baird  (D.).  Questions  and  numerical  exercises  in  physics  and  chemistry. 
London,  Blackie,  1915.     103  pp.  Is. 

BoussiNESQ  (J.).  Comment  le  d^bit  d'un  tuyau  de  conduite.  affects  d'un 
r^tr^cissement  notable,  mais  graduel,  peut  se  d6duire  de  I'abaissement 
de  pression  qui  s'y  produit  le  long  de  la  partie  r6tr6ci6.  Paris, 
Gauthier-Villara,  1915.    4to.    20  pp.  Fr.  1.50 

.    Reflexions  sur  la  longue  dur^e  de  la  dynamique  rudimentaire  d*Aris- 

tote  et  sur  son  rdle  capital  jusqu'au  jour  od  fut  cr^e  I'analyse  infini- 
tdsimale.    Paris,  Gauthier-Villars,  1915.    4to.     16  pp.  Fr.  1.00 

.    I:  Sur  le  probl^me  du  refroidissement  de  la  cro6te  terrestre. 

consid6r6  k  la  manidre  et  suivant  les  id^es  de  Fourier.  II:  Calcul 
correct  de  Tinfluence  de  Tin^galit^  climat^rique  sur  la  vitesse  d'accrois- 
sement  des  temperatures  terrestres  avec  la  profondeur  sous  le  sol. 
Paris,  Gauthier-Villars,  1915.  8vo.  34  pp.  Fr.  1.50.  Another 
edition,  1915.    8vo.    38  pp.  Fr.  1.00 

Brown  (E.  W.).    See  Darwin  (G.  H.). 
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Cabpari  (C.  E.).    See  Encyclop^dib. 

Centnerszwer  (M.).  Cours  de  manipulation  de  chimie  physique  et 
d'61ectrochimie.    Paris,  Gauthier-ViUars,  1914.    8vo.    8+182  pp. 

Fr.  6.00 
CoHN  (F.).    See  Encyclop£die. 

Darwin  (F.).    See  Darwin  (G.  H.). 

Darwin  (G.  H.).  Scientific  papers.  Vol.  5.  Supplementary  volume 
containing  biographical  memoirs.  By  F.  Darwin  and  E.  W.  Brown. 
Lectures  on  HilPs  lunar  theory,  etc.  Edited  by  F.  J.  M.  Stratton 
and  J.  Jackson.    Cambridge,  University  Press,  1916.    65+81  pp.    68. 

DuNOYER  (L.).    See  Lorentz  (H.  A.). 

DuRELL  (F.).  Fundamental  sources  of  efficiency.  Philadelphia,  Lippin- 
cott,  1914.    8vo.    6+368  pp.    Cloth.  $2.50 

Dyck  (W.  v.).    See  Kepler  (J.). 

Encyclop^die  des  sciences  math^matiques  pures  et  appliqu6es.  Tome  V, 
volume  1,  fascicule  1:  Histoire  des  conceptions  fondamentales  de 
Tatomistique  en  chimie  d'apr^  Particle  allemand  de  F.  W.  Hinricksen, 
St^r^ochimie  d'apr^  Tarticle  allemand  de  L.  Mamlock;  Considerations 
sur  les  poids  atomiques  d'apr^  Particle  allemand  de  E.  Study,  par 
M.  Joly  et  J.  Roux;  Cristallographie,  loi  fondamentale  et  son  apphca- 
tion  au  calcul  et  k  la  repr&entation  des  cristaux  d'apr^  r article 
allemand  de  T.  Liebisch,  par  F.  Walleraut.  Leipzig,  Teubner,  1915. 
Gr.  8vo.    Pp.  1-96.  M.  3.60 

.    Tome  V,  volume  4,  fascicule  1:  Anciennes  th^ries  de  Toptique 

d'apr^  Particle  allemand  de  A.  Wangerin,  par  C.  Raveau.  Leipzig, 
Teubner,  1915.    Gr.  8vo.    Pp.     1-104.  M.  3.80 

.    Tome  VII,  volume  1,  fascicule  2:  Determination  de  la  longitude 

et  de  la  latitude  d'apr^  Particle  allemand  de  C.  W.  Wirtz,  par  G. 
Fayet;  Les  horloges,  par  C.  E.  Caspari;  Th6orie  des  instruments 
astronomiques  de  mesures  angulaires,  des  m^thodes  d'observation  et 
de  leurs  erreurs  d'apr^  Particle  allemand  de  F.  Cohn,  par  J.  Mascart. 
Leipzig,  Teubner,  1916.    Gr.  8vo.    Pp.  225-320.  M.  3.60 

Fayet  (G.).    See  Encyclop£die. 

Hiepe  (M  .) .  Die  spezifischen  Schnittreaktionen  des  Schubkurbelgetriebes, 
behandelt  nach  dem  Verfahren  von  Lagrange.  (Diss.,  Jena.)  Weida 
i.  Th.,  Thomas  und  Hubert,  1915. 

Hinricksen  (F.  W.).    See  Encyclop^die. 

Jackson  (J.).    See  Darwin  (G.  H.). 

Joly  (M.).    See  Encyclop^die. 

Kepler  (J.).  Nova  Kepleriana.  Wieder  aufgefundene  Drucke  und 
Handschriften.    Herausgegeben  von  W.  v.  Dyck.    MOnchen,  1915. 

M.  1.00 
Knobel  (E.  B.).    See  Ptolemy. 

Kreutz  (S.).    Elemente  der  Theorie  der  Kristallstruktur.    Leipzig,  1915. 

M.  12.00 
Liebisch  (T.).    See  Encyclop^die. 

LoEWT  (A.).  Versicherun^smathematik.  3te  umgearbeitete  und  ver- 
mehrte  Auflage.    Leipzig,  G5schen,  1915.    180  pp. 
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LoBBNTS  (H.  A.).  LeB  th^ries  statistiques  en  thermodynamique.  Con« 
f^rences  faites  au  Collie  de  France  en  Novembre  1912.  lUdig^  en 
1913  par  L.  Dunoyer.  Leipzig,  Teubner,  1916.  Gr.  8vo.  4+120 
pp.  M.  5.80 

Mamlock  (L.).    See  EnctclopAdie. 

Mascart  (J.).    See  EnctclopAdie. 

MoNTESSUB  (R.  de).  Exerclces  et  lemons  de  m^canique  analytique. 
Paris,  Gauthier-ViUars,  1915.    8vo.    6+334  pp.  Fr.  12.00 

Peters  (C.  H.  F.).    See  Ptoleut. 

ProLEMT.  Catalogue  of  stars:  a  revision  of  the  Almagest.  By  C.  H.  F. 
Peters  and  E.  B.  Knobel.  Washington,  Carnegie  Institution,  1916. 
3+207  pp. 

Raveau  (C).    See  ENcrcLOPiDiE. 

Ronx  (J.).    See  Enctclop^ie. 

ScHAU  (A.).  Statik  mit  Einschluss  der  Festiglceitslehre.  (Aus  Natur  und 
Geisteswelt,  No.  497.)     Leipsig,  Teubner,  1915.  M.  1.25 

Stratton  (F.  J.  M.).    See  Dabwin  (G.  H.). 

Study  (E.).    See  ENcrcLOPiDiE. 

Vallier  (E.).  La  ballistique  ext^rieure.  2e  ^tion.  Paris,  Gauthier- 
Viliars,  1915.    8vo.    212  pp.    Cartonn^.  Fr.  3.00 

Walleraxtt  (F.).    See  ENcrcLOPf  die. 

Wanqbbin  (A.).    See  Enctclop^die. 

WiRTZ  (C.  W.).    See  Enctclop£die. 
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«   ■  '      I         1  ... 

The  Questions  aad  Discussions,  which  are  timely  and  in- 
ttresting,  cover  a  Wide  variety  of  topics. 

The  Book  Reviews  embrace  the  entire  field  of  collegiate 
and  secondary  mathematics. 

The  Curriculum  Content  in  the  c<rflegiate  field  is  care- 
fully cnnsidered.  Good  papers  in  this  line  have  appeared  and 
are  now  in  type  awaiting  their  turn. 

The  Notes  and  News  cover  a  wide  range  of  interest  and 
information  both  in  this  oountry  and  in  foreign  countries. 

The  Problem^  and  Solutions  hold  the  attention  and  ac- 
tivity of  a  large  number  of  persons  who  are  lovers  of  mathe- 
matics for  its  own  sake.  '  ' 

There  are  other  journals  suited  to  the  secondary  field, 
and  there  are  still  others  of  technical  scientific  character  in 
the  University  field  :  but  the  Monthly  is  the  odly  jquriial  of 
Collegiate  grade  in  America  suited  to  the  needs  of  the  non- 
specialist  in  mathematics. 

Send  for  circidars  shoicing  the  articles  published  in  the 
last  two  volumes 

Sample  copies  and  all  information  may  be  obtained  from  the 

Secretary  of  the  Association 

55  East  Lorain  St.  0BBRL1N»  O. 


Digitized  by. 


Google . 


JUL  i:  ■  - 

IL  MEETING  IN  Is 


THE  Xpri;^  meeting  in  new  jork.  481 


THE  APRIL  MEETING  OF  THE  AMERICAN  MATHE- 
MATICAL SOCIETY- IN  NEW  YORK. 

The  one  hundred  and  eighty-fourth  regular  meeting  of  the 
Society  was  held  in  New  York  City  on  Saturday,  April  29, 
1916.  The  attendance  at  the  morning  and  afternoon  sessions 
included  the  following  fifty-one  members: 

Dr.  J.  W.  Alexander,  II,  Dr.  F.  W.  Beal,  Mr.  D.  R.  Belcher, 
Dr.  A.  A.  Bennett,  Professor  E.  W.  Brown,  Professor  B.  H. 
Camp,  Professor  C.  W.  Cobb,  Dr.  Emily  Coddington,  Pro- 
fessor F.  N.  Cole,  Professor  J.  L.  Coolidge,  Dr.  Lennie  P. 
Copeland,  Professor  Elizabeth  B.  Cowley,  Professor  Louise  D. 
Cummings,  Mr.  C.  H.  Currier,  Dr.  H.  B.  Curtis,  Professor 
L.  P.  Eisenhart,  Professor  H.  B.  Fine,  Dr.  C.  A.  Fischer, 
Professor  C.  C.  Grove,  Dr.  Olive  C.  Hazlett,  Professor  E.  R. 
Hedrick,  Professor  E.  V.  Huntington,  Professor  Dunham 
Jackson,  Mr.  Glenn  James,  Mr.  S.  A.  Joffe,  Professor  Edward 
Kasner,  Dr.  L.  M.  Kells,  Professor  C.  J.  Keyser,  Mr.  Harry 
Langman,  Dr.  P.  H.  linehan,  Professor  James  Maclay,  Dr. 
R.  L.  Moore,  Professor  Frank  Morley,  Mr.  G.  W.  MuUins, 
Mr.  George  Paaswell,  Professor  James  Pierpont,  Professor 
H.  W.  Reddick,  Professor  R.  G.  D.  Richardson,  Mr.  J.  F. 
Ritt,  Dr.  Caroline  E.  Seely,  Dr.  H.  M.  Sheffer,  Professor 
Clara  E.  Smith,  Professor  D.  E.  Smith,  Professor  P.  F.  Smith, 
Professor  Oswald  Veblen,  Mr.  J.  H.  Weaver,  Mr.  H.  E.  Webb, 
Dr.  Mary  E.  Wells,  Professor  H.  S.  White,  Mr.  J.  K.  Whitte- 
more.  Dr.  C.  E.  Wilder. 

The  President  of  the  Society,  Professor  E.  W.  Brown,  occu- 
pied the  chair,  being  relieved  by  Vice-President  E.  R.  Hedrick. 
The  Council  announced  the  election  of  the  following  persons 
to  membership  in  the  Society:  Dr.  E.  T.  Bell,  University  of 
Washington;  Professor  T.  R.  Eagles,  Howard  College;  Mr. 
Glenn  James,  Purdue  University;  Dr.  J.  O.  Hassler,  Chicago, 
111.;  Professor  G.  N.  Watson,  University  College,  London; 
Mr.  J.  H.  Weaver,  West  Chester,  Pa.  Six  applications  for 
membership  in  the  Society  were  received. 

Professor  D.  R.  Curtiss  was  reelected  a  member  of  the 
Editorial  Committee  of  the  Transactions^  to  serve  for  three 
years  beginning  October  1, 1916.    The  resignation  of  Professor 
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L.  E.  Dickson  as  member  of  the  Editorial  Committee  was 
accepted  to  take  effect  on  October  1, 1916,  and  Professor  L.  P. 
Eisenhart  was  appointed  to  fill  out  the  remaining  year  of 
Professor  Dickson's  term.  Committees  were  appointed  to 
prepare  a  list  of  nominations -of  officers  and  other  members  of 
the  Council  to  be  elected  at  the  annual  meeting,  and  to  consider 
the  matter  of  the  publication  of  the  Harvard  Colloquium 
Lectures.  A  committee  was  also  appointed,  consisting  of 
Professors  E.  V.  Huntington,  E.  B.  Wilson,  E.  H.  Moore,  R. 
C.  Archibald,  and  T.  H.  Gronwall,  to  consider  in  cooperation 
with  other  scientific  bodies  the  question  of  the  classification 
of  technical  literature. 

Thirty-seven  members  and  friends  assembled  at  the  dinner 
after  the  meeting. 

The  year  1916  marks  the  twenty-fifth  anniversary  of  the 
broadening  out  of  the  Society  into  a  national  organization, 
and  of  the  founding  of  the  Bulletin.  It  is  proposed  to  cele- 
brate this  anniversary  in  an  appropriate  manner  at  the  coming 
summer  meeting.  Some  seventy-five  of  those  who  joined  the 
Society  in  or  prior  to  1891  have  retained  their  membership 
during  these  twenty-five  years.  It  is  hoped  that  a  large 
number  of  these  older  members  may  be  present  at  the  summer 
meeting  and  that  a  large  representation  of  the  younger  gener- 
ation may  also  be  present  to  take  over  the  responsibility  for 
the  Society's  progress  during  the  next  quarter  century. 

The  following  papers  were  read  at  this  meeting: 

(1)  Dr.  Samuel  Beatty:  "Derivation  of  the  comple- 
mentary theorem  from  the  Riemann-Roch  theorem." 

(2)  Mr.  J.  F.  Ritt:  "  The  resolution  into  partial  fractions 
of  the  reciprocal  of  an  entire  function  of  genus  zero." 

(3)  Mr.  J.  F.  Ritt:  "Linear  differentia]  equations  of  in- 
finite order  with  constant  coefficients." 

(4)  Professor  C.  J.  Ketser:  "  Concerning  autonomous 
doctrines  and  doctrinal  functions." 

(5)  Professor  Edward  Kasner:  "  Element  transformations 
of  space  for  which  normal  congruences  of  curves  are  in- 
variant." 

(6)  Mr.  J.  H.  Weaver:  "  Some  extensions  of  the  work  of 
Pappus  and  Steiner  on  tangent  circles." 

(7)  Professor  J.  L.  Coolidge:  "New  definitions  for 
Pliicker's  niunbers." 

(8)  Professor  G.   C.  Evans:  "Integral  equations  whose 
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kernels  satisfy  a  certain  difference  equation  in  variable  dif- 
ferences." 

(9)  Professor  Dunham  Jackson:  "  An  elementary  boundary 
value  problem/' 

(10)  Professor  L.  P.  Eisenhart:  "Transformations  of 
conjugate  systems  with  equal  point  invariants." 

(11)  Dr.  A.  A.  Bennett:  "An  existence  theorem  for  the 
solution  of  a  type  of  real  mixed  difference  equation." 

(12)  Dr.  A.  A.  Bennett:  "A  case  of  iteration  in  several 
variables." 

(13)  Mr.  R.  W.  Brink:  "  Some  integral  tests  for  the  con- 
vergence and  divergence  of  infiDite  series." 

(14)  Mr.  Glenn  James:  "A  theorem  on  the  non-summa- 
bility  of  a  certain  class  of  series." 

(15)  Dr.  F.  J.  McMackin:  "  Some  theorems  in  the  theory 
of  summable  divergent  series." 

(16)  Mr.  J.  R.  Kline:  "  A  definition  of  sense  on  plane  carves 
in  non-metrical  analysis  situs." 

(17)  Professor  H.  B.  Fine:  "On  approximations  to  a 
solution  of  a  system  of  numerical  equations." 

(18)  Professor  B.  H.  Camp:  "  Fourier  multiple  integrals." 

(19)  Dr.  G.  A.  Pfeifper:  "On  the  conformal  mapping 
of  curvilinear  angles." 

(20)  Professor  G.  C.  Evans:  "  Proof  of  Green's  theorem  by 
approximating  polynomials." 

(21)  Dr.  A.  R.  Schweitzer:  "  On  a  type  of  quasi-transitive 
functional  equations." 

(22)  Dr.  J.  W.  Alexander,  II:  "Some  generalizations  of 
the  Jordan  theorem." 

(23)  Dr.  C.  E.  Wilder:  "  Expansion  problems  of  ordinary 
linear  differential  equations  with  auxiliary  conditions  at 
several  points." 

(24)  Professor  E.  V.  Huntington:  "  A  simple  example  of 
the  failure  of  Duhamel's  theorem." 

(25)  Professor  W.  F.  Osgood:  "Note  on  functions  of 
several  complex  variables." 

(26)  Professor  W.  A.  Wilson:  "On  separated  sets." 

Mr.  Brink's  paper  was  communicated  to  the  Society  by 
Professor  Birkhoff ;  Dr.  McMackin  was  introduced  by  Pro- 
fessor Keyser,  and  Mr.  Kline  by  Dr.  R.  L.  Moore.  The 
papers  of  Dr.  Beatty,  Professor  Evans,  Mr.  Brink,  Dr.  Pf eiffer, 
Dr.  Schweitzer,  Dr.  Alexander,  Professor  Osgood,  and  Pro- 
fessor Wilson  were  read  by  title. 
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Abstracts  of  the  papers  follow  below.  The  abstracts  are 
numbered  to  correspond  to  the  titles  in  the  list  above. 

1.  By  making  use  of  the  idea  of  complementary  bases, 
without  which  the  complementary  theorem  cannot  be  even 
stated,  Dr.  Beatty  derives  the  complementary  theorem  from 
the  less  general  Riemann-Roch  theorem. 

2.  In  Mr.  Ritt's  first  pap>er,  which  is  auxiliary  to  the  second, 
are  discussed  the  conditions  under  which  the  reciprocal  of  an 
entire  function  G{z)y  of  genus  zero,  can  be  resolved  into 
simple  elements  as  if  (7(2)  were  a  polynomial.  If  the  zeros  of 
G{z)  are  ai,  02,  '^'f  0^  •  •  •,  the  resolution  is  possible  when, 
on  and  after  a  certain  point, 


where  k>  2. 


On 


n 


3.  The  first  part  of  Mr.  Ritt's  second  paper  develops  the 
theory  of  the  operator 

where  D  denotes  differentiation  and  where 


n=.l    I  On  I 

is  convergent.  This  operator,  which,  strangely  enough,  does 
not  seem  to  have  been  discussed  before,  has  the  entire  space 
of  analytic  functions  for  its  domain  of  applicability.  In  the 
second  part  is  discussed  the  most  general  solution  of  the  equa- 
tion A(p{z)  =  0.  The  solutions  are  shown  to  be  uniform  and 
to  have  no  isolated  singularities.  The  analytical  representa- 
tion of  the  solutions  is  discussed.  There  is  obtained,  inci- 
dentally, a  known  result  in  the  theory  of  analytic  prolongation. 
In  the  third  part  of  the  paper,  which  will  furnish  material 
for  future  investigations,  more  general  equations  are  considered, 
the  principal  object  being  to  apply  the  results  to  the  above 
equation  A<p{z)  =  0. 
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4.  The  undefined  or  primitive  terms  or  elements  in  a  postu- 
lationally  established  theory  admit  of  infinitely  many  inter- 
pretations. Hence  such  terms  are  variables.  Hence  the 
postulates  or  primitive  so-called  propositions  are  not  propo- 
sitions, being  neither  true  nor  false  prior  to  specific  interpre- 
tation, but  are  propositional  functions,  and  the  same  holds 
of  the  deduced  so-called  propositions.  Accordingly,  the  theory 
constituted  by  such  propositional  fimctions,  being  neither 
true  nor  false  prior  to  assignment  of  specific  values  to  the 
primitive  variables  involved,  is  not  a  doctrine  but  is.  Professor 
Keyser  contends,  something  that  may  be  fitly  called  a  doc- 
trinal function.  Just  as  a  propositional  function  is  a  source  of 
innumerable  propositions,  some  true,  some  false,  the  true 
ones  being  called  values  of  the  propositional  function,  so  a 
doctrinal  function  is  a  source  of  innumerable  doctrines,  some 
true,  some  false,  arising  from  diverse  specific  interpretations 
of  the  primitive  variables.  The  true  doctrines  thus  arising 
ought,  naturally,  to  be  called  the  values  of  the  doctrinal 
function.  It  thus  appears  that  Hilbert's  so-called  "  Founda- 
tions of  Geometry,"  for  example,  is,  strictly  speaking,  not  a 
geometry  nor  any  other  specific  doctrine.  It  is  a  3-dimensional 
euclidean  doctrinal  function,  of  which  ordinary  euclidean 
geometry  is  one  value,  viz.,  that  value  that  arises  from  assign- 
ing to  the  primitive  variables  (Hilbert's  "point,''  "line," 
and  "  plane  ")  such  meanings  as  Hilbert  did  not  assign  but 
Euclid  did  assign  (unfortunately  under  the  caption  of  "  defi- 
nitions "  instead  of  descriptions).  No  system  of  primitive 
propositional  functions,  or  postulates,  is  satisfied  by  a  set  of 
specific  entities  that  do  not  have  "  excessive  meaning,"  i.  e., 
meaning  over  and  above  that  required  merely  to  satisfy  the 
system.  The  various  doctrines  arising  from  a  given  doctrinal 
function  are  thus  known  and  distinguished  by  the  differing 
excessive  meanings  of  the  entities  involved.  For  a  doctrine 
to  be  geometric,  part  of  the  excessive  meaning  of  the  primitive 
entities  must  be  the  concept  of  spatial  extension. 

5.  Professor  Kasner  determines  all  transformations  of 
lineal  elements  {x,  y,  z,  y\  z')  of  space  such  that  every  normal 
congruence  of  curves  shall  be  converted  into  a  normal  con- 
gruence. The  infinite  group  obtained  is  isomorphic  with  the 
group  of  contact  transformations  in  space.  The  only  trans- 
formations in  the  new  group  which  convert  curves  into  curves 
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are  the  conformal  transfonnations,  which  form  a  10-parameter 
subgroup.  The  results  are  of  interest  in  connection  with  the 
optics  of  general  isotropic  media. 

6.  Pappus  in  Book  IV  of  the  Collection  develops  some 
properties  of  infinite  systems  of  tangent  circles  A  which  are 
tangent  to  two  given  circles.  Mr.  Weaver's  paper  extends 
these  results  in  two  directions. 

(1)  He  finds  the  analytic  expression  for  the  radius  of  the 
nth  circle  in  the  infinite  series,  and  also  the  expression  for 
certain  other  allied  lines,  and  from  these  expressions  develops 
some  infinite  series  which  may  be  sunmxed  geometrically. 
These  series  closely  resemble  those  given  by  Fabry,*  from  an 
analytic  point  of  view. 

(2)  He  develops  a  projective  method  for  constructing  conies 
and  investigates  some  projective  properties  of  tangents  and 
normals  to  the  conies  determined  by  the  given  circle  and  the 
series  A.  The  results  here  are  supplementary  to  those  of 
Steiner  on  the  same  problem,!  and  include  additional  exten- 
sions in  the  light  of  modern  projective  theory. 

7.  Professor  Coolidge's  paper  gives  new  definitions  for  the 
order,  class,  and  deficiency  of  an  algebraic  plane  curve  suitable 
to  the  case  where  the  curve  is  required  to  be  real. 

8.  Professor  Evans's  first  paper  appears  in  full  in  the  present 
niunber  of  the  Bulletin. 

9.  Professor  Jackson's  paper  appeared  in  full  in  the  May 
Bulletin. 

10.  Professor  Eisenhart  considers  pairs  of  surfaces  S  and 
/Si,  so  related  that  for  the  congruence  of  the  joins  of  corres- 
sponding  points  M  and  if  i,  the  developables  meet  &  and  Si 
in  conjugate  systems  of  curves.  Let  S""^  and  S'  denote  the 
Laplace  transforms  of  &  with  respect  to  these  conjugate  curves, 
taken  as  parametric.  The  tangent  planes  to  &  osculate  one 
family  of  parametric  curves  on  Sr^  and  the  other  family  on  &'. 
In  each  of  these  osculating  planes  there  is  a  pencil  of  conies 
tangent  to  the  two  curves  at  the  points  ©f  osculation.    These 

*  Th6orie  des  Series  k  Termes  constants,  Chap.  IV. 

t  Steiner,  Werke,  herausgegeben  von  Weierstrass,  voL  I,  pp.  47  and  ff. 


Digitized  by 


Google 


1916.]  THE  APRIL  MEETING  IN  NEW  YORK.  487 

conies  determine  involutions  on  the  line  of  intersection  of 
the  tangent  planes  to  8  and  Si.  Involutions  are  likewise 
determined  on  these  lines  by  similar  pencils  of  conies  in  the 
tangent  planes  to  /Si.  These  involutions  are  the  same  only 
in  case  the  parametric  conjugate  systems  on  S  and  Si  have 
equal  point  invariants,  in  which  case  S  and  Si  are  in  the  rela- 
tion^f  a  transformation  £^,  previously  considered  by  the  author. 
Certain  pencils  of  quadrics  of  singular  interest  may  be  asso- 
ciated with  these  pencils  of  conies.  The  interrelations  of 
these  various  configurations  are  determined.  The  paper  will 
appear  in  the  Annals  of  McUhemcUics. 

11.  In  this  paper  Dr.  Bennett  points  out  the  fact  that  a 
real  mixed  difference  equation  of  the  form 

y^^.i<»)  =  F[x;  yo^'\  yo^'K   •••,  yo<*^ 

where  by  y<^  is  meant  d^'yiz  +  ij/dsc',  will  under  certain 
simple  and  general  restrictions  have  as  solutions  only  functions 
which  are  continuous  together  with  all  of  their  derivatives 
for  all  non-negative  values  of  z.  It  is  then  shown  that  not 
only  are  the  independent  initial  conditions  infinite  in  number, 
but  that  solutions  may  be  readily  constructed  having  an  in- 
finite number  of  degrees  of  freedom,  where  the  Taylor's  series 
of  the  desired  solution  is  assigned  arbitrarily,  as  divergent 
series  if  desired,  at  each  of  the  points  a:  =  i,  t  =  0,  1,  ••-,*. 
Use  is  made  of  some  of  the  results  obtained  by  Mr.  J.  F.  Ritt 
in  a  forthcoming  article  in  the  Annals  of  Mathematics.  The 
present  paper,  also,  will  appear  in  the  Annals. 

12.  Dr.  Bennett  here  examines  a  special  case  of  iteration 
in  several  variables.  The  essential  equivalence  is  pointed  out 
between  difference  equations  in  several  variables  and  those 
functional  equations  which  constitute  the  subject  matter  of 
iteration.  In  particular,  the  author  examines  equations  of 
the  form  F^i)[uu  ut,  •  •  •,  Wn]  =  aui  +  ((y^)),  i  =  1,  2,  •  •  •,  m, 
where  by  {(u^))  is  meant  a  power  series  in  the  m  variables 
(til,  y^,  '"9  Um)  for  which  no  term  appears  of  lower  than  the 
second  degree  in  the  set  of  m  variables  together.  For  the 
case  in  which  \a\  ^=  0,  ^=  1,  an  explicit  solution  is  obtained  in 
terms  of  the  integral  iterates  by  a  formula  which  is  obtained 
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from  an  extension  of  Newton's  interpolation  formula.  The 
limiting  forms  are  also  discussed.  This  paper  constitutes  a 
partial  extension  of  the  general  theory  of  one  variable  con- 
tained in  a  previous  paper  by  the  author,  AnnaU  of  Mathe- 
matics, volume  17  (1915).  This  paper  will  also  appear  in  the 
Annals. 

13.  The  recurrence  formula  that  defines  the  general  term 
of  an  infinite  series  may  be  regarded  as  a  difference  equation 
in  the  partial  sum  of  the  series.  In  Mr.  Brink's  paper  methods 
are  given  whereby  such  a  difference  equation  may  be  replaced 
by  a  differential  equation  whose  solution  behaves  for  large 
integral  values  of  the  variable  like  the  partial  sum  of  the 
series.  In  this  way  the  author  obtains  a  sequence  of  integral 
tests  for  the  convergence  and  divergence  of  series.  The 
Maclaurin-Cauchy  test  is  given  with  extended  conditions  as 
the  first  of  this  sequence.  Another  of  the  simpler  tests  pre- 
sented makes  use  of  the  function  r{x)  which  has  the  property 
that  r(n)  is  the  ratio  of  tt»+i  to  Un,  t^  being  the  general  term 
of  the  series.  Under  certain  restrictions  upon  r{x)  the  series 
converges  or  diverges  with  the  integral 


feS: 


log  r(«)«to   , 


By  means  of  this  and  other  tests  of  the  sequence  a  large 
number  of  the  classical  convergence  tests  are  easily  estab- 
lished.   The  tests  are  readily  ^generalized  for  multiple  series. 

14.  Mr.  James  extends  the  notion  of  proper  divergence  to 
include  a  certain  class  of  oscillating  series.  This  class  con- 
tains all  series  such  that  for  any  positive  (or  negative)  C  and 
every  M  there  exists  an  m  ^  -M^  such  that 

JLiSn^p  -O  ^  0,  (or  ^  0),  n^m+1. 

A  theorem  is  established  from  which  it  follows  that  the  meth- 
ods of  Borel,  Cesiro,  LeRoy,  Cesiro-Riesz,  and  others  cannot 
sum  series  of  this  class. 

15.  Hardy  and  Smail  showed  that  the  sufficient  condition 
for  the  continuity  of  the  sum  function  of  a  summable  divergent 
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series  of  continuous  functions  is  the  uniform  summability 
of  the  series,  that  is,  the  uniform  convergence  of  the  auxiliary 
limit,  as  Borel's  integral,  Cesfiro's  mean  value,  etc.  Dr. 
McMackin  shows  that  this  is  not  a  necessary  condition  for  the 
continuity  of  the  sum,  and  derives  conditions  which  are  both 
necessary  and  sufficient.  For  series  which  oscillate  between 
finite  limits  quasi-uniform  convergence  of  the  auxiliary  limit 
is  shown  to  be  both  necessary  and  sufficient  in  the  case  of 
Borel's  integral  sum,  while  in  the  other  case  it  holds  for  all 
siimmable  series  with  continuous  terms.  It  is  also  shown  that 
a  quasi-uniformly  convergent  series  is  quasi-uniformly  sum- 
mable  according  to  the  definition  of  quasi-uniform  summa- 
bility given. 

16.  Mr.  Kline  proposes  the  following  definition  for  sameness 
of  sense  on  two  simple  closed  curves:  The  sense  AiBiCi  on 
the  simple  closed  curve  Ji  and  the  sense  A2B2C2  on  the  simple 
closed  curve  J2  are  said  to  be  the  same  with  respect  to  their 
common  exterior  Eu,  if  there  exist  a  simple  closed  curve  Jz 
lying  entirely  in  En  and  three  points  -4j,  JBs,  Cs  on  Jz  such 
that  (1)  if  it  is  impossible  to  join  Ai  to  Az,  B\  to  Bz  and  Ci 
to  Cz  by  simple  continuous  arcs  which  except  for  their  end 
points  lie  entirely  in  Eu  (the  common  exterior  of  J\  and  Jz) 
and  have  no  points  in  common,  then  it  is  also  impossible  to 
join  A2  to  Azy  Bi  to  Bz  and  C2  to  Cz  by  simple  continuous  arcs 
lying  except  for  their  end  points  entirely  in  Etz  (the  common 
exterior  of  J2  and  Jz)  and  having  no  points  in  common,  or 
(2)  if  it  is  possible  to  join  Ai  to  Az,  Bi  to  ^s^  and  Ci  to  Cz  in 
the  manner  above  indicated,  then  it  is  also  possible  to  join 
A2  to  Az,  B2  to  ^8  and  C2  to  Cz  as  indicated. 

It  is  established  that  if  for  one  choice  of  the  curve  Jz  and 
of  three  points  Az,  Bz,  and  Cz  lying  thereon,  the  senses  AiBiCi 
and  A2B2C2  are  the  same  with  respect  to  Eu,  then  these  senses 
are  also  the  same  with  respect  to  any  other  such  choice  of 
Jz  and  AzBzCz. 

It  is  also  shown  that  if  the  senses  A\BiC\  on  Ji  and  A2B2C2 
on  J2  are  opposite  with  respect  to  their  common  exterior  and 
the  senses  A2B2C2  on  J2  and  AzBzCz  on  Jz  are  opposite  with 
respect  to  their  common  exterior,  then  the  senses  AiBiCi 
on  Ji  and  AzBzCz  on  Jz  are  the  same  with  respect  to  their 
common  exterior. 
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17.  Professor  Fine's  paper  is  concerned  with  the  proof  of 
the  following  theorem:  Let/i(a:i,  xt,  •  •  •,  Zn),  i  =  1,  2,  •  •  •,  n, 
be  real  functions  of  the  real  variables  xi,  x^,  •",  Xn  which 
have  continuous  first  and  second  derivatives  in  the  region 
under  consideration.  Let  (xi^,  ar^^  •  •  • ,  Xn^)  belong  to  this 
region  and  let  fi,  ^2$  •  •  •,  fn  be  the  numbers  defined  by  the 
equations 

Mx,\  X2\  .  •  •,  xn')  +  r^of*  =  0     (t  =  1,  2,  . . .,  n). 

Again  let  S  denote  the  circle,  sphere,  or  hypersphere  whose 
center  is  {x^  +  fb  xj^  +  fji  •  •  -i  ajn®  +  fn)  and  whose  radius 
is  p  =  [2f **]*,  and  suppose  that,  for  this  region  iS,  D  >  0 
denotes  the  lower  bound  of  the  absolute  values  of  the  func- 
tional determinant  of  the  functions  /»,  M  <  co  the  upper 
bound  of  the  absolute  values  of  the  first  minors  of  this  deter- 
minant, and  iV  <  00  the  upper  boimd  of  the  absolute  values 
of  the  second  derivatives  of  the  functions  /,-. 
Then  if 


[|:/A^l^^2^•••,ar„«)]* 


Z)« 


n^^l^SPN' 


the  system  of  equations /t(a;i,  xj,  •••,«»)  =  0  has  one  and  but 
one  solution  in  S,  and  this  solution  may  be  approximated  to 
uninterruptedly  by  successive  determinations  of  fi^^,  {2^^, 
•••,  fn^^  and  ari^'+i>,  X2^-^^\  ••-,  Xn^'^^^  by  the  formulas 

Mx^O\  X2^\  . . ., ar„O0)  +  ±-£^,  f*O0  =  0, 

the  solution  being  lim  (xi^"^,  ar2^^,  •  •  •,  Xn^^). 

18.  By  using  6.  H.  Hardy's  definition  of  a  non-absolutely 
convergent  multiple  integral  it  is  possible  to  show  that  an 
arbitrary  function  may  be  expressed  as  a  Fourier  double 
integral  under  circumstances  much  more  general  than  is 
possible  when  the  iterated  integral  is  used.  The  results  are 
useful  in  connection  with  the  Fourier  quadruple  integral  which 
appears  in  three  dimensional  physical  problems.  Professor 
Camp's  paper  also  considers  the  continuity,  differentiability, 
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and  integrability  with  respect  to  parameters  of  multiple 
integrals  over  infinite  fields. 

19.  In  a  previous  paper  Dr.  Pfeiffer  has  shown  that  divergent 
power  series  may  be  formally  obtained  in  seeking  a  conformal 
transformation  which  maps  a  curvilinear  angle  upon  a  recti- 
linear angle  of  the  same  magnitude  and  which  is  analytic  about 
the  vertex  of  the  angle.  In  the  present  paper  he  shows  that 
there  exist  functions  /(«)  which  map  the  interior  of  the  curvi- 
linear angle  upon  the  interior  of  a  rectilinear  angle  of  the  same 
magnitude  conformally  such  that  the  sum  of  the  first  n  terms 
of  the  power  series  already  referred  to  represents  the  function 
f(z)  asymptotically  up  to  order  n.  The  mapping  defined  by 
the  function /(z)  is  conformal  on  the  sides  of  the  angle,  except 
of  course  at  the  vertex,  where  it  is  continuous. 

The  above  refers  to  angles  whose  magnitudes  are  not  com- 
mensurable with  Tj  for  in  the  contrary  case  the  writer  has 
already  shown  that  all  transformations  (aAalytic  about  the 
vertex)  obtained  formally  are  convergent. 

20.  Many  problems  in  mathematical  physics  are  expressed 
in  terms  of  integral  relations,  and  it  is  only  by  passing  to  a 
limit  that  the  differential  equations  are  secured.  There  may 
be  nothing  in  the  physical  problem  which  corresponds  to  the 
limit.  An  analysis  is  therefore  desirable  which  involves 
rather  the  integral  than  the  differential  relations.  Several 
proofs  have  been  given  of  Green's  theorem  on  this  basis. 
Professor  Evans  notes  a  new  proof,  possible  by  means  of  an 
expansion  in  polynomials,  of  the  same  nature  as  the  proof  ot 
a  theorem  in  de  la  Vallfe  Poussin's  Cours  d' Analyse,  volume 
II,  page  24,  edition  of  1912. 

21.  Let  \i{z)  (i  =  0,  1,  2,  •  •  •,  n  +  1)  be  functions  of  a 
single  variable;  then  Dr.  Schweitzer  defines  the  type  of  quasi- 
transitive  functional  equations 

/{XiMi,  X2t*2,  •  •  •,  X»^-lti»^-l}  =  Xdf{0i,  0j,  •  •  •,  ^m-i}, 

where  uj  =  fid,  U,  •  •  •,  ^n,  xj),  j  =  1,  2,  •  •  •,  n  +  1,  and  0y 
denote  functions  of  the  variables  Xi,  arj,  •••,  ar»+i.    In  the 

n-fl 

present  paper  the  special  case  0y  =  Z^myiba:*  only  is  considered. 
Then  the  resulting  dass  of  functional  equations  may  be  put 
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into  (1, 1)  correspondence  with  the  class  of  linear  homogeneous 
substitutions  and  one  readily  defines,  at  least  fonnally,  a 
representation  of  an  arbitrary  finite  group  of  such  substitutions. 
On  the  other  hand,  if  \i(x)  =  x  (i  =  0,  1,  2,  •  •  •,  n  +  1) 
and    if    f{xi  +  yi,     •••,    Xn^i  +  y^i]  =  f{xu     •••,    x^^i) 

n+l 

+  f(yu  '",  Vn+i),  i.  e.,  if  f{xi,  X2,  '",  a:„+i)  =  2  £y  •  a^y,  then 

one  obtains  n  +  2  equations  conditioning  the  constants  £y. 
By  rational  elimination,  it  is  found  that  each  of  the  constants 
^2,  £s9  "  'j  {iH-i  satisfies  an  algebraic  equation  of  the  nth 
degree  with  coefficients  which  are  rational  functions  of  the 
constants  Mtt  =  wi,«  —  niu  (s,  <  =  1,  2,  3,  •  •  •,  nj+  1; 
«i  ^=  1).  In  particidar,  ^^^.i  is  a  root  of  the  characteristic 
equation  of  a  certain  linear  homogeneous  substitution. 

22.  Dr.  Alexander's  paper  contains  a  simplified  proof  of 
Jordan's  theorem  that  a  simply  closed  curve  subdivides  the 
plane  into  two  and  only  two  regions.  By  generalizing  the 
method  employed,  theorems  analogous  to  Jordan's  theorem 
about  j;-dimensional  manifolds  in  7^-dimensional  space  are 
proved. 

23.  In  a  paper  in  the  Transactiona  for  1908  Birkhoff  con- 
siders certain  problems  connected  with  the  differential  system 
consisting  of  the  equation 

and  n  boundary  conditions  Wi(u)  =  0,  in  which  the  W^s  are 
linear  combinations  of  the  values  of  u  and  its  first  n  —  1 
derivatives  at  the  end  points  of  the  interval  over  which  the 
system  is  considered.  Among  other  things  he  defines  a  Green's 
function,  G{x,  s,  X),  for  this  system  and  proves  that  for  a 
system  with  "  regular  "  boundary  conditions 

Hm  2^  J^  jT'cCor,  s,  \)f(s)dsdk  =  /(a-), 

for  any  function  f(x)   possessing  a  continuous  derivative, 
where  T  is  a  contour  in  the  X  plane  enclosing  the  first  m  poles 
of  G(Xf  8,  X). 
In  the  present  paper  Dr.  Wilder  extends  this  result  in  that 
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he  adds  to  the  W*3  linear  combinations  of  the  values  of  u  and 
its  first  n  —  1  derivatives  at  any  finite  number  of  points 
interior  to  the  interval.  The  Green's  function  for  this  system 
is  then  defined  by  the  same  formula  as  is  used  by  Birkhoff 
and  it  is  found  that  the  above  integral  converges  to  f{x) 
provided  f{x)  has  a  certain  number  of  derivatives,  which 
number  never  need  exceed  n,  and  provided  certain  deter- 
minants formed  from  the  constants  of  the  auxiliary  conditions 
do  not  vanish.  In  the  case  n  i&  even  it  is  further  necessary 
to  assume  that  the  second  point  from  either  end  of  the  in- 
terval is  farther  from  that  end  than  the  first  point  from  the 
other  end  is  from  that  end. 

24.  Professor  Himtington's  paper  refers  to  the  theorem  of 
Duhamel  abeady  discussed  by  Osgood,  R.  L.  Moore,  and  Bliss 
in  the  Annals  cf  Mathemaiics  for  1903, 1912,  and  1914,  namely: 
If  ai,  a2,  •••,«!»  and  pu  ft,  '"ffin  are  two  sets  of  infinitesimals 
such  that  lim  03i/a»)  =  1;  and  if  lim  [ai+  a2+  •••  +  «»•]=  a 

exists,  then  lim  [|8i  +  ft  +  •  •  •  +  ft]  will  also  exist,  and  be 

equal  to  a.  The  following  example  of  the  failure  of  this 
theorem  is  simpler  than  examples  that  have  been  previously 
given:  Let  a<  =  a/n,  and  pi  =  a/n  +  2w?/n*,  where  a  and  c 
are  fixed  constants.  Then  lim  pi/ai  =  1  as  n  =  oo ;  but 
lim  Sa»  =  a,  while  Um  2ft  =  a+  c. 

25.  Professor  Osgood's  paper  appeared  in  full  in  the  June 
Bulletin. 

26.  Professor  Wilson's  paper  appeared  in  full  in  the  May 
Bulletin. 

F.  N.  Cole, 
Secretary. 

APPLICATION    OF    AN    EQUATION    IN    VARIABLE 
DIFFERENCES  TO  INTEGRAL  EQUATIONS. 

BT  PB0FBS80B  O.   C.   EVANS. 

(Read  before  the  American  Mathematical  Society,  April  29,  1916.) 

It  is  known  that  if  the  kernel  of  an  integral  equation  of 
Volterra  type  is  in  the  simple  form  of  the  difference  alone  of  the 
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two  variables,  then  the  kernel  of  the  resolvent  equation  is  in 
the  same  form.  We  shall  see  presently  that  this  result  also 
holds  for  the  kernel  of  the  Fredholm  equation,  provided  that 
it  is  periodic,  the  period  being  equal  to  the  interval  of  inte- 
gration. Moreover,  the  same  condition  of  periodicity  is 
sufficient  to  make  the  kernel  of  the  resolvent  equation  of  the 
same  form  as  the  original  kernel  when  the  latter  is  expressed 
by  the  formida 

(1)  K(x,  y)  =  *(ar'+  y)  +  Q{x  -  y). 

An  obvious  way  to  approach  the  problem  is  to  make  use 
of  the  partial  differential  equations 

dK  ^  dK      ^        ^     S'K     S'K 

which  say  respectively  that  the  kernel  K{x,  y)  is  a  function 
of  the  difference  of  the  two  variables,  or  a  function  of  the  form 
(1).  The  objection  to  this  method  is  that  there  is  nothing 
in  the  theory  of  the  Fredholm  equation  which  demands  the 
existence  of  derivatives,  and  nothing  which  directly  refers 
to  them  in  the  statement  of  the  problem. 

Less  immediate,  and  also  less  restrictive,  is  a  treatment  by 
means  of  Fourier  series.  The  coefficients  in  the  trigonometric 
development  of  the  resolvent  kernel  have  smiple  expressions 
in  terms  of  those  of  the  given  kernel,  on  account  of  the  special 
form  of  the  latter.  One  can,  in  fact,  get  an  instructive  aper^ 
of  the  facts  in  the  general  problem  of  the  Fredholm  equation 
by  considering,  with  these  elementary  methods,  this  special 
case.  Here  again,  however,  more  seems  to  be  demanded  in 
the  nature  of  the  kernel  than  should  be  called  for  by  the 
question  which  is  the  subject  of  this  paper. 

§  1.  Sorne  Difference  Eqiudions  in  Variable  Differences. 

1.  A  necessary  and  sufficient  condition  that  a  function 
F(x,  y)  be  in  the  form  f{x  +  y)  is  that  it  admit  the  substi- 
tution a:'  =  a:  +  ^,  y'  =  jr—  <,  where  t  is  arbitrary.  Likewise, 
a  necessary  and  suiBcient  condition  that  a  function  be  in  the 
form  <p{x  —  y)  is  that  it  admit  the  substitution  a:'  =  a;  +  <, 
y'  =  y  -f  ^,  These  conditions  may  be  respectively  expressed 
by  means  of  the  difference  equations 
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(3)  F{z+t,y'-t)-F{x,y)==^0, 

(4)  F^:,+  t,y+i)'-F{x,y)^0. 

2.  In  order  to  distinguish  the  more  interesting  case  where 
K{z,  y)  is  of  the  form  (1),  let  us  assume  at  first  thatX(ar,  y) 
is  defined  everywhere  in  the  plane  except  at  a  point  set  of 
measure  zero.*^  A  necessary  and  sufficient  condition  that  we 
may  write  K(x,  y)  in  the  form  (1),  except  possibly  ai  a  set  of 
points  of  measure  zero,  is  that  the  condition 

(5)  K(x+t  +  t',y+t-t')-K(x+t,y  +  t) 

^K(x+t\y-f)  +  K{x,y)^0 

shaU  hold  for  aU  wdues  of  x,  y,  t,  f,  except  possibly  for  a  point 
set  of  zero  measure,  one  of  the  four  points  (x,  y),  (x+  t,  y+  t), 
(x  +f,y-  f),  (x+t+f,y+t-f)  lying  in  that  set. 

3.  The  relation  (5)  says  merely  that  if  we  take  a  rectangle 
of  which  the  sides  are  parallel  to  the  lines  x+  y  =  0  and 
X  ^  y  =  0,  the  sum  of  the  values  of  the  function  at  the 
extremities  of  one  diagonal  is  equal  to  the  sum  of  its  values  at 
the  extremities  of  the  other,  i.  e.,  if  1,  2,  3,  4  are  the  vertices 
in  cyclic  order,  we  have  the  equation 

(50  Ki  +  K,=  K,  +  K,. 

If  we  have  a  second  rectangle  3,  4,  5,  6  which  has  a  side  in 
conmxon  with  the  first,  it  is  seen  that  in  the  relations 

(6)  Kz+K,:^K,  +  K,, 
Ki  -\-  Ki  ^  Ki  -\-  K%, 

the  first  two  imply  the  third. 

Let  us  define  a  null  set  L  as  made  up  of  the  following  one- 
dimensional  sets.  Let  it  include  all  the  lines  x+  y  =  const, 
or  ar  —  y  =  const,  on  which  there  is  a  not-null  set  of  points 
where  K{x,  y)  is  not  defined,  and  let  ar©,  yo  be  a  point  where 

*  The  diBcuflsion  of  this  problem  in  connection  with  equation  (5)i  below, 
as  applied  to  point  sets  in  general,  offers  an  interestinK  generalization  oi 
some  aspects  of  the  theory  of  the  hyperbolic  differentisi  equation:  in  par- 
ticular, direct  proofs  of  some  of  the  existence  theorems.  (See  a  paper  by 
the  author  soon  to  be  published. 
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K(jXy  y)  still  remains  defined.  On  the  line  x  +  y  =  Xo  +  yo 
there  lie  at  most  a  null  set  of  points  where  K{x,  y)  is  not 
defined.  Include  in  L  the  Unes  x  —  y  =  const,  which  go 
through  these  points;  and  operate  similarly  on  the  line 
X  ^  y  ^  Xq—  yo>  The  total  set  formed  in  this  way  consti- 
tutes L. 

The  theorem  of  Section  2  will  be  established  if  we  show  that 
a  necessary  and  sufficierd  condition  that  K{x,  y)  be  in  the  form 
(1),  except  in  L,  is  thai  the  relation  (5)  hold  unless  one  of  the 
four  points  mentioned  lie  in  L. 

4.  That  the  condition  b  necessary  follows  at  once  by  direct 
substitution.  In  order  to  show  that  it  is  also  sufficient,  let  us 
write  K{x,  y)  in  the  form  *(ar  +  y,  x  —  y),  and  consider  (5) 
in  the  form 

*(a:+  y  +  2^,  a:  -  y  +  20  -  *(a:+  y  +  2^,  x  -  y) 

=  *(x  +  y,  a:  -  y  +  2f )  -  *(a;  +y,x-  y), 

which  tells  us  that  the  right-hand  member  is  invariant  of  the 
substitution  x'  =  x  +  <,  y'  =  y  +  t  We  can  give  t  then 
such  a  value  that  a:  +  y  +  2<  =  xo  +  yo>  and  write 

*(3:o  +  »o,  a?  -  y  +  2^)  -  *(xo  +  yo,  a:  -  y) 

=  *(x  +  y,  X  -  y  +  2t')  -  *(x  +  y,  x  -  y) 
or 

*(a:  +  y,  a:  -  y  +  2^)  -  *(xo  +  yo,  a:  -  y  +  20 

=  *(x  +  y,  X  —  y)  —  *(xo  +  yo,  a;  —  y). 

The  right-hand  member  of  this  equation  is  thus  seen  to  be 
invariant  of  the  substitution  x'  =  x  +  ^,  y'  =  y  —  ^',  wher- 
ever it  is  defined,  and  so  we  can  give  to  t'  a  value  such  that 
X  —  y  +  2^  =  xo  —  yo.    Hence  we  have 

*(a:  +  y,  xo  —  yo)  —  *(xo  +  yo,  x©  —  yo) 

=  *(x  +  y,  X  —  y)  -  *(xo  +  yo,  ar  —  y) 
or 

(7)  K{Xy  y)  =  *(x  +  y,  xo  -  yo)  +  *(xo  +  yo,  a:  —  y) 

-  *(a:o  +  yo,  a;o  —  yo) 

which  proves  the  theorem.  This  result  can  also  be  obtained  by 
a  more  geometrical  treatment. 
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5.  If  instead  of  being  defined  over  the  entire  plane,  the 
function  K{x,  y)  is  defined  over  the  rectangle  R\  a<  z  <  A, 
h  <  y  <  Byit  may  be  extended  over  the  entire  plane  by  first 
defining  it  in  the  interior  of  the  circumscribed  rectangle  with 
sides  parallel  to  the  lines  a:  +  y  =  0  and  a:  —  y  =  0,  and  then 
defining  it  as  having  the  value  zero  on  the  boundary  of  this 
rectangle  and  over  the  rest  of  the  plane.  The  definition  in 
this  circumscribed  rectangle  is  established  by  means  of  the 
relation  (50>  and  its  uniqueness  follows  almost  immediately 
by  means  of  the  relation  (6).  By  then  applying  the  theorem 
of  Section  2  we  have  the  following 

Corollary  1.  The  theorem  of  Section  2  holds,  if  instead  of 
being  defined  oter  the  entire  plane,  except  for  a  point  set  of 
measure  zero,  it  is  defined,  ivith  the  same  exception,  over  the 
rectangle  R:  a  <  x  <  A,  b  <  y  <  B. 

We  have  also  the  following  theorems: 

Corollary  2.  The  condition  (5)  wHl  stUl  be  necessary  and 
sufficient  if  we  add  the  restriction  that  \t\  and  \f\  are  to  be  less 
than  71,  where  ri  is  assigned  arbitrarily,  positive,  dependent  on 
X,  y  if  desired. 

This  theorem  is  deduced  immediately  with  the  help  of 
equation  (6). 

Corollary  3.  If  the  function  K(x,  y)  is  continuous  at  the 
points  in  which  it  is  defined,  the  condition  (5)  may  be  replaced 
by  one  in  which  f  ==  t,  i.  e.,  by  the  condition 

(8)    K{x+2t,y)-K{x+t,y  +  t)-K{x+t,y-t) 

+  K{x,  y)  =  0. 
In  fact,  from  (8)  it  follows  that 

K{x  -{•mt+nt,y-{-mt—  nt)  —  K{x  +  mt,y+  ml) 

-K{x+nt,y-nt)  +  K{x,  y)  =  0, 

where  m  and  n  are  integers,  and  since  every  point  in  jR  is  a 
point  of  the  form  {x-^  mt-\r  rd,  y-{-  mt—  nt)  or  a  limiting 
point  of  such  points,  we  have  the  relation  (5). 

Corollary  4.  The  relation  (5)  may  be  replaced  by  the  one 
obtained  from  it  by  interchanging  t  and  f,  or  by  both  relations 
together,  and  the  theorem  vnU  still  hold. 

Corollary  5.  A  necessary  and  sufficient  condition  that  we 
may  write  K{x,  y)  in  the  form 
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(9)  K(x,y)=m  +  g{y) 
is  thai 

(90    K{x+t,y+1f)-K{x,y  +  t')-K{x+t,y) 

+  K{x,  y)  =  0. 

§  2.  Periodicity. 

6.  The  kernel  of  an  integral  equation  and  the  kernel  of  the 
resolvent  equation  are  connected  by  Volterra's  relation.  K 
we  are  dealing  with  the  equation  of  Fredholm  type  containing 
a  parameter  X,  the  relation  has  the  well  known  form 

(10)  K{x,  y)  +  Ux,  y)  =  "K  j\{x,  {)&,({,  y)d^ 

^\£h{x,^)m,y)d^. 

For  generality  the  integral  may  be  taken  in  the  Lebesgue  sense. 
From  (10)  it  follows  obviously  that  if  K{x,  y)  is  periodic  in  x 
with  a  certain  period,  k^ix,  y)  is  periodic  in  x  with  the  same 
period;  and  similarly  for  y. 

In  regard  to  the  kernels  of  the  form  (1),  in  which  we  are 
more  specially  interested,  a  necessary  and  sufficient  condition 
thai  K{x,  y)  be  periodic,  with  period  p,  in  both  arguments,  is  that 
*(a?  +  y)  o/nd  Q{x  —  y),  as  functions  of  a  single  variable,  be 
each  periodic  with  the  same  period  p.  Obviously  the  condition 
is  sufficient.  To  show  that  it  is  necessary,  notice  that  we 
have 

K{x  +  t,y+t)  -  K{x,  y)  =  ^(x+y  +  2t)  -  ^x  +  y), 

whence,  taking  <  =  p, 

(11)  ^ix  +  y+2p)  =  ^ix+y). 
But  also 

K{x  +  p  +  t,y+t)-  K{x  +  p,  y) 

=  *(a:  +  y  +  p  +  20  -  *(a:  +  y  +  p), 
so  that 

*(a:+y+p  +  20-*(ic+y  +  p) 

=  *(a:  +  y+20-*(a:  +  y), 
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and  if  <  =  ip, 

nx+y+2p)  +  ^x  +  y)  =  2^{x+y  +  p). 

Comparing  this  with  (11),  we  have 

*(«  +  »  +  p)  =  *(«  +  y). 

From  this  and  the  periodicity  of  K{x,  y)  it  follows  that 

G(a:  -  »  +  p)  =  Q{x  -  y). 

Nothing  is  changed  in  these  theorems  if  we  except  a  point 
set  of  zero  measure  (in  the  case  of  the  second  theorem^  a 
point  set  of  the  type  L). 

§  3.  Kernels  of  the  Form  *(«  +  y)  +  Q{x  -  y). 

7.  Let  us  understand  the  integrals  to  be  taken  in  the 
Lebesgue  sense,  and  the  function  K{Xy  y)  to  be  summable, 
with  its  square,  over  any  two-dimensional  region.  The 
Volterra  relations  (10)  hold  with  this  assumption  except  at  a 
point  set  of  measure  zero,  and  by  giving  a  complete  definition 
of  the  function  K{Xy  y)  they  can  be  made  to  define  a  fimction 
k{Xy  y)  at  every  point,  finite  or  infinite,  as  the  case  may  be. 
We  have  the  following  theorem: 

Theorem  1.  //,  except  at  the  poirUs  of  a  set  L  (see  Section  3) 
cf  measure  zero,  the  kernel  K(x,  y)  can  be  written  in  the  form  (1), 
in  which  the  functions  *  and  0,  as  functions  of  a  single  argument^ 
are  periodic  with  period  6  —  a,  then  with  the  same  exception, 
the  resolvent  kernel  k(x,  y)  can  he  written  in  the  same  form, 
and  has  the  same  properties  of  periodicity. 

As  has  abeady  been  noticed  in  Section  6,  it  is  the  same 
thing  as  above  to  assume  that  K(x,  y)  is  periodic  in  each 
argument  with  period  6  —  a,  and  the  periodicity  of  k(x,  y) 
follows  from  it.  By  virtue  of  the  assumption  of  periodicity 
in  regard  to  K(x,  y)  the  point  set  L  is  itself  periodic. 

8.  In  order  to  prove  the  theorem  let  us  perform  on  the 
second  of  the  equations  (10)  the  operations  indicated  in  (5), 
and  also  the  operation  obtained  from  this  by  interchanging 
t  and  t'.  Let  us  denote  the  result  of  performing  these  opera* 
tions  on  a  function  f{x,  y)  by  Hf(t,  f\x,  y)  and  Hjif,  t\x,  y) 
respectively.  In  forming  the  resulting  pair  of  equations  we 
have  to  perform  such  reductions  as  the  following: 
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r 


which  reduces  to 


r 


on  account  of  the  periodicity.*    Hence  we  obtain  finally  the 
pair  of  simultaneous  integral  equations: 

Htcd.  f\x,  y)  +  Hi(t,  r\x,  y) 

+  £Hu{t,r\x,imi-y)di^, 

^^^^       H^{tf,t\x,y)  +  H,{Jl!:t\x,y) 

In  this  system  of  equations  the  kernels  are  the  functions  ^ 
and  0,  the  known  functions  are  the  —  Hj^  and  the  solutions 
desired  are  the  functions  Hk>  It  is  worth  noticing  that  since 
the  kernels  are  independent  of  t  and  t*,  any  of  the  functions 
belonging  to  K{Xy  y)  gives  rise  to  a  solution  of  the  homogeneous 
system  of  equations  corresponding  to  (12),  and  vice  versa; 
hence  the  characteristic  values  of  X  in  (12)  are  merely  the  roots 
of  K(Xf  y).  In  fact  if  we  write  i=  f  iu  (12),  the  pair  of  equa- 
tions reduce  to  a  single  equation  of  which  the  kernel  is  K(x,  y). 
The  solutions  of  (12)  will  then  be  determined  unless  X  happens 
to  be  root  of  K{z,  y). 

Since  for  given  values  of  t  and  If  the  known  functions  vanish 
except  at  the  points  of  a  set  of  zero  measure  (i.  e.,  except  when 

*  In  the  treatment  by  means  of  the  partial  differential  equation,  thia 
change  of  variable  corresponds  to  an  integration  by  parte. 
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one  of  the  seven  points  (x,  y),  (x  +  t,  y  +  t),  {x+t,  y  —  i), 
(x  +  f,  y+f),  {x  +  i\  y-t'),  {x+t  +  i\  y+t-t% 
{x  +  t+  f,  y  —  t+  f)  lie  in  i),  the  solutions  will  vanish 
except  at  a  point  set  of  zero  measure.  Moreover  from  the 
formal  character  of  the  solution  this  set  will  not  contain  not- 
null  sets  of  points  on  any  line  parallel  to  the  Z  or  F  axes. 
Hence  the  right  hand  members  of  (12)  will  vanish  identically, 
and  at  all  points,  even  at  points  of  L,  we  shall  have  the  result 

(13)  Hud,  r\x,  y)  =  -  H^(t,  f\x,  y\ 

which  asserts  that  Hk{t,  ^|x,  y)  and  Huit',  t\xy  y)  both  vanish 
for  all  values  of  x^  y,  t,  f  such  that  none  of  the  seven  points 
before  mentioned  lie  in  L.  Hence,  by  means  of  Corollary  4 
in  Section  5,  k{x,  y)  will  have  the  form  (1),  except  for  points 
of  L\  and  the  theorem  is  proved. 

9.  If  instead  of  being  defined  over  the  entire  plane,  the 
kernel  K{x,  y)  is  defined  only  for  values  of  x  and  y  between  a 
and  6,  the  theorem  may  be  extended  to  cover  this  case.  For 
if  the  kernel  is  in  the  form  (1),  it  is  defined  thereby  over  the 
interior  of  the  circumscribing  rectangle  mentioned  in  Section  5. 
In  fact,  that  is  the  region  of  variation  for  x  and  y  determined 
by  the  arguments  x+  y  and  x  —  y,  on  which  depend  the 
functions  ^  and  6.  In  order  to  complete  the  definition  of  the 
function  over  the  entire  plane  in  the  manner  best  to  fit  with 
Theorem  1,  let  us  cover  the  plane  by  repeating  the  circum- 
scribing rectangle  with  the  attached  values  of  K{Xf  y),  thus 
making  2^(x,  y)  periodic  in  x  and  y  separately  with  period 
2(6  —  a).  By  means  of  Theorem  1,  then,  we  have  the  follow- 
ing theorem: 

Theorem  2.  //  for  valves  of  x  and  y  between  a  and  b  the 
kernel  K{x,  y)  can  be  written  in  the  form  (1),  in  which  thefunc- 
tions  9  and  0,  as  functions  of  a  single  argument,  are  periodic 
with  period  b  —  a,  the  hypothesis  holding  except  at  a  point  set 
of  zero  measure,  of  the  form  L  {see  Section  3),  then  with  the  same 
exception^  the  resolvent  kernel  k{x,  y)  can  be  written  in  the  same 
form,  and  has  the  same  properties  of  periodicity. 

10.  The  corresponding  theorem  is  true  for  functions  of  the 
form 

(14)  K{x,  y)  =  e(x  -  y). 
In  fact,  if  we  make  use  of  the  equation 
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(15)  K{x+t,y+t)-K{x,y)  =  0, 

we  can  deduce  by  means  of  it,  in  the  same  way  as  before  we 
used  the  relation  (5),  the  following  theorem: 

Theorem  3.  Theorems  1  and  2  hold  if  instead  of  considering 
kernels  of  the  form  (1)  we  consider  kernels  of  the  form  (14). 

The  corresponding  theorem  is  not  true  for  kernels  which 
are  functions  of  x  +  ^  alone.  In  regard  to  functions  of  the 
form  (14),  however,  we  may  go  still  further,  if  they  are  con- 
tinuous. 

Theorem  4.  //  K(x,  y)  is  in  the  form  (14)  and  is  continuous, 
a  necessary  and  sufficierU  condition  that  k(x,  y)  should  he  in  the 
same  form  is  that  6,  as  a  function  of  a  single  argument,  be  periodic 
with  period  6  —  a. 

It  may  be  noticed  that  if  the  kernel  is  a  function  of  x  alone, 
or  is  a  function  of  y  alone,  the  resolvent  kernel  is  of  the  same 
form;  but  if  the  kernel  is  of  the  form  (9),  that  is,  a  function  of 
X  alone  plus  a  f  imction  of  y  alone,  the  resolvent  kernel  is  not  nec- 
essarily of  the  same  form.  In  fact,  if  fi{x)  is  the  resolvent  asso- 
ciated with  f{x),  and  g\{y)  is  the  resolvent  associated  with  g(y), 

then  the  resolvent  associated  with  f{x)  +  gij/)  —  I   f{^)giOdi 

is/i(x)  +  gi(y)  -  fi{x)gi(y)(J>  -  a).* 

§  4.  Applications. 

11.  On  account  of  the  fact  that  kernels  of  the  form  (1)  need 
not  be  continuous,  they  may  often  be  used  as  approximations 
for  particular  kernels  which  are  not  themselves  in  that  form. 
The  resolvent  kernel  will  then  again  under  the  hypothesis  of 
Theorem  1  be  in  the  form  (1),  and  the  method  of  development 
in  trigonometric  functions  of  period  6  —  a  yield  immediate 
results.  Indeed,  functions  of  the  form  (1)  are  determined  if 
they  are  known  along  a  line  x  +  y  =  Ci  and  a  line  x  —  y  =  Ct; 
a  remark  which  simplifies  especially  the  treatment  of  the 
integral  equation  of  Volterra  type,  since  it  leaves  only  the 
single  fimction  (p  to  be  calculated.  The  subject  of  approxi- 
mation has  not  been  much  studied  in  connection  with  integral 
equations. 

*See  Section  12  below,  also  Evans,  '^L^algebra  delle  funzioni  permu- 
tabili  e  non  permutabilii  Rendiconli  del  Circolo  Maiemalico  di  Palermo^ 
vol.  34,  p.  7. 
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12.  If  Ki(x,  y)  and  Kt{x,  y)  are  functions  of  the  form  (1) , 
then  it  is  easily  shown  by  means  of  (5)  that  the  integral  com- 
bination 

(16)  £Ki(x,OKt{^>y)di 

is  of  the  same  form,  provided  that  the  hypothesis  of  periodicity 
(the  period  being  6  —  a)  holds  for  the  parts  *i,  0i  and  *i,  02 
of  Ki  and  j^s.  This  is  the  integral  combination  which  has 
been  so  extensively  studied  by  Volterra. 

Now  it  is  known  that  if  we  are  given  two  functions  Ki  and 
Kt  of  X  and  y,  and  their  respective  resolvent  kernels  ki  and  kt, 
there  may  be  built  up  out  of  them  by  means  of  the  combina- 
tion (16)  a  new  kernel  and  its  resolvent;  in  fact,  the  function 

(17)  kiix,  y)  +  fa(x,  y)  -  ^^^1(0:,  {)i,({,  y)d{ 
b  resolvent  for  the  function 

(18)  K2(x,  y)  +  Ki(x,  y)  -  f^  K^ix,  i)Ki{i,  y)di.^ 

We  have  then  the  theorem : 

If  we  have  Ki{x,  y)  =  *i(ar  +  y)+  Oiix  —  y)  and  K^ix,  y) 
^4rt{x  +  y)  +  Qt{x  —  y),  where  ^1,  Gi  and  ^1,  Gj,  as  func- 
tions of  a  single  argument,  are  periodic  with  period  b  —  a,  and  if 
we  denote  by  ki(x,  y)  the  function  resolvent  to  Ki{x,  y),  and 
by  ki{x,  y)  the  function  resolvent  to  K^ix,  y),  then  the  functions 
given  by  (17)  and  (18)  are  of  the  same  form,  have  the  same  prop- 
erties of  periodicity,  and  are  themselves  muhudly  resolvent  kernels. 

RiCB  Institute, 
April,  1916. 

OPERATORS  IN  VECTOR  ANALYSIS. 

BY  DB.  VmCBNT  C.   POOB. 

In  a  note  in  the  April  Bulletin  on  "  Changing  surface  to 
volume  integrals,"  Professor  E.  B.  Wilson  asks  why  my  paper 
in  the  January  Bulletin  was  not  made  shorter  by  using  the 
Gibbs- Wilson  notation.    While  the  brevity  and  suggestiveness 

*  See  the  footnote  to  Section  10.  For  purposes  of  symmetry  and  con- 
yenience  of  statemen  we  have  taken  X  »  1  and  assumed  it  not  to  be  a 
root  of  /Ci  or  K%, 
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of  the  6ibbs-l/^8on  notation  is  admitted,  the  note  is  mis- 
leading. For  had  brevity  been  the  chief  aim  of  my  paper  the 
notation  of  Burali-Forti  and  Marcolongo  could  have  been 
made  to  compare  very  favorably  with  Professor  Wilson's 
compact  reproduction  of  the  formulas  in  the  Gibbs  notation. 
(Compare  the  analytic  statement  of  the  theorems  in  the  two 
notations.)  However,  as  one  of  the  purposes  of  my  paper  was 
to  exhibit  the  operational  feature  of  the  system  of  Burali-Forti 
and  Marcolongo,  obviously  the  Gibbs-Wilson  notation  did 
not  lend  itself  to  this  end.  Moreover,  since  the  notation  of 
Burali-Forti  and  Marcolongo  is  not  so  well  known  in  this 
country,  some  explanation  seemed  to  be  necessary. 

Professor  Wilson  says  in  closing:  "The  use  of  words  like 
grad,  div,  rot  is  hampering:  we  no  longer  write  Cubus  th 
Census  p  16  rebus  aequatmr  40  for  x*  ~  8a:*  —  16  =  40." 
Everybody  admits  the  last  part  of  this  statement.  But  we 
still  use  for  particular  kinds  of  functions  or  operators  such 
symbols  as  log,  sin,  cos,  etc.,  arcsin,  etc.,  sinh,  cosh,  etc. 
That  the  use  of  such  "  words  "  as  grad,  div,  rot  is  hampering, 
seems  to  be  a  matter  of  opinion,  since  they  may  be  used  inter- 
changeably with  other  symbols  in  both  notations. 

It  is  unfortunate  that  Professor  Wilson  introduced  carte- 
sian coordinates  into  his  proof,  since  a  coordinate  system  has 
no  proper  place  in  vector  analysis.  But  this  seems  to  be 
characteristic  of  the  Gibbs-Wilson  system.  In  fact  BuraU- 
Forti  and  Marcolongo  have  pointed  out  how  the  dyadics  of 
Gibbs  constantly  depend  on  cartesian  coordinates,*  a  non- 
linear system. 

Univebsitt  of  MicmoAN. 


SHORTER  NOTICES. 

GrufuUehren  der  Maihematik.  Der  zweite  Band  des  ersten 
Teils:  Algebra.  By  Eugen  Netto.  Leipzig,  Teubner, 
1915.    xii+232pp. 

The  Grundlehren  der  Mathematik,  fiir  Studierende  und 
Lehrer  is  a  series  of  fom*  volumes  on  the  elements  of  mathe- 
matics appearing  from  the  press  of  B.  G.  Teubner  imder  joint 
authorship  as  follows:  Part  I  (two  volumes),  Die  Grundlehren 

*  Burali-Forti  et  Marcolongo,  Transformations  lindaires,  1912,  p.  147. 
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der  Arithmetik  und  Algebra,  by  E.  Netto  and  C.  Farber; 
Part  II  (two  volumes),  Die  Grundlehren  der  Geometrie,  by 
W.  Ft.  Meyer  and  H.  Thieme.  One  of  the  objects  of  this 
series  is  to  present  the  fundamentals  of  mathematics  with 
particular  regard  to  the  influences  which  a  century's  advances 
in  the  science,  especially  in  the  direction  of  greater  accuracy 
and  completeness,  have  had  upon  its  elementary'  phases.  In 
addition  it  is  proposed  to  present  in  the  second  volume  of  each 
part  extensions  whicn  will  serve  as  an  introduction  to  enq  jiries 
which  a  deeper  understanding  of  elementary  mathematics 
renders  feasible.  There  is,  therefore,  an  interest  attached  to 
the  selection  of  topics  which  the  authors  have  made,  and  the 
volume  Algebra,  by  Dr.  Netto,  is  in  this  way  noteworthy. 
We  find  in  this  algebra  nothing  about  convergency  of  series. 
A  topic  affording  choice  between  two  methods  of  treatment, 
one  involving  analytic  functions,  as  for  instance  the  theory 
of  the  roots  ot  unity,  is  consistently  developed  by  the  algebraical 
method.  Certain  arithmetical  topics  usually  found  in  al- 
gebras, such  as  permutations  and  combinations,  are  also 
omitted.  On  the  other  hand,  there  is  given  a  rather  complete 
treatment  of  differentiation  of  rational  functions,  including 
topics  in  maxima  and  minima,  two  proofs  of  the  fundamental 
theorem  of  algebra,  a  chapter  on  cyclotomy,  and  a  proof  of 
the  Abel-RuflSni  theorem. 

The  developments  in  the  text  follow  an  elementary  mode, 
and  contain  numerous  particular  example^  solved  out.  In  the 
first  chapter  determinants  are  treated  as  summations,  use  being 
made,  in  determination  of  the  signs  of  the  terms,  of  —  1  to  the 
power  [aiofj  •  •  •  an],  where  the  latter  symbol  stands  for  the 
number  of  transpositions  from  the  order  1,2,  •  •  • ,  n  afforded  by 
the  permutation  ai,  a2,  •  •  •>  an.  With  the  aid  of  the  proper- 
ties of  this  symbol  the  standard  theorems  are  developed  as 
theorems  on  summations.  The  second  chapter,  on  rational 
functions,  discusses  and  illustrates  definitions,  graphical  repre- 
sentations, continuity  and  limits,  and  derivatives  are  intro- 
duced by  means  of  the  expansion  of  a  polynomial  f(x  +  h)  in 
powers  of  h.  Among  the  examples  of  maxima  and  minima  of 
rational  functions  occurs  that  of  the  function  f(x)  =  (a  —  a:)* 
(6  —  xy,  (a  <  6),  where  a,  /8  are  parameters  representmg  only 
positive  integers  >  1.  The  special  value  of  such  a  problem  is 
that  it  separates  into  a  definite  number  of  cases  (four),  accord- 
ing to  the  pK)ssibilities  (a  even,  /8  even),  (a  even,  /8  odd),  etc. 
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Such  a  problem,  requiring  separation  into  cases,  affords  to  the 
student  a  real  illustration  of  scientific  method. 

Chapter  three  on  integral  functions  takes  up  constructions 
by  Lagrange's  method  of  interpolation,  Euclid's  algorithm, 
partial  fractions,  and  reducibility.  A  trial  method  of  resolving 
a  polynomial  with  integral  coefficients  into  factors  \^ith  integral 
coefficients  is  next  discussed  and  illustrated.  There  follow 
Eisenstein's  and  Gauss's  theorems  on  this  problem,  the  former 
finding  application  in  Chapter  ten  in  a  proof  of  the  irreduci- 
bility  of  (x^  —  l)/(x  —  1)  (p  a  prime  number).  There  is  then 
given  a  discussion  of  a  domain  of  rationality  and  fimctions  in  a 
domain.  After  a  brief  discussion  in  Chapter  four  of  elementary 
properties  of  equations,  Chapter  five  gives  the  theory  of  linear 
dependence  and  the  practice  of  solution,  both  approximate  and 
exact,  of  systems  of  linear  equations.  The  next  chapter,  on 
resultants  and  discriminants,  contains  a  proof  that  the  dialytic 
eliminant  is  the  resultant,  a  treatment  of  subresultants  and 
common  roots  of  two  equations,  and  the  construction  of 
discriminants  in  determinant  form  and  in  terms  of  the  roots. 
The  seventh  chapter  gives  the  solution,  in  much  completeness, 
of  the  general  equations  of  the  second,  third,  and  fourth  orders, 
following  in  the  latter  cases  the  method  ot  Euler. 

The  proofs  given  in  Chapter  eight  that  every  algebraical 
equation  has  a  root  are  respectively  the  first  proof  of  Gauss, 
given  in  his  Hehnstadt  dissertation  in  1799,  and  a  proof  pub- 
lished by  Cauchy  in  1821. 

Symmetric  and  alternating  functions  are  treated  in  Chapter 
nine,  the  roots  of  unity  by  number-theoretic  considerations  in 
Chapter  ten.  The  eleventh  contains  the  theory  of  cyclotomy, 
regular  polygons,  and  the  /-nomial  periods.  Cyclic  equations 
and  their  solution  by  radicals,  and  reciprocal  equations  form 
the  subjects  of  the  twelfth  chapter.  The  succeeding  chapters 
then  lead  up  to  the  proof  of  the  Abel-Ruffini  theorem,  treating 
substitution  groups  and  their  functions,  and  the  solvability  of 
algebraic  equations  in  general.  There  then  follows  a  chapter 
on  transformation,  with  definitions  and  illustrations  of  in- 
variants and  covariants  and  reduction  of  the  general  n-ary 
quadratic  form  to  a  sum  of  squares,  and  a  final  chapter  on 
Sturm's  theorem. 

Netto's  treatment  is,  as  a  whole,  particularly  commendable, 
containing  many  a  deft  touch  marking  the  handiwork  of  a 
master  of  his  craft. 
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The  standard  of  typography  is  high.  A  few  misprints  may 
be  noted  however:  On  page  3,  line  7,  an  should  read  an',  on 
page  30,  line  6,  for  y  db  2kn  read  y  db  2kT',  on  page  59,  last 
line,  read  ak  for  a«;  on  page  85  in  line  19,  aid  —  aid  should 
read  adi  —  aid.  The  proof  of  page  106  has  not  been  well  read. 
There  occur  three  notations  for  the  same  function  on  this  page, 
viz.,  g{x),f'{x)y  and/2(x).  Theorder  of/ismatthetopof  the 
page,  is  changed  to  n  at  the  middle  and  so  used  in  two  deter- 
minants, there  being  no  comment  on  the  change,  and  the  order 
m  is  restored  at  the  bottom  of  the  page.  In  line  3  from  the 
bottom  (l/n~-i)jB(/2,  /i)  should  be  {ll'nr^)R(Jtyfi).  Moreover 
it  is  not  good  usage,  we  believe,  to  begin  a  sentence  with  a 
mathematical  symbol  instead  of  a  capitalized  word,  as  is 
done  in  the  theorem  given  at  the  top  of  this  page.  In  line  11 
of  page  115  the  last  /8  in  the  line  is  wrong  font.  On  page  120 
in  line  15,  2  V(ai^  —  aoaO/ao*  should  be  2  V(ai^  —  a^fl^ja^. 
In  line  3  from  the  bottom  of  page  122  read  04  for  a^.  In  line 
2  of  page  123  read  0:8^4  for  x%z^.  The  numbering  of  the  for- 
mulas in  the  region  of  page  123  is  confused.  Equation  (27) 
referred  to  in  line  6  of  this  page  does  not  occur  in  the  chapter. 
This  renders  line  16  on  page  125  unintelligible  although  it  may 
be  a  misprint  of  "  Nun  liefert  (21)  wegen  (23)."  On  page  213 
in  line  4  read  y^  for  y^. 

In  the  way  of  general  criticism  the  reviewer  thinks  it  might 
be  urged  that  the  treatment  of  invariants  in  the  book  is  much 
too  brief.  Quite  probably  this  subject  is  to  be  expounded  at 
greater  length  in  the  volumes  on  geometry.  But  if  it  could 
have  been  found  feasible  to  introduce  the  notions  of  invariancy 
in  connection  with  the  solutions  of  the  equations  of  orders 
less  than  5,  at  sufficient  length  to  show,  for  instance,  that  the 
roots  of  the  resolvent  cubic  of  the  quartic  equation  are  irra- 
tional invariants  of  index  2,  the  r61e  of  invariants  in  the 
elements  of  algebra  would  have  been  rendered  more  evident. 

O.  E.  Glenn. 


Solid  Geometry.    By  William  Betz,  A.M.,  and  Harrison 

E.  Webb,  A.B.    With  the  editorial  cooperation  of  Percy 

F.  Smith.    Ginn    and    Company,    1916.    xxii+177    pp. 
Price  $0.75. 

On  account  of  the  existence  of  so  many  other  interesting  and 
important  topics  in  mathematics  which  can  be  offered  to  the 
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man  entering  college  there  is  a  tendency  to  drop  solid  geometry 
from  the  curriculum  altogether  or  to  relegate  it  to  the  high 
schools.  As  the  primary  reason  for  the  study  of  this  subject 
we  may  assign  the  training  in  space  perception  and  the 
additional  knowledge  of  the  universe  which  comes  to  the  stu- 
dent; as  a  secondary,  the  additional  training  in  logical  thinking 
and  expression.  Since  the  former  can  be  realized  in  a  com- 
paratively few  lessons  and  the  study  of  plane  geometry  should 
suflSce  for  the  latter,  it  is  necessary  that  the  colleges  which  offer 
this  course  to  Freshmen  be  able  to  give  an  account  of  the 
faith  which  is  in  them. 

It  is  true  that  the  study  of  plane  geometry  is  too  often  a 
mere  memorizing  of  certain  stock  propositions  rather  than  a 
training  of  the  logical  faculty,  and  that  many  freshmen  show  a 
lamentable  ignorance  of  all  methods  of  reasoning  including 
those  supposed  to  be  geometrical;  but  the  unbeliever  will  ask 
the  pertinent  question  as  to  whether  a  really  scientific  course 
can  be  appreciated  by  the  man  entering  college  or  whether 
it  is  better  to  postpone  fiui:her  study  of  deductive  geometry 
imtil  the  junior  or  senior  year.  Certainly  the  great  majority 
of  texts  which  flood  the  market  are  ill-adapted  for  a  course  in 
proper  reasoning.  A  not  over-critical  examination  of  one  of 
the  most  popular  texts  in  solid  geometry  shows  errors  in  the 
statements  or  proofs  of  more  than  one  third  the  theorems.  In 
the  case  referred  to  it  is  probably  the  result  of  ignorance; 
but  the  authors  of  a  recent  text  confess  that  the  mass  of  errors 
introduced  into  their  treatise  is  the  result  of  deliberate  cater- 
ing to  the  infant  mind.  Unless  considerable  moral  self-re- 
straint is  exercised  in  teaching,  the  use  of  such  texts  with  a 
college  class  is  apt  to  prejudice  the  student  against  mathe- 
matics if  not  against  the  instructor. 

It  ought  to  be  possible  in  America,  as  it  is  in  some  other 
countries,  to  put  geometry,  both  plane  and  solid,  into  inter- 
esting and  understandable  form  without  sacrificing  logic.  For 
solid  geometry,  Betz  and  Webb  have  done  this  at  least  as 
successfully  as  in  any  book  in  English  that  has  come  to  the 
reviewer's  attention.  It  is  one  of  three  or  four  texts  which 
seem  possible  as  a  basis  for  a  college  course  and  it  seems 
admirably  adapted  for  high  school  use.  Among  the  excellent 
features  of  the  book  are:  a  brief  preliminary  intuitional  intro- 
duction to  three-dimensional  thinking;  the  grouping  together 
of  the  fundamental  axioms  and  some  oi  the  more  intuitionally 
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obvious  propositions  as  prelicniiiary  statements  on  which,  to 
base  later  demonstrational  work;  as  adequate  a  treatment  of 
the  incommensurable  as  one  could  expect  in  an  elementary 
course;  sketches  of  proofs  (such  as  that  in  regard  to  the  volume 
of  a  cylinder)  which  might  be  made  rigorous  were  the  proper 
tools  and  the  time  available;  a  brief  introduction  to  coordi- 
nates in  space;  a  careful  selection  of  propositions  and  exercises^ 
an  interesting  style,  and  attractive  typography. 

While  the  great  majority  of  the  errors  that  are  the  bane  of 
the  ordinary  text  in  solid  geometry  are  here  absent,  some  have 
been  carricKi  over  to  furnish  targets  for  the  critical  mathe- 
matician. It  may  be  well  to  cite  here  one  each  of  three  or 
four  types.  (1)  In  No.  592  concerning  polyhedrons  it  is  stated 
that  "the  lines  of  intersection  of  ^e  bounding  planes  are 
called  the  edges;  the  points  of  intersection  of  the  edges,  the 
vertices."  However,  there  may  be  many  lines  of  intersection 
of  the  planes  which  are  not  edges  and  many  points  of  inter- 
section of  the  edges  which  are  not  vertices.  (2)  In  proving 
(No.  555)  that,  if  one  of  two  parallel  lines  is  perpendicular  to  a 
plane,  the  other  is  also,  it  is  necessary  first  to  prove  that  the 
second  line  meets  the  plane.  (3)  The  notion  of  half-plane 
must  be  introduced  into  the  discussion  of  diedral  angles. 
Planes  vnU  extend  beyond  a  line  (see  No.  559)  whether  we  wish 
them  to  or  not.  The  treatment  of  No.  579  needs  an  entire 
revision;  among  other  criticbms  it  may  be  noted  that  the 
distance  from  a  point  to  a  half-plane  face  of  a  diedral  angle 
has  not  been  defined  and  can  not  be  defined  in  any  usable 
manner.  In  place  of  this  theorem  it  would  be  better  to  in- 
troduce y  of  page  372  and  the  notions  connected  therewith. 
(4)  In  proving  the  theorem  in  regard  to  the  volume  of  a  tri- 
angular prism  (No.  695)  the  bases  of  the  two  prisms  are  made 
to  coincide.  The  question  as  to  whether  the  prisms  will  then 
be  on  opposite  sides  of  the  coinciding  bases  or  on  the  same  side 
is  one  of  order.  To  avoid  this  dilemma  a  mid-section  parallel 
to  the  bases  might  be  introduced.  While  no  adequate  treat- 
ment of  the  notion  "  order  "  is  possible  in  an  elementary  text, 
its  discussion  in  such  a  problem  as  this  and  of  the  orders  of  the 
face  and  diedral  angles  of  two  vertical  polyedral  angles  (No. 
811)  warrants  a  much  more  careful  and  extended  treatment. 
And  are  not  the  words  "  same  order  "  in  No.  870  used  in  an 
entirely  different  sense  from  that  implied  in  No.  810? 

Professor  Smith  has  rendered  a  distinct  service  to  the 
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mathematics  of  the  country  by  bis  editing  of  several  texts; 
this  new  volume  should  share  in  the  wide  recognition  of  worth 
accorded  the  series. 

R.  G.  D.  Richardson. 

The  Ccdcviwf.    By  E.  W.  Davis  and  W.  C.  Brenke.    Edited 

by  E.  R.  Hedrick.    New  York,  The  Macmillan  Company, 

1913.    xx+383+63pp. 

"  This  book  attempts  to  preserve  the  essential  features  of 
the  calculus,  to  give  the  student  a  thorough  training  in 
mathematical  reasoning,  to  create  in  him  a  sure  mathematical 
imagination,  and  to  meet  fairly  the  reasonable  demand  for 
enlivening  and  enriching  the  subject  through  applications  at 
the  expense  of  purely  formal  work  that  contains  no  essential 
principle." 

This  is  the  closing  sentence  of  the  preface.  It  sets  forth 
four  things  that  the  authors  attempted  to  do  in  writing  the 
book.  Probably  every  author  of  a  calculus  consciouslj^  at- 
tempts the  first  two.  An  examination  of  the  current  texts 
however  reveals  but  little  evidence  that  the  last  two  have 
received  adequate  attention,  although  there  is  a  clearly  defined 
tendency  towards  a  fuller  recognition  of  their  importance. 
While  the  formal  type  of  calculus  is  pretty  definitely  standard- 
ized, there  is  no  generally  recognized  norm  for  one  of  the  type 
here  under  review.  Accordingly  a  book  of  this  kind  is 
more  difficult  to  write,  and  also  more  difficult  to  teach,  than 
one  of  the  former  kind. 

It  is  obvious  to  any  one  at  all  familiar  with  teachers  of 
college  mathematics  that  the  genus  is  made  up  of  two  clearly 
defined  species;  namely,  those  who  reverence  the  symbol  and 
those  whose  main  interest  is  in  the  thing  symbolized.  This 
book  is  obviously  and  confessedly  not  for  the  former.  It  makes 
its  appeal  to  those  who  want  our  students  of  calculus  to  j'ealize 
that  the  subject  is  not  primarily  a  formal  one,  but  that  it  is 
vitally  connected  with  physical  phenomena  and  represents  an 
important  and  significant  intellectual  achievement  of  the 
race.  For  example,  instead  of  devoting  a  large  amount  of 
space  to  a  discussion  of  the  artifices  for  integration,  the  authors 
have  presented  integration  as  a  process  of  reversal  of  rates. 
They  have  done  this  admirably  and  have  brought  home  to 
the  student  with  clearness  and  force  what  the  process  is  and 
why  it  is  important  for  him  to  study  it.    And  that  is  the 
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one  thing  needful.  It  helps  to  create  in  him  a  sure  mathe- 
matical imagination — a  far  more  important  thing  than  to 
make  him  an  expert  manipulator  of  forms.  It  is  impossible 
to  do  both  in  the  time  given  to  the  subject. 

There  are  many  other  features  of  the  book  that  are  excellent 
for  the  same  reason.  Prominent  among  these  the  presen- 
tation of  Taylor's  theorem  may  be  mentioned.  This  pres- 
entation is  unusual  and  has  the  great  and  rare  merit  of  making 
the  student  see  an  important  use  for  the  theorem.  The  ex- 
cellence of  the  treatment  of  relative  rate  of  increase  and  the 
compoimd  interest  law  is  equally  conspicuous.  The  treatment 
of  simple  and  damped  harmonic  motion,  the  frequent  and 
happy  use  of  parametric  equations,  and  the  simple  examples  in 
least  squares  also  merit  special  mention.  There  is  a  brief 
but  adequate  treatment  of  simple  differential  equations. 

The  book  is  not  free  from  faults,  although  many  of  these 
are  of  a  mechanical  nature  and  are  not  inherent  in  the  text. 
For  example,  the  page  is  too  condensed;  a  number  of  im- 
portant principles  and  formulas  appear  in  inconspicuous  places 
and  are  not  properly  emphasized;  it  is  difficult  to  use  the  book 
for  reference.  But  not  all  of  the  shortcomings  are  of  this 
nature.  There  are  a  number  of  inacciu^acies.  Some  of  the  ex- 
ercises are  imsuitable.  The  treatment  of  infinite  series  is 
inadequate. 

To  smn  up,  it  seems  to  the  reviewer  that  the  authors  have 
been  reasonably  successful  in  their  effort  to  enliven  and  enrich 
the  subject  and  to  present  it  in  such  a  way  as  to  help  create  in 
the  student  a  sure  mathematical  imagination.  He  has  used 
the  book  in  his  classes  since  its  first  appearance  and  imagines 
that  his  students  get  from  it  a  clearer  notion  of  the  essential 
features  of  the  calculus  than  they  get  from  any  other  text  he 
has  used.  Many  of  its  faults  can  be  overcome  by  the  teacher, 
whereas  its  excellent  features  cannot  so  successfully  be  grafted 
by  him  upon  a  text  of  the  formal  tyi)e.  In  the  reviewer's 
opifiion  it  is  the  best  elementary  calculus  now  available  for  use 
in  American  colleges.  A  judicious  combination  of  the  good 
points  of  this  book,  the  Osgood,  and  the  Franklin,  McNutt 
and  Charles  would  make  an  ideal  text. 

William  Benjamin  Fife. 
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Analytiache  Geometrie  der  Ebene.    By  Paul  Crantz.    Leipzig, 

Teubner,  1915.    v+93  pp. 

This  littie  book,  labeled  "Analytic  Geometry,"  deals  ex- 
clusively with  the  straight  line  and  the  conic  sections  and 
contains  no  discussion  of  the  general  second  degree  equation. 
As  indicated  on  the  title  page,  it  is  intended  for  self-instruc- 
tion. It  is  arranged  in  a  very  compact  manner  and  probably 
contains  a  maximum  of  material  for  a  book  of  its  size.  The 
idea  of  a  translation  of  axes  is  introduced  early  and  is  used 
consistently  in  getting  the  equations  of  the  conic  sections  with 
axes  parallel  to  the  coordinate  axes. 

No  clear-cut  definition  of  the  equation  of  a  locus  is  given. 
In  developing  the  equation  of  a  locus  the  author  simply  shows 
that  all  points  on  the  locus  satisfy  a  certain  equation,  omitting 
the  Converse  theorem.  The  methods  used  in  getting  the 
equation  of  a  straight  line  seem  very  awkward  and  make  what 
is  really  a  very  simple  theorem  appear  rather  complicated. 
In  introducing  each  of  the  conic  sections,  a  method  of  con- 
struction is  given.  This,  as  well  as  the  discussion  of  the  locus 
from  its  equation,  is  helpful  to  the  self-teaching  student. 

R.  B.  Bobbins. 

Wahrscheinlichkeitsrechnung  undihre  Anwendung  auf  FeUeratuf^ 
gleichung,  Statistik  und  Lebensversicherung.  Von  Emanuel 
CzuBER.  Erster  Band,  dritte  Auflage.  Leipzig,  Teubner, 
1914.    xii+462  pages. 

The  first  volume  of  the  second  edition  of  this  work  appeared 
in  1908.  It  was  reviewed  by  H.  B.  Phillips  in  this  Bulletin, 
volume  20,  pages  429-431 .  In  this  notice  of  the  first  volume  of 
the  third  edition  it  will  therefore  be  sufficient  to  call  attention 
to  the  nature  of  the  changes  made  in  producing  it  from  the 
corresponding  volume  of  the  second  edition. 

In  the  six  years  intervening  between  the  publication  of  these 
two  editions  of  volume  I  the  literature  of  the  calculus  of  proba- 
bilities has  been  enriched  by  the  appearance  of  several  works 
of  importance.  Of  these  mention  may  be  made  of  the  follow- 
ing: Borel's  suggestive  and  illimiinating  "  Elements  de  la  Thfe- 
orie  des  Probabilitfe  ";  Liebmann's  German  translation  of 
Markoff's  treatise  in  the  Russian  language;  a  new  edition  of 
Poincar6's  lectures  on  the  theory  of  probability  revised  by  the 
author  himself;  the  first  volume  of  Bachelier's  "Calcul  des 
Probabilitfe  ";  Carvallo's  "  Calcul  des  Probabilitfe." 
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Naturally  these  works  have  brought  out  some  new  results 
and  have  emphasized  some  fresh  points  of  view,  at  least  in 
particular  parts  of  the  theory.  But  Czuber  has  not  found  it 
necessary  to  recast  his  treatise  in  order  to  take  account  of 
these.  It  retains  the  same  general  form  and  arrangement  as 
heretofore.  But  in  many  places  there  are  minor  alterations 
and  improvements  and  occasionally  a  new  portion  of  several 
pages.  In  addition  there  are  a  few  minor  rearrangements  of 
old  matter.  On  the  whole  the  work  is  considerably  improved. 
The  printing  is  well  done,  no  typographical  errors  of  importance 
having  been  found.  On  account  of  its  great  importance  in 
the  theory  of  probabilities  one  desires  a  more  satisfactory 
account  of  Stirling's  formula  for  the  asymptotic  character  of 
the  gamma  function  than  that  given  in  §  14. 

The  following  is  a  list  of  the  principal  additions:  an  elegant 
section  (pages  72-80)  on  the  theory  of  mean  value  and  various 
applications  of  it  throughout  the  book;  a  discussion  (pages  83- 
89)  of  the  use  of  continuous  variables  in  the  theory  of  proba- 
bilities; derivation  of  formulas  (pages  119-128)  for  the  product 
of  binomial  factors;  a  section  (pages  239-249)  on  "Spiel- 
probleme";  an  important  chapter  (pagei*  273-286)  on  continu- 
ous probabilities  in  which  are  developed  the  fundamental  ideas 
about  continuous  probabilities  in  the  sense  of  Bachelier's 
use  of  this  term;  additional  matter  (see  especially  pages  413- 
423)  containing  a  selection  of  typical  problems  illustrating  the 
applications  in  this  direction  of  the  analytical  representation 
of  arbitrary  distributions. 

Besides  these  larger  sections,  which  may  be  singled  out  as 
distinct  additions,  there  are  many  of  less  extent  scattered 
throughout  the  whole  volume  and  contributing  essentially 
to  its  improvement.  As  an  example  of  these  one  may  men- 
tion the  theorems  of  Bernoulli  and.  Poisson  which  are  now 
treated  from  various  points  of  view  and  illuminated  by  various 
analytical  lemmas.  Through  these  several  improvements  the 
author  has  accomplished  his  purpose  ''den  Inhalt  nach 
manchen  Richtungen  zu  erweitern  und  zu  vertiefern." 

R.  D.  Carmichael. 

Annuaire  pour  VAn  1916  puhlU  par  le  Bureau  des  Longitudes. 

Paris,  Gauthier-Villars,  vi+502  pp.,  with  two  appendices. 

An  excellent  "  Notice  "  by  M.  G.  Bigourdan  on  the  mean 
barometric  pressure  and  law  of  the  winds  in  France  is  the  chief 
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feature  of  the  AnniuUre  for  1916.  This  title  is  amply  fulfilled 
in  the  text  of  the  article  with  its  full  explanations  and  in  the 
numerous  diagrams.  As  with  so  many  French  writers,  the 
author  does  not  hesitate  to  start  with  a  brief  but  clear  expla- 
nation of  the  fundamental  principles  of  meteorology,  gradually 
carrying  the  reader  towards  the  special  line  of  thought  which 
he  is  investigating,  so  that  the  whole  constitutes  an  elementary 
treatise  on  tibe  subject.  There  is  also  a  sympathetic  account 
of  Commandant  Guyou  by  M.  Emile  Kcard.  M.  Guyou 
had  long  been  connected  with  the  naval  activities  of  France 
and  more  particularly  with  various  problems  of  navigation. 
He  had  taken  an  active  part  in  the  publication  of  the  Annuaire. 
The  body  of  the  publication  is  kept  up  to  date  in  the  usual 
manner.  A  useful  novelty,  and  the  only  one  noticed,  is  a 
supplement  containing  the  chief  astronomical  events  for  the 
year  1917  compressed  into  eighteen  pages. 

Ernest  W.  Brown. 


1 


NOTES. 


At  the  meeting  of  the  London  mathematical  society  held 
on  April  27  the  following  papers  were  read:  By  H.  S.  Carslaw: 
"The  Green's  function  for  the  equation  Vw*  +  A:^  =  0,  II"; 
by  S.  Chapman:  "On  the  uniformity  of  gaseous  density, 
according  to  the  kinetic  theory";  by  J.  Hodgkinson:  "The 
nodal  points  of  a  plane  sextic";  by  P.  A.  Macmahon:  "Some 
problems  of  combinatory  analysis";  by  S.  Pollard:  "On  the 
deduction  of  criteria  for  the  convergence  of  Fourier's  series 
from  Fejfer's  theorem  concerning  their  summability";  by  Mrs. 
G.  C.  Young:  "On  the  derivatives  of  a  function";  by  W.  H. 
Young:  "Note  on  functions  of  upper  and  lower  type." 

At  the  meeting  of  the  Edinburgh  mathematical  society  on 
May  12  the  following  papers  were  read :  By  S.  Brodetsky:  "  The 
linear  differential  equation  of  the  second  order";  by  D.  M.  Y. 
Sommerville:  "A  new  nomogram  for  the  cubic  equation"; 
by  G.  Philip:  "On  a  group  of  parabolas  associated  with  the 
triangle";  by  F.  G.  Taylor:  "Birationally  related  cubics." 

The  National  bureau  of  the  census  has  recently  published  a 
bulletin  on  the  United  States  life  tables  prepared  by  Professor 
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J.  W.  Glover,  of  the  University  of  Michigan.    Copies  can 
be  obtained  gratis  from  the  Bureau. 

The  final  date  for  receiving  memoirs  in  competition  for  the 
King  Gustav  V  prize  (see  Bulletin  for  October,  1913,  page 
40)  has  been  extended  to  October  31,  1917. 

A  new  mathematical  periodical,  the  Revista  de  Matematicas, 
has  been  founded  at  Buenos  Aires.  It  will  appear  monthly 
under  the  editorship  of  Professor  Manuel  Guitarte. 

The  following  advanced  courses  in  mathematics  are  an- 
nounced for  the  academic  year  1916-1917: 

Massachusetts  Institlte  op  Technology  (first  half- 
year): — ^By  Professor  H.  W.  Tyler:  Theory  of  functions  of 
a  complex  variable,  two  hours. — By  Professor  F.  S.  Woods: 
Advanced  calculus  and  differential  equations,  four  hours. 
— By  Professor  F.  H.  Bailey:  Fourier  series,  two  hours. — 
By  Professor  E.  B.  Wilson:  Rigid  dynamics  and  hydrody- 
namics, two  hours. — ^By  Professor  C.  L.  E.  Moore:  Analytic 
mechanics,  two  hours. — By  Dr.  J.  Lipka:  Mathematical  lab- 
oratory, two  hours. 

Yale  University: — By  Professor  James  Pierpont:  Theory 
of  functions  of  a  complex  variable,  two  hours;  Modern  analytic 
geometry,  two  hours;  Elliptic  functions,  two  hours. — By 
Professor  E.  W.  Brown:  Advanced  calculus,  three  hours; 
Adv^iiiced'  dynamics,  two  hours;  Celestial  mechanics,  two 
hours. — By  Professor  P.  F.  Smith:  Differential  equations,  two 

hours. — By :  Advanced  algebra,  two  hours. — By 

Professor  E.  J.  Miles  and  Dr.  H.  F.  MacNeish:  Differential 
geometry,  two  hours. 

Mr.  J.  H.  Hill  has  been  appointed  professor  of  mathematics 
at  the  Ohio  Northern  University. 

Professor  Ellen  Hayes,  of  Wellesley  College,  will  retire 
from  active  service  at  the  end  of  the  present  academic  year. 

Mr.  C.  H.  Currier,  instructor  in  mathematics  in  Brown 
University,  has  been  promoted  to  an  assistant  professorship. 
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Mr.  F.S.  Nowlan,  of  Columbia  University,  has  been  ap- 
pointed instructor  in  mathematics  at  the  Carnegie  School  of 
Technology  at  Pittsburgh. 


NEW  PUBLICATIONS. 

I.    HIGHER  MATHEMATICS. 

Blutbl  (E.).  Lemons  de  math^matiques  sp^ialee  li  Tusage  des  candidate 
k  I'Ecole  Pol^rtechnique  et  k  FEcole  Normale  Sup^eure,  etc.  Tome 
1:  Algdhre,  ligne  droite  et  plan,  trigonom^trie,  analyse,  applications 
g^mltriques.  Tome  2:  G6om^trie  analytique  des  oourbos  et  des 
surfaces.    Paris,  Hachette,  1914.    8vo.    7+635+4+430  pp. 

Bradgon  (€.)•    Four  dimensional  vistas.    New  York,  A.  A.  Knopl,  1916. 

$1.25 

CmsiNi  (O.).    See  Enriqueb  (F.). 

DuMONT  (E.).  Thtorie  g6n6rale  des  nombres.  Definitions  fondamentales. 
(Collection  Scientia.)    Paris,  Gauthier-Villars,  1915.    8vo.    194  pp. 

Ft.  2.00 

Enriqueb  (F.).  Lezioni  sulla  teoria  geometrica  delle  equazioni  e  delle 
funsioni  algebriche,  pubblicate  per  cura  dell'  O.  Chisini.  Bologna, 
Zanichelli,  1915.    Svo.    14+397  pp.  L.  12.00 

Galdbano  (Z.  G.  de).  Razonamiento  de  mi  curso  elemental  de  calcolo 
infiniteomal  comprendiendo  nociones  de  matemdtica  fisico-quimica. 
Zaragoza,  G.  Casanal,  1915.    Svo.    244  pp.  5  Pes. 

GoNBETH  (F.).  Etude  synth^tique  et  applications  de  Papolarit^.  {Th^ae, 
ZQrich.)    Gendve,  A.  Kundig,  1915.    Svo.    60  pp. 

Gr(>ntbli>t  (S.).  Systematisk  forteckning  dfver  G.  Mittag-Lefflers  mate- 
matiska  bibliotek.    Upsala,  1915.    4to.    6+345  pp.  M.  31.50 

Hadamard  (J.).  Four  lectures  on  mathematics  delivered  at  Columbia 
University  in  1911.  (Ernest  Kempton  Adams  Fund  Publication  No. 
5.)    New  York,  Columbia  University  Press,  1915.    4to.    6+52  pp. 

$0.75 

KuPFiB  (J.).  Die  Beweisftihrung  des  grossen  Satzes  Fermats.  Budapest, 
1915.    Svo.     15  pp.  M.0.50 

LoRiA  (G.).  Guida  alio  studio  della  storia  delle  matematiche.  (Manual! 
Hoepli.)    Milano,  Hoepli,  1916.     16+22S  pp.    12mo.  L.  3.00 

SiBiRANi  (F.).  Riassunto-formulario  di  geometria  analitica,  algebra, 
calcolo  infinitesimale,  calcolo  vettoriale  e  meccanica  razionale.  Roma, 
tip.  Nazionale,  di  G.  Bertero,  1915.    Svo.    64  pp. 

St^rbier  (C).  Den  tredje  Skandinaviske  Matematikerkongress  i  Eris- 
tiania,  1913.    Kristiania,  H.  Aschehoug,  1915.    Svo.    175  pp. 

Teixeira  (F.  G.).  Sur  les  probl^mes  c^l^bres  de  la  gdom^trie  ^l^mentaire 
non  rdsolubles  avec  la  r^gle  et  le  compas.  Colmbre,  Imprim^rie  de 
rUniversite,  1915.    4to.     132  pp. 

Wahlund  (A.).  Sur  quelques  propriet6i  des  fonctions  enti^res  de  genre 
z^ro.    Upsala,  1915.    Svo.    75  pp.  M.  3.00 
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n.    ELEMENTARY  MATHEMATICS. 

Alyord  (C.  p.)  and  Dayib  (M.  E.).  Drill  and  problem  book  in  arithmetic. 
Syracuse,  N.  Y.,  Iroquois  Publishing  Company,  1916.    238  pp.    90.45 

Davis  (M.  E.).    See  Alvord  (C.  P.). 

Hunt  (B.).  Community  arithmetic.  New  York,  American  Book  Com- 
pany, 1916.    285  pp.    12mo.  90.60 

Kabyb  (R.  D.).  Practical  geometry.  Part  1,  for  Indian  schools.  Part  2, 
for  Indian  colleges.    London,  Bell,  1915.    Cr.  8vo.  Is.+ls.  6d. 

MATHEBiATiCAL  Pafbrs  for  admissiou  to  the  Royal  Military  College  for 
the  years  1906-15.    London,  Macmillan,  1916.  68. 

Peters  (J.).  Dreistellige  Tafeln  fttr  logarithmisches  und  numerisches 
Rechnen.    Berlin,  s.  d.    8yo.    36  pp.    Kartonniert.  M.  1.00 

Reed  (H.  L.).  Plane  trigonometry.  London,  Bell,  1915.  Cr.  8yo. 
320  pp.  3s.  6d. 

Sheppard  (G.  Q.).  Final  year's  work  in  arithmetic.  2d  edition.  Potts*- 
town,  Pa.,  HiU  School,  1915.    159  pp.  $1.00 

Uraguchi  (Y.).  Handy  logarithm  tables.  Tokyo,  Uraguchi,  1915. 
7  pp.  $0.06 

m.    APPLIED  MATHEMATICS. 

Barkhausen  (H.).    See  Maxwell  (J.  C). 

Barnes  (A.  A.).    Hydraulic  flow  reyiewed.    London,  Spon,  1916. 

12s.  6d. 

Barzuza  (G.  B.).  Gnomica:  Forologia  solare  a  tempo  yero  nella  sua 
modema  applicazione.    Milano,  Hoepli,  1916.    8+199  pp.       L.  2.50 

BsAUFiLS  (H.).    See  Harang  (F.). 

Bergersbn  (H.).    See  Gran  (A.). 

Bebtelmbtbr  (A.).    See  Handbuch. 

BoGCARDi  (G.).  Lezioni  di  cosmografia.  Milano,  Hoepli,  1916.  9+233 
pp.  L.  3.00 

Boss  (L.).  Preliminary  catalogue  of  6188  stars  for  the  epoch  1900,  in- 
cluding those  yisible  to  the  naked  eye  and  other  weU-determined  stars. 
Photo-reprint.    Washington,  1915.    4to.    37+345  pp.  $4.25 

CoLOiiBi  (C).  Potentiels  et  representations  g^om^riques  de  la  thermo« 
dynamique.    Paris,  Dunod  et  Pinat,  1914.    95  pp.  Fr.  4.50 

DAyAux  (E.).    See  Perry  (J.). 

Deceard  (H.  C).  Handbook  of  practical  mathematics.  Birmingham, 
Mich.,  1916.    82  pp.     16mo.  $2.00 

Drurt  (F.  E.).  Geometry  of  building  construction.  2d  year  course. 
London,  Routledge,  1915.    238  pp.  3s. 

Effemeridi  astronomiche  ad  uso  dei  nayiganti  per  Fanno  1916.  Genoya, 
tip.  r.  Istituto  idrografico,  1915.    8yo.     196  pp.  L.  1.50 

Emdb  (F.).    See  Maxwell  (J.  C). 

Fabry  (E.).  Probl^mes  de  m6caniaue  rationnelle  k  I'usage  des  candidats 
aux  certificate  de  licence  et  &  raggr^ation.  Paris,  Hermann,  1915. 
8yo.    425  pp.  Fr.  12.00 
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Freuchbn  (P.  B.).  Tennodynamik.  Grundstraek  af  Termodynamikens 
Historie  by  de  to  Hovedsaetningers  Betydning.  Kj5benliavn,  1915. 
8vo.     152  pp.  M.  3.60 

Gabriel  (E.).  Elements  de  topographie  et  trac6  des  voies  de  communica- 
tion.   Paris,  Gigord,  1916.    8vo.    662  pp. 

Gehrckb  (E.).    See  Handbuch. 

GouARD  (E.)  et  HiERNAUX  (G.).  Cours  dldmentaire  de  m^anique  indus- 
trielle.  Principee  g^n^raux,  applications,  ezercices  pratiques.  Tome 
1.  2e  ^tion.  Paris,  Dunod  et  Pinat,  1914.  12mo.  386  pp. 
Cartonn^.  Fr.  4.60 

Gran  (A.)  og  Beroersen  (H.).  Laerebok  i  navigation.  3.  utgave* 
omarbeidet  av  O.  Johnsen.  Del  1.  Kristiania,  1915.  Gr.  8vo.  8 
+408  pp.    Bound.  M.  11.60 

Griesbach  (H.).  Ph^ikalisch-Ghemische  Propadeutik.  Unter  beson" 
derer  Berucksichtifung  der  medizinischen  Wissenschaften  und  der 
historischen  und  biographischen  Angaben.  2te  HSlfte.  4te  Liefer- 
img:  Der  SchaU  als  besondere  Form  der  mechtunschen  Energie; 
Register.    Leipzig,  1915.    Gr.  8vo.    37+353-1881  pp.  (von  Band  U). 

M.  80.00 

Hallwache  (W.).    See  Handbuch. 

Handbuch  der  Radiologie.  Unter  Mitwirkung  von  A.  Bestelmever,  O. 
Langevin.  H.  A.  Lorentz^  E.  Rutherford,  herausgegeben  von  E.  Marx 
(4  B&nde).  Band  3:  Ghmmentladung.  positive  S&ule  und  lichtdek- 
trizit&t,  von  E.  Gehrcke,  R.  Seeliger  una  W.  Hallwache.  Leipzig,  1916. 
Gr.  8vo.    22+618  pp.  M.  34.00 

Harang  (F.)  et  Beaufilb  (H.).  Notions  616mentaires  de  g^m^trie 
descriptive  appliqu6e  au  dessin.  Paris,  Dunod  et  Pinat,  1914. 
Cartonn6.  Fr.  2.50 

Helderhan  (W.  D.).  Thermodynamica  van  het  Weston-Normaalele- 
ment.    Utrecht,  1916.    Gr.  8vo.     10+73  pp.  M.  4.00 

Henning  (F.).  Die  Gnmdlagen,  Methoden  imd  Ergebnisse  der  Temperi^ 
turmessung.    Braunschweig,  1916.    Gr.  8vo.    9+297  pp.       M.  9.00 

HiERNAUX  (G.).    See  Gouard  (E.). 

HioBiB  (H.  H.).    See  Timbie  (W.  H.). 

Izabt  (J.).  Agenda  m^canique  k  I'usage  des  ing6nieurs,  constructeurs- 
m^caniciens,  industriels,  chefs  d'ateliers  et  contremattres.  Paris, 
Dunod  et  Pmat,  1916.    Toile  souple.  Fr.  3.00 

Jeans  (J.  H.).  The  dynamical  theory  of  gases.  2d  edition.  Cambridge, 
University  Press,  1916.    6+436  pp.  168. 

Johnben  (O.).    See  Gran  (A.). 

KoppB  (M.).  Die  Bahnen  der  beweglichen  Gestime  im  Jahre  1916. 
Berlin,  1916.    Gr.  8vo.     10  pp.  M.  0.40 

Lamb  (H.).  Hydrodynamics.  4th  edition.  Cambridge,  University  Press, 
1916.     16+708  pp.  24s. 

Langevin  (O.).    See  Handbuch. 

Lorentz  (H.  a.).    See  Handbuch. 

Maillet  (E.).  Cours  de  m^canique.  Paris,  Hermann,  1916.  8vo.  376 
pp.  Fr.  10.00 
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Martensen-Labsen  (H.)-  Stjemehimlens  store  Problemer.  Kj5ben- 
havn,  1915.    8vo.    330  pp.  M.  6.40 

Martin  (L.  A.).  Text-book  of  mechanics.  Vol.  VI:  Thermodynamics. 
NewYork,  \riley,  1916.    18+313  pp.    Qoth.  $1.76 

Marx  (E.).    See  Handbuch. 

Matzdorff  (M.).  Berechnimg  des  Mondradius  aus  Bedeckungen  von 
Stemen  erster  Grtese  wahrend   der  Jahre  1831-1911.    Strassburg. 

1914.  4to.    60  pp.  M.2M 

Maxwell  (J.  C).  Elektrizit&t  und  Magnetismus.  Ausstige.  Ueber- 
setzt  von  H.  Barkhausen,  herausgegeben  von  F.  Emde.   Braunschweig, 

1915.  Gr.  8vo.    32+182  pp.  M.  7.00 

Parker  (G.  W.).  Elements  of  optics  for  the  use  of  schools  and  colleges. 
London  and  New  York.  Longmans,  1915.    8vo.    6+122  pp.    Cloth. 

$0.75 

Perreoaux  (C.)  et  Weber  (A.).  Le  relief  en  g^m6trie  par  les  couleurs 
compl^mentaires.  50  planches  de  g^m^trie  et  de  gtom^trie  descrip- 
tive.   Bienne,  E.  Magnon,  1915.  Fr.  25.00 

Perry  (J.).  M^canique  appliqute  k  Fusage  des  61evds  qui  peuvent  tra- 
vaiUer  exp^rimentalement  et  f  aire  des  exerdces  num^ques  et  graph- 
iques.  Ouvrage  traduit  sur  la  9e  Edition  anglaise  par  E.  Davaux. 
Avec  im  appendice  sur  les  ^'toupies  toumantes"  du  m^me  auteur. 
Tome  2:  Constructions  d^formables  et  machines  en  mouvement. 
Paris,  Hermann,  1915.    8vo.    319  pp.  Fr.  8.00 

Planck  (M.).  Eight  lectures  on  theoretical  physics  delivered  at  Columbia 
University  in  1909.  Translated  by  A.  P.  Wills.  (Ernest  Kempton 
Adams  Fund  Publication  No.  3.)  New  York,  Columbia  University 
Press,  1915.    4to.    10+130  pp.  $1.00 

Rogers  (G.  A.).  Handbook  of  fundamental  optics.  Kansas  City,  1915. 
8vo.    98  pp.  $1.75 

Rutherford  (E.).    See  Handbuch. 

ScHAU  (A.).  Statik  mit  Einschluss  der  Festigkeitslehre.  (Aus  Natur  und 
Geisteswelt,  No.  497.)    Leipzig,  Teubner,  1915.    8vo.    4+144  pp. 

M.  1.25 

Seal  (B.).  The  positive  sciences  of  the  ancient  Hmdus.  London,  Long- 
mans, 1915.    8+295  pp.  12s.  6d. 

Seeliger  (R.).    See  Handbuch. 

TiMBiE  (W.  H.)  and  Higbib  (H.  H.).  Alternating-current  electricitv  and 
its  applications  to  industry.  Second  course.  (Wiley  Technical 
Series.)    New  York,  Wiley,  1916.    8vo.    10+729  pp.    Cloth.    $3.00 

Walker  (M.).  Specification  and  design  of  djnoamo-electric  machinery. 
New  York,  1915.    4to.    19+648  pp.  $12.00 

Weber  (A.).    See  Perregaux  (C). 

Weld  (L.  D.).  Theory  of  errors  and  least  squares.  New  York,  Mac- 
millan,  1916.     12mo.     190  pp.  $1.25 

Werelde  (T.).  Statical  theory  of  energy  and  matter.  Copenhagen,  1915. 
8vo.    156  pp.  M.8.50 

Wills  (A.  P.).    See  Planck  (M.). 

WiLMOOTE  (M.).  Cours  de  m^canique  k  I'usage  des  ^coles  industrielles  et 
professioncdles.    Paris,  B^ranger,  1915.    Cartonn^.  Ft,  10.00 
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TWENTY-FIFTH  ANNUAL  LIST  OF  PAPERS 

READ    BEFORE    THE    AMERICAN    MATHEMATICAL    SOCIETY    AND 

SXTSSEQUENTLY  PX7BLISHED,   INCLUDING  REFERENCES 

TO  THE  PLACES  OF  THEIR  PUBLICATION. 

Alexander,  J.  W.,  II.  Functions  which  map  the  interior  of  the  unit 
circle  upon  simple  regions.  Read  April  24,  1915.  AnnaU  of  Mathr 
ematiea,  ser.  2,  vol.  17,  No.  1,  pp.  12-22;  Sept.,  1915. 

Ai/TBHiLLEB,  N.  On  the  circles  of  Apollonius.  Read  Aug.  3, 1915.  Amer- 
ican Mathematical  Monthly,  vol.  22,  No.  8,  pp.  261-263;  Oct.,  1915: 
No.  9,  pp.  304r^05;  Nov.,  1915. 

Babbow,  D.  F.  Oriented  circles  in  space.  Read  Jan.  2,  1915.  Transaty 
tioM  of  the  American  Mathematical  Society,  vol.  16,  No.  3,  pp.  235- 
258;  July,  1915. 

Batbman,  H.  A  certain  system  of  linear  partial  differential  equations. 
Read  Feb.  26,  1916.  BvUeUn  of  the  American  MathematicaC  Society, 
vol.  22,  No.  7,  pp.  32^-335;  April,  1916. 

Beetle,  R.  D.  On  the  complete  independence  of  Schimmack's  postulates 
for  the  arithmetic  mean.  Read  April  25,  1914.  Mathematiache 
Annalen,  vol.  76,  No.  4,  pp.  444-^446;  June,  1915. 

Congruences  associated  with  a  one-parameter  family  of  curves. 

Read  Dec.  31,  1913  and  Sept.  8,  1914.  American  Journal  of  Maihe- 
matica,  vol.  37,  No.  3,  pp.  281^08;  July,  1915. 

Bennett,  A.  A.  The  iteration  of  functions  of  one  variable.  Read  Aug.  4, 
1915.  Annala  of  MathemaHca,  ser.  2,  voL  17,  No.  1,  pp.  23-60;  Sept. 
1915. 

Bebnstein,  B.  A.  A  set  of  four  independent  postulates  for  Boolean 
algebras.  Read  Aug.  3,  1915.  Traneactions  of  the  American  MaJthe- 
maiical  Society,  vol.  17,  No.  1,  pp.  50-52;  Jan.,  1916. 

A  simplification  of  the  Whitehead-Huntington  set  of  postulates  for 

Boolean  algebras.  Read  (San  Francisco)  Nov.  20,  1915.  BitUetin 
of  the  American  Mathematical  Society,  vol.  22,  No.  9,  pp.  458-459;  June, 
1916. 

BiBKHOFF,  G.  D.  The  restricted  problem  of  three  bodies.  Read  Dec.  30, 
1913  and  April  25, 1914.  Rendiconti  del  Circolo  Matematico  di  Palermo, 
vol.  39,  No.  3,  pp.  265-334;  May-June,  1915. 

Theorem  concerning  the  singular  points  of  ordinary  linear  differential 

equations.  Read  Oct.  30, 1915.  Proceedings  of  the  National  Academy 
of  Sciences,  vol.  1,  No.  12,  pp.  678-581;  Dec.,  1916. 

Bubs,  G.  A.  A  note  on  the  problem  of  Lagrange  in  the  calculus  of  vari- 
ations. Read  Dec.  31,  1916.  BvUetin  of  the  American  Mathematical 
SocUty,  vol.  22,  No.  6,  pp.  220-225;  Feb.,  1916. 

Jacobi's  condition  for  problems  of  the  calculus  of  variations  in  para- 
metric form.  Read  (Chicago)  April  2,  1915.  Transactions  of  the 
American  Mathematical  Society,  vol.  17,  No.  2,  pp.  196-206;  April, 
1916. 
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BmifBBBGi  H.  On  the  factomation  of  various  tyi)e8  of  expressioiiB. 
Read  (Southwestern  Section)  Nov.  28,  1914  and  (Chicago)  Dec.  29, 

1914.  Proceedings  of  the  Naiiondl  Academy  of  Sdenoee,  vol.  1,  No.  6, 
pp.  374-^1;  June,  1915. 

Buchanan,  D.  OscillationB  near  one  of  the  isosceles-triangle  solutions 
of  the  three  body  problem.  Read  Jan.  1,  1913.  Proceedinge  of  the 
London  Mathematical  Society,  ser.  2,  vol.  14,  No.  4,  pp.  278-300; 
July,  1915. 

A  new  isosceles-triangle  solution  of  the  three  body  problem.    Read 

(Chicago)  Dec.  28,  1914.  Traneadions  of  the  American  Mathematical 
Society,  vol.  16,  No.  3,  pp.  259-274;  July,  1916. 

Cajori,  F.  The  history  of  Zeno's  arguments  on  motion:  phases  in  the 
development  of  the  theory  of  limits.  Read  Sept.  9, 1913  and  (Chicago) 
April  11,  1914.  American  Mathematical  Monthly,  vol.  22,  No.  5,  pp. 
143-149;  May,  1916:  No.  6,  pp.  179-186;  June,  1916:  No.  7,  pp.  216- 
220;  Sept.,  1915:  No.  8,  pp.  263-268;  Oct.,  1916:  No.  9,  pp.»292-297; 
Nov.,  1916. 

Cabmichael,  R.  D.  On  the  representation  of  numbers  in  the  form  x'+y' 
+2* -3:1^.  Read  Aug.  3,  1916.  Bulletin  of  the  American  Mathe- 
matical Society,  vol.  22,  No.  3,  pp.  111-117;  Dec.,  1916. 

-Diophantine  analysis  (Mathematical  Moii^praph  Series,  No.  16); 
m.  36-68,  62-66,  77--84,  104-111.  Read  ((^cago),  April  3,  1915. 
few  York,  Wiley,  1916. 

On  the  solutions  of  linear  homogeneous  difference  equations.    Read 

(Chicago)  April  3,  1915.  American  Jowmal  of  Mathematice,  vol.  38, 
No.  2,  pp.  186-220;  April,  1916. 

Cabpentbb,  A.  F.  Ruled  surfaces  whose  flecnode  curves  have  plane 
branches.  Read  (Chicago)  Dec.  28, 1914.  Tranaadione  of  the  Ameri- 
can  Mathematical  Society,  vol.  16,  No.  4,  pp.  609-632;  Oct.,  1916. 

Coble,  A.  B.  An  isomorphism  between  theta  characteristics  and  the 
(2p  +  2)-p(nnt.  Read  Jan.  1,  1916.  Annate  of  Mathematics,  ser.  2, 
vol.  17,  No.  3,  pp.  101-112;  March,  1916. 

CumoNQS,  L.  D.,  and  Whitb,  H.  S.  Groupless  triad  ^stems  on  fifteen 
elements.  Read  April  24,  1916.  BvUetin  of  the  American  Mathe- 
matical  Society,  vol.  22,  No.  1,  pp.  12-16;  Oct.,  1916. 

CuBTiss,  D.  R.  Extensions  of  Descartes'  rule  of  signs  connected  with  a 
problem  suggested  by  La^erre.  Read  Jan.  1,  1913  and  (Chicago) 
Dec.  26,  1913.  Traneadione  of  the  American  Mathematical  Society, 
vol.  16,  No.  3,  pp.  360-360;  July,  1915. 

Danisll.  p.  J.  The  coefficient  of  end-correction.  Read  (Southwestern 
Section)  Nov.  28,  1914.  Philoeophical  Magazine,  ser.  6,  vol.  30, 
No.  175,  pp.  137-146;  July,  1916:  No.  176,  pp.  248-266;  Aug.,  1916. 

Dickson,  L.  £.  Geometrical  and  invariantive  theory  of  quartic  curves 
modulo  2.  Read  (Chicago)  April  2,  1916.  American  Journal  of 
Mathematice,  vol.  37,  No.  4,  pp.  337-364;  Oct.,  1916. 

Invariantive  classification  of  pairs  of  conies  modulo  2.    Read  Aug.  3, 

1915.  American  Journal  of  Mathematics,  vol.  37,  No.  4,  pp.  366-368; 
Oct.,  1916. 

On  the  twenty-dght  bitangente  to  a  quartic  curve.    Read  (Chicago) 

April  1 1, 1914.  Chapter  19  of  Theory  and  applications  of  finite  groups, 
by  G.  A.  Miller,  H.  F.  Blichfeldt  and  L.  E.  Dickson.  New  York, 
WUey,  1916. 
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EiBBNHABT,  L.  P.  Conjugate  svatems  with  equal  tangential  invariants 
and  the  transformation  of  Moutard.  Read  Sept.  8,  1914.  Rendu 
conH  dd  Circolo  MaUmoHco  di  Palermo^  vol.  39,  No.  2,  pp.  153-176; 
March-April,  1915. 

Surfaces  fi  and  their  transformations.  Read  Jan.  1.  1915.  Trans- 
actions of  the  American  Malhematical  Society,  vol.  16,  No.  3,  pp.  275- 
310;  July,  1915. 

Surfaces  with  isothermal  representation  of  their  lines  of  curvature 

as  envdopes  of  rolling.    Reaa  Oct.  30, 1915.    Annals  of  MathemaUcSf 
vol.  17,  No.  2,  pp.  64-71;  Dec.,  1915. 

Transformations  of  surfaces  Q  (second  memoir).    Read  Dec.  28, 

1915.    Transactions  of  the  American  Maiheniatical  Sodety,  vol.  17, 
No.  1,  pp.  53-99;  Jan.,  1916. 

Emch,  A.  A  certain  class  of  functions  connected  with  Fuchsian  groups. 
Read  April  24,  1915.  Bulletin  of  the  American  MathemaHcal  Society, 
vol.  22,  No.  1,  pp.  33-n37;  Oct.,  1915. 

Eppebson,  C.  a.  Note  on  Green's  theorem.  Read  April  24,  1915. 
BuUetin  of  the  American  Mathematical  Society,  vol.  22,  No.  1,  pp.  17-26; 
Oct.,  1915. 

Evans,  G.  C.  The  non-homogeneous  differential  equation  of  parabolic 
type.  Read  Sept.  8,  1914.  American  Journal  of  Mathematics,  vol. 
37,  No. '4,  pp.  431-438;  Oct.,  1915. 

Application   of   an   equation   in  variable   differences   to  integral 

equations.    Read  April  29,  1916.    Bulletin  of  the  American  Mathe- 
matical  Society,  vol.  22,  No.  10,  pp.  493-503;  July,  1916. 

FoBD,  W.  B.  On  the  representation  of  arbitrary  functions  by  definite 
integrals.  Read  (Chicago)  April  3, 1915.  Proceedings  of  the  National 
Academy  of  Sciences,  vol.  1,  No.  7,  pp.  431-435;  July,  1915. 

FoBSTTH,  C.  H.  A  general  formula  for  the  valuation  of  bonds.  Read 
(Chicago)  Dec.  ^,  1914.  AmerUxm  MathemaHcal  Monthly,  vol.  22, 
No.  5,  pp.  149-152;  May,  1915. 

Osculatory  interpolation  formulas.    Read  Feb.  27,  1915.    Quarterly 

Publications  of  the  American  Statistical  Association,  vol.  14,  No.  110, 
pp.  583-589;  June,  1915. 

Fr£ch£T,  M.  Sur  les  fonctionnelles  bilin^aires.  Read  F^.  27,  1915, 
Transactions  of  the  American  MathemcUical  Society,  vol.  16,  No.  3. 
pp.  215-234;  July,  1915. 

— r-  On  Pierpont's  definition  of  integrals.  Read  Dec,  27,  1915.  BuUetin 
of  the  American  Mathematical  Society,  vol.  22,  No.  6,  pp.  295-298; 
March,  1916. 

Frizell,  a.  B.  The  permutations  of  the  natural  numbers  can  not  be  well 
ordered.  Read  Feb.  27,  1915.  BuUetin  of  the  American  Malhematical 
Society,  vol.  22,  No.  2,  pp.  71-73;  Nov.,  1915. 

Gillespie,  D.  C.  The  Cauchy  definition  of  a  definite  integral.  Read 
Sept.  9,  1914.  Annals  of  Mathematics,  ser.  2,  vol.  17,  No.  2,  pp. 
61-63;  Dec.,  1915. 

Green,  G.  M.  Projective  differential  geometry  of  one-parameter  families 
of  space  curves,  and  conjugate  nets  on  a  curved  smface.  Read  Oct. 
25,  1913.  American  Journal  of  Mathematics,  vol.  37,  No.  3,  pp.  215- 
246;  July,  1915. 
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On  isoihermally  conji^ate  nets  of  space  curves.    Read  Aug.  4,  1915. 

Proceedings  of  the  National  Academy  of  Sciences ^  vol.  1,  No.  10,  pp. 
516-521;  Oct.,  1915. 

On  the  linear  dependence  of  functions  of  several  variables,  and  cer- 
tain completely  integrable  syst'Cms  of  partial  differential  equations. 
Read  Oct.  90, 1915.  Proceedings  of  the  Naiional  Academy  of  ScieneeSf 
vol.  2,  No.  4,  pp.  209-214;  AprU,  1916. 

Gbiffin,  F.  L.  An  experiment  in  correlating  freshman  mathematics. 
Read  (San  Francisco)  May  22, 1914.  American  Mathematical  Monthly, 
vol.  22,  No.  10,  pp.  325-330;  Dec,  1915. 

Gronwall,  T.  H.  a  functional  equation  in  the  kinetic  theory  of  gases. 
Read  April  24,  1915.  Annals  of  Mathematics,  ser.  2,  vol.  17,  No.  1, 
pp.  1-4;  Sept.,  1915. 

Determination  of  all  triplv  orthogonal  systems  containing  a  family 

of  minimal  surfaces.  Read  April  25,  1914.  Annals  of  Mathematics, 
ser.  2,  vol.  17,  No.  2,  pp.  76-100;  Dec.,  1915. 

Sur  une  Equation  fonctionndle  dans  la  th^orie  dn^tique  des  gaz. 

Read  Feb.  26, 1916.  Comptes  Rendus  de  VAcadSmie  des  Sciences,  vol. 
162,  No.  12,  pp.  415-il8;  March  20,  1916. 

Haskinb,  C.  N.  On  the  zeros  of  the  function  P(z)  complementary  to  the 
incomplete  sanmia  function.  Read  Jan.  2,  1915.  Transactions  of  the 
American  Mathematical  Society,  vol.  16,  No.  4,  pp.  405-412;  Oct.,  1915. 

On  the  measurable  bounds  and  the  distribution  of  functional  values 

of  Bummable  functions.  Read  Oct.  30,  1915.  Transactions  of  the 
American  Mathematical  Society,  vol.  17,  No.  2,  pp.  181-194;  April, 
1916. 

H'DouBLBB,  F.  T.    See  Van  Vlbck,  E.  B. 

HosKiNS,  L.  M.  Mass  as  quantity  of  matter.  Read  Aug.  4,  1915. 
Science,  new  ser.,  vol.  42,  No.  1080,  pp.  340^41;  Sept.  10,  1915. 

'' Quantity  of  matter"  in  dynamics.    Read  Aug.  4,  1915.    American 

Mathematical  Monthly,  vol.  23,  No.  2,  pp.  34H11;  Feb.,  1916. 

faiwiN,  F.  A  curious  convergent  series.  Read  (San  Francisco)  Nov.  20, 
1915.  American  Mathematical  Monthly,  vol.  23,  No.  5,  pp.  149-152; 
May,  1916. 

Jackson,  D.  A  formula  of  trigonometric  interpolation.  Read  Sept.  8, 
1913.  Rendiconti  del  Circolo  Matematico  di  Palermo,  vol.  39,  No.  2, 
pp.  230-232;  March-April,  1915. 

Expansion  problems  with  irregular  boundary  conditions.    Read  Jan. 

1,  1915.  Proceedings  of  the  American  Academy  of  Arts  and  Sciences, 
vol.  51,  No.  7,  pp.  381-417;  Nov.,  1915. 

Note  on  rational  functions  of  several  complex  variables.    Read  Feb. 

28,  1914.  Journal  fUr  die  reine  und  angewandte  Mathematik,  vol.  146, 
No.  3,  pp.  185-188;  Jan.,  1916. 

Proof  of  a  theorem  of  Haskins.    Read  Aug.  3,  1915.     Transactions 

of  the  American  Mathematical  Society,  vol.  17,  No.  2,  pp.  178-180; 
April,  1916. 

An  elementary  boimdary  value  problem.    Read  April  29, 191 6.    Bvl^ 

letin  of  the  American  Mathematical  Society,  vol.  22,  No.  8,  pp.  393-397; 
May,  1916. 
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Kasner.  £.  Ck>nfonnal  daaenfication  of  analytic  arcs  or  elements:  Poin- 
caie's  local  problem  of  conformal  geometry.  Read  Oct.  25,  1913. 
TranaacUons  of  the  American  MathemoHcal  Society,  vol.  16,  No.  3, 
pp.  333-349;  July,  1915. 

Infinite  groups  generated  by  conformal  transformations  of  period 

two  (involutions  and  symmetries).  Read  Sept.  9,  1914  and  Dec.  27, 
1915.  American  Journal  of  McUhemaHea,  vol.  38,  No.  2,  pp.  177-184; 
April,  1916. 

Kellogg,  O.  D.  The  oscillation  of  functions  of  an  orthogonal  set.  Read 
(Southwestern  Section)  Nov.  29.  1913.  American  Journal  of  Mathe- 
maticSf  vol.  38,  No.  1,  pp.  1-5;  Jan.,  1916. 

Ketber,  C.  J.  The  human  significance  of  mathematics.  Read  Aug.  3, 
1915.    Sdenoe,  new  ser.,  vol.  42,  No.  1089,  pp.  66^-680;  Nov.  12, 1915. 

KiRGHER,  E.  Group  properties  of  the  residue  classes  of  certain  Kronecker 
modular  systems  and  some  related  generalisations  in  number  theory. 
Read  (Chicago)  April  10,  1914.  Transactions  of  the  American  Maikr 
ematioal  Society,  vol.  16,  No.  4,  pp.  413-434;  Oct.,  1915. 

Lamond,  J.  K.  The  reduction  of  multiple  Zr-integrals  of  separated  func- 
tions to  iterated  L-integrals.  Read  Dec.  31,  1913.  Transactions 
of  the  American  Mathematical  Society,  vol.  16,  No.  4,  pp.  387-398; 
Oct.,  1915. 

Lbfbchetz.  S.  On  cubic  surfaces  and  their  nodes.  Read  (San  Francisco) 
April  6,  1912.  Kansas  University  Science  BuUeUn,  vol.  9,  No.  6,  pp. 
69-78;  Dec.,  1914. 

Note  on  the  n^dimensional  cycles  of  an  algebraic  n^dimensional  variety. 

Read  (Southwestern  Section)  Nov.  27,  1915.  Rendiconti  del  Circoto 
Matemaiico  di  Palermo,  vol.  40,  No.  1,  pp.  38-43;  July-Aug.,  1915. 

LiNSHAN,  P.  H.  Contributions  to  equilong  geometry.  Read  Feb.  27, 
1915.    Author's  Dissertation.    Lancaster,  1915.    6+38  pp. 

Love,  C.  £.  On  linear  difference  and  differential  equations.  Read  (Chi- 
cago) April  2,  1915.  American  Journal  of  Mathematics,  vol.  38,  No. 
1,  pp.  57-80;  Jan.,  1916.  • 

LoviTT,  W.  v.  A  type  of  singular  points  for  a  transformation  of  three 
variables.  %ead  (Chicago)  April  2,  1915.  Transactions  of  the  Ameri- 
can Mathematical  Society,  vol.  16,  No.  4,  pp.  371-386;  Oct.,  1915. 

A  type  of  singular  points  for  a  transformation  of  three  variables. 

Read  Dec.  31,  1915.  BuUetin  of  the  American  Mathematical  Society, 
vol.  22,  No.  5,  pp.  236-239;  Feb.,  1916. 

•    •    a;  V 
MacMillan,  W.  D.    Convergence  of  the  series  2l  2J "- — T~  (y  irrational). 

i=o^=o* ""  jy 

Read  (Chicago)  April  3,  1915.  Bidletin  of  the  American  Mathematical 
SocUty,  vol.  22,  No.  1,  pp.  26-32;  Oct.,  1915. 

Mason,  T.  E.  Mechanical  device  for  testing  Mersenne  nimibers  for  primes. 
Read  Sept.  9,  1914.  Proceedings  of  the  Indiana  Academy  of  Science, 
1914,  pp.  429-431. 

On  properties  of  the  solutions  of  linear  o-difference  equations  with 

entire  function  coefficients.  Read  (Chicago)  April  1 1, 1914.  American 
Journal  of  Mathematics,  vol.  37,  No.  4,  pp.  439-444;  Oct.,  1916. 
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MiLLBB,  B.  I.  A  new  canonical  form  of  the  elliptic  integral.  Read  Dec. 
27,  1915.  Proceedings  of  ihe  National  Academy  of  Sciences,  vol.  1, 
No.  6,  pp.  274r-275;  May,  1915. 

Miller,  G.  A.  Note  on  aeveral  theorems  due  to  A.  Capelli.  Read  Jan.  1, 
1915.  Giomale  di  MaUmaHche,  vol.  53,  Nos.  4-5,  pp.  313-315; 
July-Oct.,  1915. 

Independent  generators  of  a  group  of  finite  order.    Read  (Chicago) 

April  3,  1915.  Tranaactione  of  the  American  Mathematical  Society, 
vol.  16,  No.  4,  pp.  399-404;  Oct.,  1915. 

limits  of  the  desree  of  transitivity  of  substitution  groups.    Read 

Aug.  3,  1915.  Btuletin  of  the  American  Mathematical  Society,  vol.  22, 
No.  2,  pp.  68-71;  Nov.,  1915. 

Upper  limit  of  the  degree  of  transitivity  of  a  substitution  group. 

Read  Jan.  1,  1916.  Proceedings  of  the  National  Academy  of  Sciences, 
vol.  2,  No.  1,  pp.  61-62;  Jan.,  1916. 

MiBSR,  W.  L.  On  multiform  solutions  of  linear  differential  equations 
having  elliptic  function  coefficients.  Read  (Chicago)  March  21, 1913. 
Transactions  of  the  American  Mathematical  Society,  vol.  17,  No.  2, 
pp.  109-130;  April,  1916. 

Mitchell,  H.  H.  On  the  generalized  Jacobi-Kummer  cyclotomic  function. 
Read  Dec.  28,  1915.  Transactions  of  the  American  Mathematical 
Society,  vol.  17,  No.  2,  pp.  165-177;  April,  1916. 

MooBE,  C.  L.  E.    See  Wilson,  £.  B. 

Moore,  R.  L.  On  the  linear  continuum.  Read  April  24, 1915.  BiiUetin 
of  the  American  Mathematical  Society,  vol.  22,  No.  3,  pp.  117-122; 
Dec.,  1915. 

Concerning  a  non-metrical  pseudo-Archimedean  axiom.    Read  April 

26,  1913.  BuUetin  of  the  American  Mathematical  Society,  vol.  22, 
No.  5,  pp.  225-236;  Feb.,  1916. 

On  the  foundations  of  plane  analysis  situs.    Read  April  24,  1915. 

Transactions  of  the  American  Mathematical  Society,  vcu.  17,  No.  2, 
pp.  131-164;  April,  1916.  Proceedings  of  the  National  Academy  of 
Sciences,  vol.  2,  No.  5,  pp.  270-272;  May,  1916. 

MoxTLTON,  E.  J.  •  On  figures  of.  equilibrium  of  a  rotatmg  compressible 
fluid  mass;  certain  negative  results.  Read  (Chicago)  Dec.  27,  1913. 
Transactions  of  the  American  Mathematical  Society,  vol.  17,  No.  1, 
pp.  100-108;  Jan.,  1916. 

Nelson,  A.  L.  Quasi-periodicity  of  asymptotic  plane  nets.  Read  (Chi* 
cago)  April  21,  1916.  Bulletin  of  the  American  Mathematical  Society, 
vol.  22,  No.  9,  pp.  445-455;  June,  1916. 

Osgood,  W.  F.  On  functions  of  several  complex  variables.  Read  Oct.  30, 
1915.  Transactions  of  the  American  Mathematical  Society,  vol.  17, 
No.  1,  pp.  1-8;  Jan.,  1916. 

Note  on  functions  of  several  complex  variables.    Read  April  29, 1916. 

Btdtetin  of  the  American  Maihemaiical  Society,  vol.  22,  No.  9,  pp.  443- 
445;  Jime,  1916. 

PFEiFyER,  G.  A.  On  the  conformal  geometry  of  analytic  arcs.  Read 
Oct.  31,  1914.  American  Journal  of  Mathematics,  vol.  37,  No.  4, 
pp.  395-430;  Oct.,  1915. 
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Poor,  V.  C.  TransformatioD  theorems  in  the  theory  of  the  linear  vector 
function.  Read  Dec.  31,  1915.  Bulletin  of  the  American  MaUie- 
maiical  Society,  vol.  22,  No.  4,  pp.  174-181;  Jan.,  1916. 

Ranum,  a.  Duality  in  the  differential  geometry  of  space-curves.  Read 
Sept.  6,  1910.  Quarterly  Journal  qf  Pure  and  Applied  Mathematics, 
vol.  46,  No.  4,  pp.  35^-384;  Oct.,  1915. 

Richardson,  L.  J.    Digital  reckoning  among  the  ancients.    Read  Aug.  3j 

1915.  American  Mathematical  MorUhly,  vol.  23,  No.  1,  pp.  7-13; 
Jan.,  1916. 

RiTT,  J.  F.  On  certain  real  solutions  of  Babbage's  functional  equation. 
Read  Feb.  27,  1915.  Annals  of  Mathematics,  ser.  2,  vol.  17,  No.  3, 
pp.  113-122;  March,  1916. 

RowE,  J.  E.  Relations  among  parameters  along  the  rational  cubic  curve. 
Read  April  24,  1915.  Bulletin  of  the  American  Mathematical  Society, 
vol.  22,  No.  2,  pp.  74-76;  Nov.,  1915. 

A  new  method  of  finding  the  equation  of  a  rational  plane  curve 

from  its  parametric  equations.    Read  Dec.  27,  1915.    BuUeHn  of  the 
American  Mathematical  Society,  vol.  22,  No.  7,  pp.  338-340;  April,  1916. 

Satford,  F.  H.  An  irrational  transformation  of  the  Weierstrass  P-funo- 
tion  curves.  Read  April  24,  1915.  Archiv  der  Mathematik  und 
Physik,  ser.  3,  vol.  24,  No.  4,  pp.  342-344;  March,  1916. 

Shaw,  J.  B.  On  parastrophic  algebras.  Read  (Chicago)  Dec.  29,  1914. 
Transactions  of  the  American  Malhemaiical  Society,  vol.  16,  No.  3, 
pp.  361-370;  July,  1915. 

SiBAM,  C.  H.  On  rational  sextic  surfaces  having  a  nodal  curve  of  order 
9.  Read  (Chicago)  April  2,  1915.  American  Jovrrud  of  McUhematics, 
vol.  37.  No.  4,  pp.  445-456;  Oct.,  1915. 

On  surfaces  doublv  generated  by  conies.    Read  Dec.  31,   1915. 

Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  47,  No.  1, 
pp.  55-72;  March,  1916. 

On  a  configuration  on  certain  surfaces.    Read  (Chicago)  April  21, 

1916.  Bulletin  of  the  American  Mathematical  Society,  vol.  22,  No.  8, 
pp.  381-383;  May.  1916. 

Steimlet,  L.  L.  On  the  solutions  of  linear  non-homogeneous  partial 
differential  eqiiations.  Read  (Chicago)  Dec.  28,  1914.  American 
Journal  of  Mathemalics,  vol.  37,  No.  4,  pp.  359-366;  Oct.,  1915. 

Stoutfer^  E.  B.  On  seminvariants  of  linear  homogeneous  differential 
equations.  Read  (Chicago)  April  3,  1915.  Proceedings  of  the  London 
Mathematical  Society,  ser.  2,  vol.  15,  No.  3,  pp.  217-226;  May,  1916. 

Tappan,  a.  H.  Plane  sextic  curves  invariant  under  birational  transfor- 
mations. Read  Dec.  30,  1913.  American  Journal  of  Mathematics, 
vol.  37,  No.  3,  pp.  309-336;  July,  1915. 

Vall£e  Poussin,  C.  J.  DB  la.  Sur  Tint^grale  de  Lebesgue.  Read  April 
24, 1915  and  Aug.  3, 1915.  Transactions  of  the  American  Mathematical 
Society,  vol.  16,  No.  4,  pp.  435-501;  Oct.,  1915. 

Vandiver,  H.  S.  An  aspect  of  the  linear  congruence  with  applications  to 
the  theory  of  Fermat's  quotient.  Read  Aug.  4,  1915.  BuUetin  of  the 
American  Matlwrnatical  Society,  vol.  22,  No.  2,  pp.  61-67;  Nov.,  1915. 
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Van  Vlbck,  E.  B.  and  H'Dotjbler,  F.  T.  A  study  of  certain  functional 
equations  for  the  (^functions.  Read  Sept.  9,  1913.  TranaacHonB 
of  the  American  Mathematical  Society,  vol.  17,  No.  1,  pp.  9-49:  Jan., 
1916. 

Wahlin,  G.  E.  A  new  development  of  the  theory  of  algebraic  numbers. 
Read  (Chicago)  April  2,  1915.  Transactions  of  the  American  Math- 
emaOcal  Society,  vol.  16,  No.  4,  pp.  502-508;  Oct.,  1915. 

Wbdderburn,  J.  H.  M.  On  matrices  whose  coefficients  are  functions  of  a 
single  variable.  Read  Sept.  9,  1914.  Transactions  of  the  American 
MaihemaHcal  Sodety,  vol.  16,  No.  3,  pp.  328-332;  July,  1915. 

White,  H.  S.  Seven  points  on  a  twisted  cubic  curve.  Read  Aug.  3, 1915. 
Proceedings  of  the  Natumal  Academy  of  Sciences^  vol.  1,  No.  8,  pp. 
464-466;  Aug.,  1915.  ^ 

Poncelet  polygons.    Read  Dec.  30,  1915.    Science,  new  ser.,  vol.  43, 

No.  1101,  pp.  149-158;  Feb.  4,  1916. 

See  CxTMMiNQS,  L.  D. 

WiLCZYNSKi,  E.  J.  The  general  theory  of  congruences.  Read  (Chicago) 
Dec.  28,  1914.  Transactions  of  the  American  Mathematical  Society, 
voL  16,  No.  3,  pp.  311-327;  July,  1916. 

Some  remarks  on  the  historical  development  and  the  future  prospects 

of  the  differential  geometry  of  plane  curves.  Read  (Chicago)  April 
11,  1914  and  Dec.  30,  1915.  BvUetin  of  the  American  MaihemaHcal 
Society,  vol.  22,  No.  7,  pp.  317-329;  April,  1916. 

Interpretation  of  the  simplest  integral  invariant  of  projective  geom- 
etry. "Read  Jan.  1,  1916.  Proceedings  of  the  National  Academy  of 
Sciences,  vol.  2,  No.  4,  pp.  248-252;  April,  1916. 

Wilder,  C.  E.  On  the  degree  of  approximation  to  discontinuous  functions 
by  trigonometric  sums.  Read  Feb.  22,  1913  and  April  25,  1914. 
Bendiconti  del  Circolo  Matematico  di  Palermo,  vol.  39,  No.  3,  pp.  345- 
361;  May-June,  1915. 

WiLLiAUS,  K.  P.  A  theorem  concerning  real  functions.  Read  (South- 
western Section)  Nov.  27,  1915.  Annals  of  Mathematics,  ser.  2,  vol. 
17,  No.  2,  pp.  72-73;  Dec.,  1915. 

Concerning  Hill's  derivation  of  the  Lagrange  equations  of  motion. 

Rukd  (Chicago)  April  22, 1916.  Btdietin  of  the  American  Mathematical 
Society,  vol.  22,  No.  9,  pp.  455-457;  June,  1916. 

Wilson,  E.  B.  Linear  momentum,  kinetic  energy,  and  ansular  momentum. 
Read  April  24, 1915.  American  Mathematical  Monthly,  vol.  22,  No.  6, 
pp.  187-193;  June,  1915. 

Changing  surface  to  volume  integrals.    Read  Feb.  26, 1916.    BuUetin 

of  the  American  Mathematical  Society,  vol.  22,  No.  7,  pp.  336-337; 
April,  1916. 

Critical  speeds  for  flat  disks  in  a  normal  wind.    Prefatory  note  on 

normal  flow  past  a  circular  disk.  Read  Feb.  26,  1916.  Smithsonian 
Miscellaneous  CoUections,  voL  62,  No.  4,  pp.  77-83;  Jan.  15, 1916. 

Wilson,  E.  B.  and  Moore,  C.  L.  E.  *  A  general  theory  of  surfaces.  Read 
Dec.  27,  1915.  Proceedings  of  the  National  Academy  of  Sciences,  voL 
2,  No.  5,  pp.  273-278;  May,  1916. 
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Wilson,  W.  A.    On  separated  sets.    Read  April  29, 1916.    BitOeHn  of  the 
American  MathmaHcal  Society,  vol.  22,  No.  8,  pp.  384-386;  May,  1916. 

WmoER,  R.  M.    Self-projectiye  rational  sextics.    Read  Sept.  0,  1913. 
American  Journal  ^Mathematics,  vol.  38,  No.  1,  pp.  45-66;  Jan.,  1916. 
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INDEX  OF  VOLUME  XXII. 

Allen,  E.  S.    See  Reviews,  under  Zeuthen. 

Abchibald,  R.  C.  See  Reviews,  under  Braude,  Caralaw,  Conoeming 
Reviews,  Fehr,  Gibson,  Goldenring,  Hobson,  Lebon,  Moritz,  Napier, 
Poincar^. 

Bateman,  H.  a  certain  System  of  Linear  Partial  Differential  Equations, 
329. 

Batta,  M.  a.    See  Lobia,  G. 

Bernstein,  B.  A.  A  Simplification  of  the  Whitehead-Huntington  Set  of 
Postulates  for  Boolean  Algebras,  458. 

Buss,  G.  A.  A  Note  on  the  Problem  of  Lagrange  in  the  Calculus  of 
Variations,  220. 

B6cHER,  M.    See  Study,  E. 

See  Reviews,  under  Caise,  Gibb. 

Brown,  E.  W.    See  Reviews,  under  Annuaire. 

Buck,  T.  Reports  of  Meetings  of  the  American  Mathematical  Society: 
Twenty-Second  Summer  Meeting,  1 ;  Twenty-Seventh  Regular  Meet- 
ing of  the  San  Francisco  Section,  172. 

Carhichabl,  R.  D.  On  the  Representation  of  Numbers  in  the  Form 
a?*  +  y»  +  «»  -  3x1/2,  111. 

See  Reviews,  under  Bateman,  Borel,  Cantor,  Czuber,  Dickson,  Ruth- 
erford. 

Carver,  W.  B.    See  Reviews,  under  Phillips. 

Cole.  F.  N.  Reports  of  Meetings  of  the  American  Mathematical  Society: 
October  Meeting,  161;  Twenty-Second  Annual  Meeting,  263;  February 
Meeting,  373;  April  Meeting  m  New  York,  481. 

CuHMiNOS,  L.  D.  and  White,  H.  S.  Groupless  Triad  Systems  on  Fifteen 
Elements,  12. 

Davis,  E.  W.    See  Reviews,  under  Davis. 

Dickson,  L.  E.  On  the  Relation  between  Linear  Algebras  and  Continuous 
Groups,  53. 

See  Reviews,  under  Carmichael. 

Dresden,  A.  Report  of  the  April  Meeting  of  the  American  Mathematical 
Society  at  Chicago,  425. 

Emch,  a.  a  certain  Class  of  Functions  Connected  with  Fuchsian  Groups, 
33. 

— ^  See  Reviews,  under  Enriques,  Ford. 

Epperson,  C.  A.    Note  on  Green's  Theorem,  17. 

Evans,  G.  C.  Application  of  an  Equation  in  Variable  Differences  to  In- 
tegral Equations,  493. 

Field,  P.  F.    A  Problem  in  the  Kinematics  of  a  Rigid  Body,  122. 

FiTE,  W.  B.    See  Reviews,  under  Davis. 

Fr^chbt,  M.    On  Pierpont's  Definition  of  Integrals,  295. 
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Fbizell,  a.  B.    The  Permutations  of  the  Natural  Numbers  Can  Not  Be 
Wen  Ordered,  71.  ' 

Glenn,  O.  E.    See  Reviews,  under  Netto, 

Gbonwall,  T.  H.    See  Reyiewb,  under  Borel,  Klein,  Mathematische 
Abhandlungen,  NSbauer,  Rimge. 

Gbove,  C.  C.    See  Reviewb,  under  Horsburgh,  Wentworth. 

Jackson,  D.    An  Elementary  Boundary  Value  Problem,  393. 

Karpinski,  L.  C.    See  Reviews,  imder  De  Morgan,  Lange,  Slichter. 

Kellogg,  O.  D.    Report  of  the  Ninth  Regular  Meeting  of  the  South- 
western Section,  215. 

LiFEA,  J.    See  Reviews,  under  Longley. 

LoNGLET,  W.  R.    See  Reviews,  imder  Herglotz. 

LoBiA,  G.    The  physicist  J.  B.  Porta  as  a  Geometer.    Translated  by  M. 
A.  Baita,  340. 

LoviTT,  W.  V.    A  Type  of  Singular  Points  for  a  Transformation  of  Three 
Variables,  236. 

Singular  Points  of  Transformations  and  Two-Parameter  Families  of 

Curves,  387. 

MacMillan,  W.  D.    Convergence  of  the  Series  5Z  5Z  i — t~  irr  irrational), 

26. 

Manning,  H.  P.    See  Reviews,  under  Pierpont. 

Mabon,  T.  E.    See  Reviews,  under  Caunt. 

MiLLBB,  G.  A.    Limits  of  the  Degree  of  Transitivity  of  Substitution 
Groups,  68. 

MooBE,  R.  L.    On  the  Linear  Continuum,^!  17. 

Concerning  a  Non-Metrical  Pseudo-Archimedean  Axiom,  225. 

MoBiTz,  R.  E.    See  Reviews,  under  Concerning  Reviews. 

Nbuson,  a.  L.    Quasi-Periodidty  of  Asymptotic  Plane  Nets,  445. 

Osgood,  W.  F.    Note  on  Functions  of  Several  Complex  Variables,  443. 

Owens,  F.  W.    See  Reviews,  imder  Ztihlke. 

PiBBPONT,  J.    Reply  to  Professor  Fr6chet's  Article,  298. 

PoNZBB,  E.  W.    See  Reviews,  under  Bayliss,  Lens,  Furtwfingler. 

PooB,  V.  C.    Transformation  Theorems  in  the  Theory  of  the  Linear  Vector 
Function.  174. 

Operators  in  Vector  Analysis,  503. 

PoBTBB,  M.  B.     Concerning  Absolutely  Continuous  Functions,  109. 

See  Reviews,  under  de  la  Valine  Poussin. 

RiCHABDSON,  R.  G.  D.    See  Reviews,  under  Betz. 

RoBBiNS,  R.  B.    See  Reviews,  under  Crantz. 

RowE,  J.  E.    Relations  among  Parameters  along  the  Rational  Cubic 
Curve,  74. 
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A  New  Method  of  Finding  the  Equation  of  a  Rational  Plane  Curve 

from  its  Parametrio  Equations,  338. 

ShaWi  J.  B.    See  Rstviewb,  under  Conway,  Robb,  Weber. 

SiLYBBMAN,  L.  L.    Note  on  Regular  TransformationB,  459. 

SiSAM,  C.  H.    On  a  Configuration  on  certain  Surfaces,  381. 

Skinnbr,  E.  B.    See  Reviews,  under  ChAtelet. 

Slauqht,  H.  E.  Report  of  the  Winter  Meeting  of  the  American  Mathe- 
matical Society  at  Columbus,  280. 

Smith,  D.  E.  See  Reviews,  under  Archibald,  Breslich,  IffiU,  Earpinski, 
Loria. 

Sntdbb,  v.  See  Reviews,  under  Armstrong,  Grossmann,  Inoe,  Miller, 
Salmon. 

Study,  E.  and  B6cheb^  M.  Professor  Bdcher's  Views  concerning  the 
Geometry  of  Inversion,  38. 

Vandiver,  H.  S.  An  Aspect  of  the  Linear  Congruence  with  Applications 
to  the  Theory  of  Fermat's  Quotient,  61. 

Whitb,  H.  S.    See  CniiiiiNGS,  L.  D. 

WiLCZTNSKi,  E.  J.  Some  Remarks  on  the  Historical  Development  and  the 
Future  JProiq>ects  of  the  Differential  Geometry  of  Plane  Curves,  317. 

WmiAMB,  E.  P.  Concerning  Hill's  Derivation  of  the  Lagrange  Equations 
of  Motion,  456. 

Wilson,  E.  B.    Changing  Surface  to  Volume  Integrals,  336. 

See  Reviews,  under  Grassmann,  H. 

Wilson,  W.  A.    On  Separated  Sets,  384. 

Winger,  R.  M.    See  Reviews,  under  Snyder. 

Reviews. 

Annuaire  pour  TAn  1916,  public  par  le  Bureau  des  Longitudes,  E.  W.  Bbown, 
513. 

Archibald,  R.  C.    Euclid's  Book  on  Divisions  of  figures,  D.  E.  Smith,  463. 

Armstrong,  H.  C.  Descriptive  Geometry  for  Students  in  Engineering 
Science  and  Architecture,  V.  Sntdbb,  251. 

Bateman,  H.  The  Mathematical  Analysis  of  Electrical  and  Optical 
Wave-Motion  on  the  Basis  of  Maxwell's  Equations,  R.  D.  Cab- 
MICHAEL,  201. 

Bayliss,  R.  W.    A  First  School  Calculus,  E.  W.  Ponzbb,  405. 

Betz,  W.  and  Webb,  H.  E.  Solid  Geometry.  With  the  Editorial  Coop- 
eration of  P.  F.  Smith,  R.  G.  D.  Richardson.  507. 

Bord,  E.  LeQons  sur  la  Throne  des  Fonctions  (oeuxidme  Edition),  R.  D. 
Cabmichael,  199. 

Introduction  g6om6trique  k  quelques  Th^ries  physiques,  T.  H. 

Gbonwall,  409. 
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Braude,  L.  Lea  Coordoimdes  intrinB^ues,  Thdorie  et  ApplicationBi  R.  C. 
Abchibald,  139. 

Brenke,  W.  C.    See  Davis,  E.  W. 

Breslich,  E.  R.  First-Year  Mathematics  for  Secondary  Schools,  D.  E. 
Smith,  136. 

Cantor,  G.  Contributions  to  the  Founding  of  the  Theory  of  Transfinite 
Numbers,  translated  and  provided  with  an  Introduction  and  Notes 
by  P.  E.  B.  Jourdain,  R.  D.  Carmichael,  461. 

Carmichael,  R.  D.    The  Theory  of  Numbers,  L.  E.  Dickson,  303. 

Diophantine  Analysis,  L.  E.  Dickson,  303. 

Carse,  G.  A.  and  Shearer,  G.  A  Course  in  Fourier's  Analysis  and  Periodo- 
gpram  Analysis  for  the  Mathematical  Laboratory,  M.  B6cher,  359. 

Carslaw,  H.  S.  The  Teaching  of  Mathematics  in  Australia,  R.  C.  Abchi- 
BALD,  94. 

Caunt,  G.  W.    Introduction  to  Infinitesimal  Calculus,  T.  E.  Mason,  194. 

ChAtelet,  A.    Lemons  sur  la  Thtorie  des  Nombres,  E.  B.  Skinner,  144. 

QapaiMe,  E.    See  Fehr,  H. 

Concerning  Reviews,  by  R.  E.  Moritz  and  R.  C.  Archibald,  398. 

Conway,  A.  W.    Relativity,  by  J.  B.  Shaw,  411. 

Crantz,  P.    Analytische  Geometrie  der  Ebene,  by  R.  B.  Robbinb,  512. 
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